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PREFACE, 


Tus book is an outgrowth of a course of lectures prepared for 
instruction at Cornell at a time when there was but little available 
in English on the subject of geodesy outside of the Coast Survey 
Reports. 

Field practice in geodetic, hydrographic, and topographic sur- 
veying was introduced as a part of the course, the work advancing 
from year to year continuously over the territory as in actual 
practice. This furnished data for reduction, computation, and 
mapping, so that the course has been thoroughly practical. 

The lecture notes have been revised from time to time and 
printed by one of the duplicating processes for the use of the stu- 
dents, as they have seemed to meet our needs better than the 
books which have been published on the subject. 

In preparing the notes for publication they have been elaborated 
to give them the character of a text-book, and they have been 
thoroughly revised in the effort to bring the work up to the best 
standard practice. ; 

Acknowledgment is due to many friends for data and sugges- 
tions, and especially to Mr. Ross M. Riegel, C.E., an instructor in 
the college, for intelligent and conscientious aid in carrying through 
the revision and proof-reading. 

The material for the work has been gradually collected from 
various sources, some of which have been referred to in the text. 
The principal are: Clarke’s Geodesy, Jordan’s Vermessungskunde, 
Chauvenet’s Method of Least Squares, Wright and Hayford’s Ad- 
justment of Observations, and the Reports and data furnished from 
the office of the Coast Survey. 

For a bibliography of geodesy reference is made to Appendix 
No. 16 of the Coast Survey Report for 1887, prepared by Professor 
Gore. 


Jruaca, N. Y., Noy., 1906 
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GEODESY. 


CHAPTER I. 
INTRODUCTION. 


1. Geodetic Survey.—Geodesy is the science and art of making 
the measurements and reductions required in relatively locating 
with accuracy, on the earth’s surface, points which may be widely 
separated. It hence supposes a knowledge of the figure of the 
earth, a knowledge of the various phenomena which affect physical 
measurements, and a knowledge of the construction and use of 
instruments, in addition to the accuracy of sight and touch so 
characteristic of the good observer. 

A triangulation-net, or chain of triangles, is usually employed 
as giving the best results, both in quantity and accuracy, for the 
expenditure. Elevated points are chosen for the triangle ver- 
tices at distances apart, varying with the character of the survey, 
from a few miles up to a hundred; one or more level lines shorter 
than the others are selected for base lines, in such positions that 
they can be readily connected with the main net; signals are es- 
tablished which define the vertices accurately, yet are conspicuous 
enough, to be seen by the aid of a telescope from the adjacent 
stations; the horizontal angles of the triangles, and usually the 
vertical also, or the inclinations of the sides, are then accurately 
measured with a theodolite, and the base lines with a base appara- 
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tus. All the triangle sides and the differences in elevation of the 
vertices can then be computed. 

Usually the elevations above sea-level of one or more vertices 
are measured, while the latitudes of one or more vertices, and 
their longitudes with reference to some standard observatory or 
reference station, and the azimuths of one or more sides, are de- 
termined by astronomical observations. The actual positions on 
the earth’s surface, both horizontally and vertically, can then be 
computed. 

The objects of a geodetic survey are usually twofold :— 

(a) The location or recovery of boundary and division lines or 
monuments, and the furnishing of a net with which to connect a 
topographic or hydrographic survey, so that the maccuracies of 
the latter cannot accumulate over large areas. 

(b) The accurate determination of the figure of the earth. 
The distance between the parallels or meridians through any two 
stations or vertices can be found from the triangulation, and their 
difference in latitude and in longitude from the astronomical 
observations. Dividing the difference in latitude in linear units 
by the angle in degree-measure will give the length of a degree 
of the meridian, or by the angle in z-measure will give its radius 
of curvature. l'rom these values in different latitudes the semi- 
axes a and b, the meridian quadrant Q and the eccentricity e, or 
compression c,* can be computed, assuming the section an ellipse, or 
the actual form can be approximated. Similarly, the parallels, 
assumed to be circles, can be computed,—giving an ellipsoid of 
revolution,—or their actual shape can be approximated. 

2. Historic Outline.—(a) In glancing at the development of 
the science of Geodesy we may note as of special interest :— 

The first authenticated hypothesis of the spherical form of the 
earth by Pythagoras, who is supposed to have been born about 
582. B.c. 

The first determination of the circumference by Eratosthenes, 
230 B.c. He originated the method of deducing the size of the 
earth from a measured meridional are, for he found that while the 
sun’s rays were vertical at noon during the summer solstice at 
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Syene in southern Egypt, they made an angle 27/50 with the vertical 
at Alexandria in northern Egypt, and reasoned frorh this that the 
earth’s circumference must be 50 times the distance between the 
points. The distance, according to the statements of travelers, 
was 5 000 stadia, giving 250000 stadia for the circumference by 
assuming both points to be on the same meridian (Syene is nearly 
3° east of Alexandria). Jordan (Vermessungskunde, Stuttgart, 
1890, vol. 3, p. 2) estimates this value to be about 16% in excess 
by taking 1 stadium=185™, the exact value of a stadium being 
unknown. 

Omitting the are of 2 degrees of the meridian, which was directly 
measured with wooden rods under the direction of an Arabian 
caliph in 827, and the measurement made by Fernel in 1525 by 
counting the number of revolutions made by a carriage wheel in 
going from Paris to Amiens, and reducing the broken line to the 
meridian,—giving, by an unusual compensation of errors, a computed 
circumference only 0.1% in excess,—we come to 

The arc measured by Snellius of Holland in 1615, it being the 
first in which the principle of triangulation was employed. He 
used 33 triangles; measured his base line with a chain, his angles 
with a sector having sights attached; and found a meridional are 
of about 1°11’. His computed circumference was 3.4% too small. 

The introduction of cross hairs in the telescope, and its adapta- 
tion to angle instruments, by Picard in 1669. He extended a 
triangulation over an are of about 1° 23’ from a base line nearly 
seven miles long, and derived the most accurate degree length 
thus far given. His angles were carefully measured with a sector 
of 10 feet radius, to which a telescope was attached. 

The facts reported by Richer, on his return from an astronomical 
expedition in 1672, namely, that his clock, which beat seconds at 
Paris before starting, lost about two minutes per day while at the 
island of Cayenne, South America, and could only be corrected 
by shortening the pendulum 1} Paris lines. 

The announcement by Newton in the Principia, 1687, of the 
theory of universal gravitation, and of the corollary of the oblate 
spheroidal form of the earth. The first was confirmed by Picard’s 
more accurate degree length; for, with the diameter of the earth 
thus given, the force of gravity at the surface and the force re- 
quired to hold the moon in its orbit were to each other inversely 
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as the squares of the distances from the earth’s center. The 
second was confirmed by the behavior of Richer’s pendulum; 


for, since * 
l h 
t= Ae (1 Ae a 


(where ¢ is the time of oscillation in seconds in vacuo, J the length, 
g the acceleration of gravity, and h the versed sine of the semi-arc 
of oscillation, supposed small), an increase in ¢, for a given value of 
1 in the lower latitude, indicated a decrease in g, or an increase in 
distance from the earth’s center in approaching the equator. 

The extension of Picard’s triangulation each way from the vi- 
cinity of Paris to include a meridional are of 8° 31’ between 1683 
and 1716 by J. and D. Cassini, from which the length of a degree 
of the meridian was found to be less at the northern end than at 
the southern. The earth would thus be a prolate spheroid and 
not an oblate, as advocated by Newton, Huygens, and others. 

Huygens had published in 1691 the results of experiments 
whereby he found that a flexible hoop when rotated about one of 
its diameters would become flattened at the poles if unrestrained. 
The controversy which arose finally induced the French Academy— 
as the French at this time took the lead in Geodesy—to send out 
two expeditions, one to Peru under the equator in 1735, the other 
to Lapland under the Arctic Circle in 1736, to definitely settle the 
question. The degree length in Lapland, when made known in 
1737, was found to be greater than at Paris; Cassini’s arc, when 
revised in 1744, gave a greater length for a degree of the meridian 
at the northern end than at the southern; so that, when the result 
from Peru was received about a year later, all agreed in confirm- 
ing the oblate hypothesis. The details of the measures of these 
arcs are extremely interesting. The first is described by Maupertuis 
in La figure de la Terre, Paris, 1738, and by Outhier in Journal 
@un Voyage au Nord en 1736-37, while its remeasure by Svanberg, 
1801-3, is described in Exposition des Opérations faites en Lapponie, 
by J. Svanberg, Stockholm, 1805; the second, by Cassini de 
Thury, in La méridienne de lV’ Observatorie de Paris, verifée, Paris, 
1744; and the third in La figure de la Terre, by M. Bouguer, Paris, 


* Church’s Mechanics, § 78. 
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1749, and Mesure des trois premiers -Degrés du Méridien by M. de 
la Condamine, Paris, 1751. Clarke, Geodesy, Oxford, 1880, pp. 
3-13, gives an excellent résumé of the work in Lapland and Peru. 

The triangulation to connect the observatories of Paris and Green- 
wich proposed in 1783, and that to determine the earth’s merid- 
ian quadrant in 1791 from the measure of an are of about 9° 40’, 
extending south from the extreme northern end of France; one 
ten-millionth part of this meridian quadrant was to be used as a 
standard unit of length to be called a meter. 

The French introduced the repeating circle (see § 31) on the first, 
and the Borda base apparatus (see § 60) on the second. With the 
one, the angle to be measured between two signals is added on the 
circle as many times as desired, or, as there are repetitions—as may 
be done with an ordinary railroad transit. Then, subtracting the in- 
itial reading from the final (with 360° added for each full circumfer- 
ence passed) and dividing by the number of repetitions, the value of 
the angle is found with the errors of graduation and of reading di- 
vided by the number of repetitions, or by as great a number as desired. 
With the other, the change in length of the measuring rod, due to 
a change in temperature, is inferred from the actual change with 
reference to a companion rod, having a different rate of expansion, 
forming a metallic, or Borda, thermometer. While the theoretical 
advantages have never been fully realized in either case, the im- 
portance of the principles developed may be inferred from the 
fact that both have held an important place in geodetic work 
from that time to the present. or descriptions of the French 
portion of the work see Exposé des Opérations faites en France en 
1787 pour la jonction des Observatoires de Paris et Greenwich, by 
MM. Cassini, Mechain, and Legendre, and the three volumes 
entitled Base du systeme métrique décimale, by Delambre, Paris, 
1806-10. 

On the part of the triangulation which fell to the Eng- 
lish, a Ramsden theodolite was introduced, of such excellent 
quality that the repeating circle and the corresponding method 
of repeating angles have never crossed the Channel. This instru- 
ment has remained in use on primary triangulation in England 
and in India to the present time; and Col. Clarke in 1880 (Geodesy, 
p. 14) says that, with the exception of some very trifling repairs, 
it is as good as when first used. The circle, 36 inches in diameter, 
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was graduated with a dividing engine by dots into spaces of 15’; 
it is read by three micrometer microscopes to single seconds. The 
telescope has a focal length of 36 inches, and is supported by an 
axis two feet long. For a description of the work see Account oj 
the Observations and Calculations of the Principal Triangulation . . 
by Capt. A. R. Clarke, R. E., London, 1858. 

3. Historic Outline—(b) The increased accuracy introduced 
by the French and English on the survey to connect Paris and 
Greenwich, and on the survey to determine the length of the meter, 
mark the close of the eighteenth century as the beginning of the 
era of modern geodesy. 

General interest in the subject became awakened, and geodetic 
surveys began to extend over Europe, while the degree of accuracy 
attained, in some respects at least, compares not unfavorably with 
that of the present time, e.g., large triangles were easily closed 
within 3” with the 36-inch Ramsden theodolite, a maximum limit 
which has long been prescribed by the U. 8. Coast Survey for 
primary triangles, although the average closure is very much less. 

In England the Ordnance Survey developed from the triangu- 
lation connecting Paris and Greenwich; it has extended over the 
entire kingdom, with a triangulation and detailed topography, 
under Gen. Roy, Capt. Mudge, Col. Colby, and Gen. James re- 
spectively, as directors. See Account of the Trigonometrical Survey 
of England and Wales, 1799, also Account of the Observations and 
Calculations of the Principal Triangulation... , by Capt. A. R. 
Clarke, London, 1858. 

In India work was commenced in 1802 under Col. Lambton,— 
a short arc was measured in 1790 by Burrow (Monatliche Corre- 
spondenz, XII, 488);—it has been continued under Col. Everest, 
Sir A. Waugh, Lieut.-Gen. Walker, Col. Thuillier, and Col. Gore. 
The objects have been mainly topographic, but, in order to prop- 
erly check the work over such large areas, chains of primary tri- 
angles, with an occasional tie-chain at right angles, have been 
carried along meridian lines, at such distances apart that the inter- 
vening country can readily be covered by secondary triangles. 
A meridional are of about 23° 49’ has resulted, and an are of the 
parallel of some 30°; the first is of value in degree-determinations, 
but the difference in longitude has not been determined with 
sufficient accuracy to warrant the use of the second. See An 


San 
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Account of the Measurements of an Arc of the Meridian between the 
Parallels of 18° 03’ and 24° 07’ .. . , by Col. Everest, London, 1830, 
also An Account of the Measurement of Two Sections of the Merid- 
tonal Are of India, by Lieut.-Col. Everest, 1847, and Account 
of the Great Trigonometric Survey of India, by Lieut.-Gen. Walker, 
Col. Thuillier, and Col. Gore respectively, for the different volumes. 

On the Continent geodetic work was begun in Prussia in 1802 
by von Zach. In Switzerland and Italy work was begun in 1811, 
the object being to join the French triangulation and secure an are 
of the parallel from the Atlantic Ocean to the Adriatic Sea; when 
completed in 1832 it was not found very satisfactory and has never 
received much credit. 

In Russia the first work of value was begun in 1817, under 
Tenner and Struve; in 1855 a meridional are of about 25° 20’, 
extending from the Danube to the North Sea, had been completed. 
The report of the work in the two volumes, Arc du Méridien, de 
25° 20’, entre le Danube et la mer glaciale mesuré depuis 1816, jusqu’en 
1855 . . . owvrage composé sur les différents matériaux et rédigé, 
by F. G. W. Struve, St. Petersburg, 1860, is considered the great- 
est contribution yet made to the subject of the figure of the earth, 
and should be studied by all who are interested in Geodesy. 

In Hanover Gauss measured a meridional are for a degree- 
measure, 1821-23, and extended the triangulation over the coun- 
try, 1824-44. His work is classic; to it is due the first application 
of the method of least squares to the adjustment of a triangulation- 
net; the theory of conical coordinates; the general theory of geo- 
detic lines on curved surfaces; and the invention and use of the 
heliotrope. 

In 1831 Bessel and Bayer began a triangulation to connect 
the chains of France, Hanover, Denmark, Prussia, and Bavaria, 
with that of Russia, and to serve for degree measurements. This 
work is also classic; the publication of the report, Gradmessung 
in Ostpreussen und thre Verbindung ..., by F. W. Bessel, Berlin, 
1838, is thought by Col. Clarke to mark an era in the science of 
Geodesy, on account of the precision of the book, and of the work 
of which it treats, many of the methods which are there for the 
first time described being still in use. 

The Russian and Austrian chains were connected between 
1847 and 1851, and the Swiss and Lombardian chains at about 
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the same time. The English and Belgian were joined in 
1861. 

But little work was done in Italy until the formation of the 
Italian Commission, 1865. Work was begun in Spain in 1858, 
and excellent results have been obtained under Col. Ibafiez. A 
remeasure of the French are of Delambre and Mechain was begun 
in 1870 under the direction of M. Perrier, and this was followed 
by an extension of the French and Spanish chain across the Med- 
iterranean to Algiers in 1879, giving a meridional arc of 27°, ex- 
tending from the Shetland Islands to the desert of Sahara. 

The chains of Russia and England have just been connected 
through central Prussia, with small discrepancies between the ten 
base lines joined. Accurate topographic surveys and lines of 
geodetic levels have also been extended over the greater part of 
Europe. 

The development of least squares has added much to the pre- 
cision of geodetic work. The theory was first stated by Legendre 
in 1805, and added to by Adrian in 1808; but its full develop- 
ment was due to Gauss in 1809, and its first application to the 
adjustment of a triangulation was made by him in adjusting the 
Hanover arc, as already noted. 

The method as now extended and perfected is applied in the 
reduction of every important geodetic survey. 

4. Geodetic Work in the United States—The English astron- 
omers, Mason and Dixon, in running out the celebrated line bear- 
ing their name, found the position of the division line between 
Maryland and Delaware, which coincides approximately with the 
meridian, to be on low and level ground, and hence well adapted 
to direct measurement for a degree determination. Accordingly, 
with the aid of the Royal Society of London, they made a direct 
measurement with wooden rods, starting at the southwest corner 
of Delaware and extending into Pennsylvania, of akout 1° 29’, 
and determined the azimuths of the different portions of the line 
and the latitudes of its extremities. The work, described in Lon- 
don Philosophical Transactions, 1768, by Mason and Maskelyne, is 
not accepted with much confidence. 

The U. 8. Coast Survey was authorized by Congress in 1807; 
but, owing to lack of funds, work was not commenced until 1817, 
and but little was done except in detached surveys along the coast 
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until 1832. The triangulation, which was commenced in the 
vicinity of New York harbor, has been gradually extended along 
the entire Atlantic coast, along the Gulf coast, and along the greater 
part of the Pacific coast, not including Alaska. In 1871 the pro- 
ject was authorized of connecting the Atlantie and Pacific systems 
and of furnishing trigonometric surveys to such states as should 
make the necessary provisions for carrying on the Cates 
and geologic portions of the work. 

This connection has been made by a chain of emia 
along the 39th parallel. A chain has also been extended approxi- 
mately along the 98th meridian from latitude 28° to latitude 46°. 
Considerable work has been done at the Hawaiian Islands, Porto 
Rico, and the Philippines. 

The opportunity afforded for state surveys has been improved 
by quite a number of states, while the country will eventually be 
covered with a triangulation-net which will compare favorably 
with any in Europe. 

Since the extension to include interior work, the survey has been 
known as the Coast and Geodetic Survey. It was under the Treas- 
ury Department until 1903, when it was transferred to the De- 
partment of Commerce and Labor. 

The superintendents, and times of their appointments, have 
been: F. R. Hassler, 1807; A. D. Bache, 1848; Benjamin Pierce, 
1867; C. P. Patterson, 1874; J. E. Hilgard, 1881; F. M. Thorn, 
1886; T. C. Mendenhall, 1889; W. W. Duffield, 1894; H. 8. Pritchett, 
1897; O. H. Tittmann, 1900. The yearly reports contain much 
valuable material, especially in the appendices. 

The survey of the Northern and Northwestern Lakes was com- 
menced. in 1841, under the War Department; better instruments 
and methods were introduced in 1851, and the character of the 
work was gradually improved to 1870, when the survey passed under 
the charge of Gen. C. B. Comstock of the Corps of Engineers. From 
that date to the close in 1882 a continuous chain of triangulation, 
depending upon eight carefully measured bases, was extended 
from St. Ignace Island, on the north shore of Lake Superior, to 
Parkersburg in southern Illinois, a distance in latitude of 10°, 
and from Duluth, Minn., via Chicago, to the east end of Lake 
Ontario, a distance along its axis of 1300 miles, or of 16° in longi- 
tude. Some very excellent base line work has been done, and the 
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triangulation has been carefully executed. The work was re- 
organized in 1892, and resurveys and extensions are now in progress. 
See Primary Triangulation U. S. Lake Survey, 1882, by Gen. C. B. 
Comstock; or see the yearly reports of the Chief of Engineers. 

The Missouri and Mississippi River Commissions, under the 
charge of the Corps of Engineers, have extended triangulation a 
distance of 2550 miles along the Missouri and 1600 miles along the 
Mississippi. 

5. Degree Measurements.—At the suggestion of Gen. Baeyer, 
the Middle European Association for the measurement of arcs 
in middle Europe was formed in 1864. At this time only three arcs 
of the meridian had been measured in Europe. Nineteen states 
cave support to the project, but the work was largely of local 
importance. 

In 1887 the association was merged into the International 
Geodetic Association, and its scope enlarged to include the principal 
nations. Its reports, at first published yearly but now less fre- 
quently, are of great scientific interest, taking up the investiga- 
tions by the different nations of such subjects as the variation of 
latitude, the force of gravity, the aberration of light, ete., in con- 
nection with degree measurements. 

Two sets of values for the semi-axes of the ellipsoid of revolu- 
tion which best corresponds with the earth are in use in Geodesy, 
one set by Bessel, the other by Col. Clarke. 

The first was determined in 1841 from a discussion of 10 merid- 
ional ares, total amplitude 50.6°, giving * 

a=6 377 397; b=6 356 079™; a—b=21318™; r=1/299. 


The second was determined in 1866 from a discussion of 5 merid- 
ional ares, the English, the Indian, the Russian, the Cape, and the 
Peruvian, total amplitude 76.6°, giving 

a=6 378 206™; b=6 356 584™; a—b=21 622M; c=1/295. 

On account of the importance of the meridional ares in Peru 
and Lapland, described in § 2, the French government began the 
remeasurement of the Peruvian are in 1899, while Russia and 
Sweden began the measurement of a northern are on the island of 
Spitzbergen. Their amplitudes are only 6° and 5° respectively, 


* a=semi-major axis; b=semi-minor axis; e=compression= (a—b)/a. 
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but they are important on account of their positions, one near 
the equator, the other near the pole. 

A large number of meridional arcs have been measured. The 
following have an amplitude of over 20°:—the French-English, 
from the north end of the Sahara desert to the Shetland Isles, 
28°; the Russian, from the mouth of the Danube to the Arctic 
Ocean, 25°; and the East Indian, 24°. 

Two important ares of parallels have been measured :—an arc of 
70° from Valentia, Ireland, to the Ural Mts., latitude 52°; and an 
are of 48.8° from Cape May, N. J., to Point Arena, Calif., latitude 
39°. Both of these arcs indicate sharper curvature than given by 
the Clarke ellipsoid. 

The Eastern Oblique Arc of the Coast Survey, extending from 
the Bay of Fundy to the Gulf of Mexico, is important as being the 
first to utilize on a grand scale a measurement oblique to the merid- 
ian. The results were published in 1901. 

Two long meridional arcs are now in progress, one of 65° from 
the Cape of Good Hope to Egypt, with the possibility of an exten- 
sion through Asia Minor to join the Russian work. This would 
give an amplitude of 106°. The other of 50° along the 98th merid- 
ian from the southern coast of Mexico to the Arctic Ocean. The 
portion in the United States is nearly completed, while Canada 
and Mexico have both agreed to extend the work across their 
territory. 

Former Supt. Pritchett states that the completion of this are 
would, with the 39th parallel already completed, furnish data 
which could probably never be improved upon for this continent. 

The relative location of these arcs is shown on Fig. 1. 


CHAPTER II. 


TRIANGULATION, RECONNOISSANCE, SIGNALS. 


6. Primary, Secondary, Tertiary Triangulation. — When a 
triangulation is to be extended over a large tract of country, or 
between two or more distant points, a system of primary triangles 
is employed, which is characterized by the maximum develop- 
ment of which the topography will admit. This, in level or slightly 
undulating country, will allow of triangle sides of onlv 15 to 25 
miles, on account of the height of signal and of observing-stand 
required to overcome the earth’s curvature; while, in mountainous 
country, sides of from 40 to 60 miles are common, and those of 
from 100 to 150 miles are not unknown. Distances are determined 
with an accuracy or probable error of about 1/100 000, the range 
being from about 1/60 000 to 1/200 000. 

If points are required nearer together than the primary stations, 
secondary ones are established. The triangles connecting them 
with the primary ones, or with each other, are called secondary 
triangles. Their sides usually vary from 5 to 25 or more miles, 
while an accuracy of from 1/20 000 to 1/50 000 is usually attained. 

If an accurate topographic or hydrographic survey is to follow, 
points not more than from 1 to 3 miles apart will be required. The 
triangles connecting them with the secondary ones are called 
tertiary triangles. Their sides do not usually exceed .about 5 
miles, while an accuracy of from 1/5 000 to 1/20 000, or an average 
of 1/10 000 is usually attained. 

For surveys of less extent, the primary triangulation, and the 
secondary also, is sometimes omitted. Greater care and accuracy 
will then be required in the tertiary triangulation, as it must check 


its own work. In primary work the base lines are usually from 
13 
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4 to 12 miles long, and they are placed from 150 to 600 miles apart, 
measured along the triangulation. In secondary work, which 
does not start from primary work or check upon it at sufficiently 
small intervals, they are about 2 to 3 miles long, and are placed 
at distances apart of from 50 to 150 miles. In tertiary work, 
which is not sufficiently checked by secondary, they are from 
3 to 2 miles long, and are placed at intervals of from 10 to 40 miles. 
These distances vary with the character of the work and of the 
country, as well as with the individuality of the person conducting 
the survey. 

7. Triangulation Systems.—In connecting two distant points, 
or in following a line as a coast or boundary, a principal chain of 
triangulation should be laid out, along which distances and azimuths 
or directions can be carried with the greatest accuracy and direct- 
ness. At the end of the chain, and at as many intermediate points 
as may be thought necessary, a check is had by measuring a base 
and comparing the measured length with that computed through 
the chain. ; 

In covering a large area with a network of triangulation, the 
method often employed is to extend around the area a main chain, 
which is checked by closing upon itself, and which serves as a 
framework with which to connect longitudinal chains. These in 
turn serve for transverse chains, which complete the gridiron of 
primary triangulation and allow the intervening areas to be reached 
by secondary and tertiary triangles. The discrepancies due to 
imperfect measurement are adjusted for each series, in order, 
and each is then considered perfect in fitting the next lower to it. 
The adjustment is thus comparatively simple, while if the whole 
area were covered with a series of continuous triangles, all measured 
with the same accuracy, the labor would increase so rapidly with 
the number of triangles as soon to become prohibitive, except by 
subdividing into more or less arbitrary sections. 

The above methods should be flexible enough to allow of taking 
advantage of routes most favorable for the triangulation, even 
though they are some distance from the boundary, or do not give 
cross chains at right angles or at uniform distances apart. 

The composition of the chain also deserves attention. In order 
to make a comparison of strings of practically the same length, 
Mr. C. A. Schott (Coast Survey Report, 1876, App. 20) takes a 
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string of 10 * equilateral triangles with sides of unity; 3 regular 
hexagons with sides of unity, each divided into 6 equilateral tri- 
angles by joining a central point with the vertices; and 7 quad- 
rilaterals with diagonals of unity (Fig. 2), and finds that: 

The actual lengths of the strings will be 5, 5.2, and 4.95 
respectively. 

The numbers of stations will be 12, 17, and 16. 

The numbers of the sides to be sighted will be 21, 34, and 36. 

The total lengths of the sides will be 21, 34, and 29.6. 

The areas covered will be 5, 9, and 4.04. 


XXX 


XXX] 


Hig. 2: 


The number of checks upon the observed angles, due to geometric 
conditions, will be 10, 21, and 28. While these regular figures 
and separate systems usually are not feasible, the above compari- 
son indicates that the single string of triangles is the most 
favorable for rapidity and economy, the difference being more 
apparent in level or prairie country, as only about two-thirds 
as many expensive elevated signals will be required; while, if 
the level ground be wooded, the additional saving in clear- 
ing only about two-thirds the length of lines will usually compel 
its adoption even for the best grade of work. The string of hexa- 


* The 9 which Mr. Schott used is here changed to 10, to give the same 
actual advance of triangulation rather than that of extreme points. A 
quadrilateral in geodesy is a four-pointed polygon having all the vertices 
joined. 
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gons, or other polygons having their vertices joined to an in- 
terior point, commands attention when greater width and accu- 
racy are desirable; while the- string of quadrilaterals affords 
greater accuracy with less stations and less labor, and is the system 
usually adopted by the Coast Survey, except for densely wooded 
level country. 

8. Coast Survey, Character of Figures.—In January, 1905, 
definite instructions were furnished the field parties of the Survey 
as to the degree of accuracy desired, the methods to be used, and 
the field computations required. They are the outcome of a 
study to secure greater effectiveness and economy in the triangu- 
lation.* 

For primary triangulation the chain between base nets or base 
figures is made up of completed quadrilaterals and of central point 
figures, with all stations occupied. It is not to be allowed to 
degenerate, even for a single figure, to simple triangles. There 
must be two ways of computing the length through each figure, 
but with no overlapping of figures and no excess of observed lines 
beyond those necessary to secure the double determination of 
every length, except that in a four sided central point figure one 
of the diagonals may be observed. 

For secondary the same rules apply, except that certain sta- 
tions may be left unoccupied, as indicated in § 10. If supple- 
mentary stations are necessary in order to fix certain required 
positions, these occupied stations should be connected with the 
main scheme by the simplest figures possible in which there is a 
check, preferably by single triangles with all angles measured. 

Por tertiary the same rules apply as for secondary, including 
supplementary stations, while the main scheme is allowed to 
drop to simple triangles at any point where it is extremely dif- 
ficult to be avoided. 

g. Coast Survey, Uncertainty of Length.—In a given figure 
the accuracy of a side computed from the base increases with 
the number of checks upon the observed angles, and also with 
the size of the angles used, the sines varying much more rapidly 
for small angles than for large ones. 


* Condensed from a mimeograph print kindly loaned by the Superin- 
tendent. 
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in Part II it is shown that this relation is expressed by the 
following :— 
se aes a—Ne Sewer 2 
Pp 3 Ae (04 +040 p+0R Vere hoe ee td (1) 
where p=probable error of the computed log side; d=p.e. of 
an observed direction; Ng=number of directions observed; N,.= 
number of conditions or checks to be satisfied; 04 and dg=log 
differences for 1’’ for the distance angles A and B of a triangle 
(A, opposite computed side, B, opposite given side); =the sum- 
mation for the triangles used in computing the side in question 
from the side supposed to be absolutely known. 


In (1) the two terms Mae! e and J (042 + d040zR + Op?) 


depend entirely upon the figures chosen, and are independent of 
the accuracy with which the angles are measured. Their product 
is therefore a measure of the strength of the figure with respect 
to length, in so far as the strength depends upon the selection of 
stations and of lines to be observed over. The second term de- 
pends upon the distance angles. The value for each triangle can 
be taken from Table XII, and these values summed as the total 
for the figure. 

To compare two alternative figures (e.g., either quadrilaterals 
or central point figures) for the strength with which length is 
carried, proceed as follows: 

1. For each figure take out the distance angles to the nearest 
degree, if possible, for the best and second best chains of triangles 
through the figure. These chains are to be selected at first by 
estimation, the estimate to be checked later by the results of com- 
parison. 

2. For each triangle in each chain enter Table XII with the 
distance angles as the two arguments and take out the tabular 
value. 

3. For each chain (the best and second best) through each 
figure take the sum of the tabular values. 


—N, 
4. Multiply each sum by the factor Na 


Na 
Ma Ne v(a42+ 0408+ 8p"), will be called 
d 


for that figure. 


The product, viz. 


R, and Rz for the best and second best chains respectively. 


tS GEODESY. (310, Fig. 2, 


5. The strength of a figure is dependent mainly upon R,, hence 
the smaller R, the greater the strength. 2 contributes some- 
what to the total strength, and the other weaker and progressively 
less independent chains contribute still smaller amounts. In de- 
ciding between figures they should be classed according to their 
best chains, unless these best chains are very nearly of equal 
strength and the second best differ greatly in the two cases. 

Na, the number of observed directions, is readily found by 
inspection of the figure, omitting the direction at each end of the 
starting line which is supposed to be completely fixed. For N,, 
the number of checks in the figure, see Part IJ. For simple figures 
add the number of independent triangles (those in which the 
angles cannot be found by taking sums and differences of those 
used in other triangles) to the number of distance checks in the 
figure. Thus in a completed quadrilateral there are three observed 
directions at each station, a total of twelve; subtracting the one 
at each end of the fixed line, leaves ten. There are three inde- 
pendent triangles and one distance check. 


Na Ne 10=4_ 
ee ea oa 0.60. 
If a station at one end of the fixed line is unoccupied, two tri- 
angle closures and two directions drop out, giving a result = 0.75. 
If a station not on the fixed line is unoccupied, two triangle 
closures and three directions drop out, giving a result =0.71. 

10. Coast Survey, Strength of Figure.—In a chain of primary 
triangulation between base nets the extreme limits for R, and R, 
are 25 and 80 respectively, in units of the sixth place of logs. 
These limits are reduced to 15 and 50 respectively, if it does not 
increase the estimated total cost over 25% 

For secondary between base nets oh, Stren limits are 50 
and 150, and the 25% extra cost limits 25 and 80 respectively. 
One station in each figure may be left unoccupied, or, if all are 
occupied and considerable time could be saved by so doing, lines 
to the limit of three may be left observed in one direction only, 
subject to the above limitations for Ry and R2. In the latter case 
R, and Ry are computed as if one outside station of the figure were 
omitted. The advantage of keeping R small, and thus avoiding 
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the necessity of measuring bases at short intervals, is indicated 
in $11. For a triangle connecting a supplementary station with 
the main scheme R< 50. 

For tertiary the same conditions are imposed as for secondary, 
except that the extreme limits of 50 and 150 may be exceeded 
when it would be extremely difficult to keep within them. 

11. Examples of Strength of Figure—The following are 
some of the examples given by the Coast Survey as guides on 
reconnoissance in selecting stations which will give small computed 
values for R. The heavy lines in each figure are the given and 
required sides. 

The completed quadrilateral. Fig.3. If square, Ry =5, Ry=5; 
R,’*=6, R2’=6. Shortening the length in the direction of the 
chain to one-half the width, forming a rectangle, strengthens the 
figure, but reduces the advance for given length sights: thus R,; =1, 
R2=1; R,’=2, Ro’ =2. Increasing the length to double the width 
reduces the strength: thus AR, =22, Ra=22; R,’’=27, Ro!’ =27. 
Changing the quadrilateral to a rhombus with angles of 60° and 
120° gives Rj =5, Ry=12; Ry” =6, R’’=15. Lengthening the 
required side of the square to double the given side by extending 


Bx 


IBiGeaoe Fig. 4. 


the end at A gives a figure of good strength for rapid expansion 
or contraction: thus R,=5, Re=22; R,’=6, R.”=27. If this 
extension is made one-half at each end, R,=7, R2=7; R,’=9, 
R,/ =9. 

The triangle with interior point. Fig. 4. If equilateral, with 
the point in the center, Rj =2, Ra=12; Ry”’=3, Ry’’=15. The 


* R’, any one station not occupied. &”, one station on fixed line not 
occupied. R’’’. one station not on fixed line not occupied. 1’, one out- 
side station not occupied. RY, center station not occupied. 
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effect. of moving the interior point towards the unused side until 
B=10° is to reduce Ry, to 2 and Rz to 4, while Ry” =3 and R2/’=5. 
If moved the same amount towards the given side, h,=2, 
R,=71; Ry’ =3, Re’ =89; Ry’ =3, R,’”=84, thus weakening 
the figure for Rp. 

The quadrilateral with interior point. Fig. 5. If square, with 
the interior point in the center, Rh, = 13, Rp =13; RyY=16, RyxvY=16; 
R,vY=17, R2Y=17. Increasing the length to twice the width gives 
Ry=40, Ro=40s. Ry =47, Ro =47- ~ hyY=50, —hay=—50. Res 
ducing the length to one-half the width gives R,y=19, R.=19; 
Ryv=22, RyaV=22; Ryv=24, RoY=24. These figures are all 
weaker than the corresponding shapes for the completed quad- 
rilateral. 

The five-point figure with interior point. Fig. 6. For the 
regular polygon, with interior point in the center, Rj =10, Ry=15; 
R= ite RoVv= 16; y= 13; Ryv= 19. 


MA Ss 
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The six-point figure. Fig. 7. For the regular polygon, with 
interior point in the center, Ry=11, Ry=11; RyVv=12, Rov=12: 
R,v=14, R,Y=14. Changing the required side to A, R,=8, 
Ro= 14; Rywv=9, RowW= il) Ryv= Ls R= 18. ; 

Base net. Fig. 8. This gives an expansion of two to one. 
Rah crs oe 
4, while Ry would be increased to 7, by moving the base parallel 
to itself until the left-hand triangle has angles of 5°, 5°, and 170°. 

Fig. 9 shows how to make an advance by a completed quad- 
rilateral with one station unoccupied and obtain a small value for 
R. Ry=1, Ro=1. 


=0.43. R, can be reduced to 
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Buffalo base-net, U. S. LakeSurvey. Fig. 10. This base, 
about 4.2 miles long, was measured in 1875. It shows an enlarge- 
ment of nearly 3/1 with Ry=11 and R2=16.5. 


Fig. 9. 


Fig. 11 shows a portion of the primary and secondary triangu- 
lation near the Edisto base of the Coast Survey, from Report, 1885, 
App. 10. The country is flat and wooded, no elevations of 20 


Tovawanda 


Ridgway Bulfalo 


Fig. 10. 


feet being available. The use for secondary sides of lines cleared 
for primary ones may be noted. In the same appendix may be 
found a sketch of the secondary triangulation of Boston Bay, an 
open country with suitable elevations. 
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Ex. 1. In Fig. 3 compare the strength of the figures A and BP. 


a B 
HomeAymees entree or enanne 40° ay 50° 50° 
Orso ee eres 68 20 15 80 


Ex. 2. In Fig. 4 compare the strength of the figures A and B. 


a B y é € is 
RorAeaeeoos a ooe 28° 28° 20 ee 629% 
ite 133 6. OS 58 28 28 50 08 


12. Coast Survey, Length of Line.—lor primary triangula- 
tion, outside the base nets no line should be less than six kilometers. 
There is little, if any, gain in accuracy by making the lengths much 


greater; therefore an effort is made to use the economic lengths 
of line, i.e., such lengths for each region as will make the cost of 
reconnoissance, building, and triangulation a minimum per mile 
of progress, subject to the limitations stated in the instruc- 
tions. 

For secondary and tertiary the economic lengths should govern 
as stated above, with the lower limit considerably below 6k™. On 
very short lines it is difficult to obtain the accuracy necessary to 
close the triangles within the required limit. On long lines there 
is danger of delays due to non-visibility of signals, while supple- 
mentary stations to reach required points are more apt to be 
needed. 

13. Coast Survey, Frequency of Bases.—lFor primary tri- 
angulation, if the character of the country is such that a base site 
ean be found near any desired location, R; between bases should 
equal about 130. This will give a chain of from 15 to 35 triangles, 
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according to the strength of figures secured. Strong figures thus 
reduce the cost for base lines. If it is difficult to secure a base 
site at the desired location, Ay may approach, but not exceed, 200. 
When this is done, there will be danger that an intervening base 
may be necessary; for, if the discrepancy between adjacent bases 
should exceed one part in 25 000, an intervening base must be 
measured. 

For secondary and tertiary the same limits are used for R,, 
while the discrepancy between adjacent bases (either measured 
ones or lines of primary or secondary triangulation used as bases) 
is extended to one part in 10 000 before requiring an intervening 
base for secondary, and one part in 5 000 for tertiary. For tertiary 
the intervening triangulation may be strengthened instead. 

14. Coast Survey, Base Sites and Base Nets.—For primary 
triangulation grades of 10% for any 50-meter tape length are 
allowed, and ravines not over a tape length wide in the direction 
of the line are regarded as no obstacle to measurement. The 
length of base is limited between 4 and 12 kilometers. 

For the base net as good geometrical conditions as possible 
are secured, even if the base is forced upon rough ground. It 
should not be ionger than two ordinary figures of the main chain 
between bases. It may be strengthened by observing over as 
many lines of the net as can be obtained without excessive cost 
for building or cutting, provided the figure is not made so compli- 
cated as to be excessively difficult and costly to adjust. 

For secondary, grades up to 20% are allowed if the geometrical 
conditions can be improved by so doing. The length is chosen 
primarily to give small values for R, and this will usually tend 
towards a long base, which in turn will lengthen the distance 
between bases. The economic Jength will be from 2'™ to 8k™ as a 
rule. The base net will be of the same character as to figures 
and strength as the chain between base nets. Jf made up of 
two or more figures, they may overlap, but should not be tied 
together. 

For tertiary, the same conditions are imposed as for secondary, 
except that the economic length is not given or called for. 

15. Coast Survey, Intersection Stations.—Iu selecting these 
it should be kept in mind that the geographic value of a triangula- 
tion depends upon the number of points determined, the area over 
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which they are distributed, and the permanence with which they 
are marked, and that for a given area this value is lost when the 
points cannot be recovered. The chance of permanency is in- 
creased by increasing the number of points as well as by thorough 
marking. ~ 

These considerations should lead to the determination as inter- 
section stations of many artificial objects of a permanent charac- 
ter, as lighthouses, church spires, cupolas, towers, and large chim- 
neys; should lead occasionally to the determination of specially 
marked stations established for this particular purpose; and should 
frequently lead to the permanent marking upon the ground of topo- 
graphic or hydrographic stations and their determination as inter- 
section stations. The practice of permanently marking such 
hydrographic points as are in commanding positions, on promon- 
tories for example, will frequently obviate the necessity for a new 
triangulation when a later hydrographic survey is made. It is 
especially desirable to increase the area effectively covered for 
geographic purposes by selecting intersection stations which are 
outside the area covered by the main scheme. 

When feasible without undue expense, the section corners and 
other survey marks should be connected with the triangulation, 
either by distance and direction from a station or by using them 
as intersection stations. 

16. Elevation of Signal.—Usualiy the question of intervisi- 
bility of stations is best settled by actual observation; but, when the 
station points are not intervisible and signals can only be rendered 
so by elevation, the required heights may be difficult to deter- 
mine by observation, unless there is a tree or other elevated object 
near, from the top of which the desired view may be had. In 
such cases, if the heights of the stations are known, and that of 
the intervening ground which obstructs the view can readily be 
determined, as would be the case for level ground or for a line 
passing over water, the required heights can be readily computed. 
In the vertical section through the two stations C and C’, Fig. 12, 
let AA’ be a straight line tangent at D; BDB’ the line of sight 
between the two intervisible points B and B’, concave downwards 
on account of refraction. Denote the distances AD, A’D, in 
miles, by k, k’; the required heights BC, B’C’, in feet, by h, h’; 
the radius, in miles, by R (log R=3.597317); and the coefficient 
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of refraction, with mean value 0.07, by m, or the refraction angle 
ADB by mX AOD. Then, in the right triangle AOD, 


(AC+ R)?=k2 + R2, or 


2 


4 


k 
AC= oR nearly. 


= ADB=mA0OD=2m ADC, 
and the angles are small, 
“. AB=2mAC, and BC, in miles, or 


h k2 
5280 ee ~ OR 


(1—2m); 


h= Sp X 0.86 X 5280, 


ees ees ema ee s,Q) 


1A, 1, 


where k is in miles and h is in feet; 

i.e., the square oj the distance in miles is about 12% times the re- 
quired elevation in feet—a convenient rule easily remembered. 

For k in kilometers and h in meters, (2) reduces to 


PRIeSOe Sot ee oa ee) 


The line of sight should not pass nearer the surface than 10 feet 
at the tangent point, on account of the lack of transparency and 
danger of lateral refraction, due to the disturbed lower air. 


Ex. Two stations of the U. 8. Lake Survey, Buchanan, on the north 
side of Lake Superior, and Brulé River on the south, are 10 and 19 feet 
above lake level respectively, and 16 miles apart. A signal 35 feet high 
was used at Brulé. How high should the instrument and observing-stand 
be elevated at Buchanan, in order to see the upper 20 feet of the signal at 
Brulé? 

Solution. 19+35—20=34; 34—10= 24, the available height at Brulé. 

Placing h= 24 in (2), k= 1.743 X24=6.5 miles, the distance from Brulé 
to the tangent point. 16—6.5=9.5 miles, the distance from the tangent 
point to Buchanan. 


52+10=62, the required height above lake evel, or 52 feet above the 
ground. 


17. Hints in Selecting Stations.—For the main chains choose 
the highest elevations, even if at greater first cost on account of 
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inaccessibility. The stations will then better command new 
ground, if at any time it becomes necessary to extend the work 
beyond its original limits; while high lines meet less atmospheric 
disturbance. | 

Avoid low lines and lines passing over cities, furnaces, ete. 

In finally locating stations make certain that those intended 
to be intervisible really are so, even at the expense of time and 
patience in waiting for clearing weather; otherwise the observing 
party may suffer vexatious and expensive delays. 

Select stations so that permanent station marks can be placed 
and protected, or so that accurate references can be had to per- 
manent objects. 

The base line site should be selected with reference to securing 
suitable ground for measurement and a convenient expansion 
through the base net. If the base is to be measured with bars, 
the line should be free from obstructions and quite smooth for a 
width of at least 12 feet; longitudinal slopes up to from 3° to 5°, 
depending upon the apparatus used, do not offer serious incon- 
venience or affect the accuracy of the measurement. The ends 
need not be intervisible from the ground, if they can be made 
intervisible by signals and observing-stands of moderate eleva- 
tion. The measurements can be made along two straight seg- 
ments, not differing widely in direction, if better ground will thus 
be secured. Narrow ravines can be crossed by bridges or trestle- 
work with complete success, while a wide one, or a bog or similar 
obstruction to direct measurement, can be passed by triangula- 
tion without very serious decrease of accuracy. 

If the measurement is to be made with a tape, as is now fre- 
quently done, rougher ground may be used, as indicated in $14. 

18. Reconnoissance.—A general reconnoissance should  pre- 
cede the selection of stations, in order to become sufficiently fa- 
miliar with the topography to be able to recognize the most promi- 
nent features and elevations, as seen from different points of view, 
and in order to determine the general scheme of triangulation and 
the general routes best suited to the ground, for aid in conducting 
the detailed reconnoissance. 

Unless the surface is level and unbroken, points will be found 
which from their position or elevation will offer such advantages 
that they. probably must be used for stations. Starting from these, 
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others must lie within prescribed areas, in order to fulfill the re- 
quired geometric and other conditions, and to use the economic 
lengths for sides. 

From each of these probable station points, sights should be 
taken to the others, if visible, and also to such points in the pre- 
scribed areas as will possibly serve for stations. 

Other available points can be occupied, and the process re- 
peated, if necessary. Should a point be occupied which has not 
been cut from at least two other stations, sights must be taken 
upon at least three known points, when its position can be de- 
termined by § 19. 

Magnetic bearings often aid in orientation on arriving at a new 
station, and in identifying objects already located, by. giving 
approximate directions, while they sometimes aid in plotting, when 
insufficient angles have been taken. 

A hasty outline profile sketch of the ground in the vicinity of 
each object sighted will aid very materially in identification from 
surrounding stations, while if the estimated distance in miles 
is written on the sketch near the object, and the circle reading 
or bearing is written above on a vertical through it (see Fig. 13), 


a Warren aso 


Bigs 3: 


very clear and concise notes will result. The obstructed arcs at a 
station should be noted, also their cause, and whether they can 
be removed by cutting or by signal elevation. Should the loca- 
tion of stations be likely to prove difficult, vertical angles should 
be taken to aid in deciding upon the intervisibility of signals by 
giving differences of elevation. 

A plat of this preliminary triangulation should be kept up by 
angles, starting from a known or assumed side; or by computed 
triangle sides, if greater accuracy is desired. Then, working from 
probable station points or from stations already located, the pos- 
sible point in a given area is picked out which will best fulfill the 
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conditions imposed as to length of line, intervisibility, etc. In 
the same manner as many new ones are chosen from the plot as 
desired. E 

On reaching an elevated point it is quite difficult, without ex- 
perience, to orient one’s self and be able to identify signals and topo- 
graphic features at distances of 40 to 50 miles, even under the 
most favorable conditions. When, as is often the case, the fea- 
tures are not prominent, and the air is thick with haze and smoke 
for days at a time, the skill and patience of the experienced are 
fully taxed. With wooded elevations the observations must be 
usually taken from the top of a tree, or, if none can be found of 
sufficient height, from the top of a ladder formed by splicing several 
ladders together and supporting them by guys. 

High elevations with the summits free from timber afford the 
best station sites. Wooded summits require sight lines to be 
cut through. These for pole signals on long lines should be 
about 100 feet wide, and they should be extended so far back 
of the station that the signal will not be seen against near 
woods. 

As the summits broaden or the timber becomes valuable, 
elevated signals and observing-stands should be considered before 
clearing the lines, although they generally should not be adopted 
unless a considerable saving will result. 

Parallel wooded ridges may present much difficulty if so near 
together that the triangle sides must reach over an intermediate 
ridge, instead of spanning an intermediate valley. The direction 
across the ridge to an invisible station can be found from the plat 
or from § 21 when the required signal elevation can be found from 
vertical angles or from carefully taken aneroid barometer read- 
ings; but, if two or more ridges intervene, actual tests from ladder- 
tops, or an examination of the entire line, will be necessary. 

In level country an elevation of 70 feet for signal and observ- 
ing-stand will allow of 20-mile sides. If wooded, these had best 
be used in a chain of nearly equilateral triangles having all the 
lines cut through; but if clear, as on prairie, quadrilaterals with 
diagonals of 21 miles and sides of about 15 will add only one more 
station in 30 miles of progress, which will be more than compen- 
sated for by the increased precision attained. 

If the level ground be cultivated and contain patches of valuable 
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timber, the difficulties will be so much increased, even if the ground 
be rolling, that the greatest care and skill will be required to avoid 
insuperable obstacles. Sometimes chains of secondary triangles 
along the watercourses have proved effective. 

Full notes and sketches should be taken of the points most 
important for the subsequent work. Among these are the means 
of access, the timber which can be found at the site for the signal, 
the roads which have to be opened by the angle party in occupy- 
ing the station, the places nearby where board can be had, ete. 

The efficiency and economy of the survey will depend very 
materially upon the skill, good judgment, and experience of the 
person who conducts the reconnoissance. 

If a topographic or hydrographic survey is to follow, the inter- 
section stations should include as many prominent objects, usually 
from 1 to 3 miles apart, as may be needed by the topographer in 
tying up his work or by the hydrographer in taking angles to 
locate soundings, etc., such as church spires, cupolas, chimneys, 
flags in prominent trees, large white crosses or triangles painted 
upon rocky cliffs, etc. Well shaped triangles are not so important 
as the securing of a sufficient number of convenient points for the 
topographer, since the errors introduced do not accumulate over 
large areas. 

19. N-point Problem.—To determine the position of a point 
when only angles at the point have been observed between known 
stations: 

Lay off the angles on tracing cloth in order around a point, 
place the cloth on the plat and move it until each line passes through 
the station to which it belongs, when the vertex can be pricked 
through. Two angles will locate a point, giving the 3-point prob- 
lem, except when the point lies on or near a circle passing through 
the three stations on which the sights are taken; 3 or more angles 
are better, forming a check. A 3-armed protractor is often used 
in place of the tracing cloth; also a sheet of paper, by cutting out 
a narrow strip along each line near the portion to be used. 

When a more accurate solution is desired than can be had 
from a careful plat on a large scale, a numerical one is used. In 
Fig. 14 let S be the required point at which the angles P, P’, P’”,... 
have been observed upon the known stations, ’, G, H,... Bis 
slso known, it being an angle between known stations. 
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In the triangles, SFG, S@H, by formula 18!* 


7. een A sin C ) 
Siu? erin Pe C 


. asm Asin P’—b sin CsinP=0,. .-2 = @) 
In the polygon SFGH, P+P’ +A +B + C=360°, 
whence. C=Q—A, where~Q =—3600°—(P+P'+B). . . .. @) 


a 


Fig. 14 


Substituting in (6), with the expansion of sin (Q—A) from formula 3], 
asin A sin P’—b sin P (sin Q cos A—cos Q sin A) =0, or 
asin P’—bsin Psin@ cot A+b sin P cos Q=0 
a sin P’ 
b sin P sin Q’ 


a sin P’ 


cot A=cot Q+ or 


Having A, all the angles of the triangles become known, whence 


asin (PA) 5 eb sin eo 
n aa Ne sin 7 mek | ee Pe OeES kl 5) 


Ex. At Sheldrake Point, Cayuga Lake, N. Y., the following angles were 
observed upon three known stations, Willets, King’s Ferry, and Kidders. 
Required the position of Sheldrake. 


Observed. 


Given. 
Wil.-Shel.-King’s =P =118° 15/.2 { Wil.-King’s =a =7150.2 ft. 
King’s-Shel.-Kid. =P’= 58 381.2 | Wing’s-Kid. =b =3050.7 

Inid.-Iking’s-Wil. =B=101° 087.0 


* Formulas marked thus, ...], are to be found in Table I at back of 
book. 
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Solution. 
By (4) Q=82° 05’.6. E 
Sn ()) Galo ee lO Marae ee tere tke ee cnars bie eis 5 3.85432 
POS SAD cine ene at ks. 9.93086 
3.78518 
b=3050.7, log..... 3.48440 
P=118° 15’.2, sin.. 9.94490 
OQ S22 OdiOr Coseeg a SS4 9m ray 2. OGL TO 
=A el Oia weer ea hayn a Rabat reac cn ners ara of oi PAS 
ile 
A Gb 5 0 if Bay A eee alia me re eRe aad La Reg ee 1.24297 
PESO Comte ate eee nee 9.14264 
Ale ae LOR COUS ET ae ney a aN yy 0.38561 
C=59° 43.5=Q—A by (4). 
1B (@) CSOSA. a6 ona. B.s0452 | By @) b=3050.7........ 3248440 
P+A=140° 37’.3, sin. . '19.80239 (C592 43’.5, sin... 9.93632 
3.65671 3. 42072 
So 5) 2 asin On 944911 PUSS SUD sin, ORE 
(PRChina ag GE alle®) Tito SO Route ne 3.48986 


Computing n’ by the first equation of (a) the same value is found as above. 


20. Two-point Problem.—If two unknown stations, C and D, 
Fig. 15, see each other, and also two known stations, A and B, 
their positions can be determined by 
measuring the angles ACB, BCD, ¥% 
CDA, ADB, as follows: 

Draw the line C’D’ of convenient 
leneth on tracing-cloth and at C’ 
and D’ lay off the measured angles; 
the intersection of the two lines 
which pass through A will determine 
its position on the cloth, and simi- 
larly for B; join A’ and B’; place 
the cloth on the plat so that A’ will coincide with station A and 
B’ will fall on the line AB of the map, produced if necessary; prick 
through the points B’,C’, and D’. Then through B draw parallels 
to B’C’ and B’D’; their intersections with AC’ and AD’ produced 
will determine C and D on the map. 

If more accuracy is desired, assume CD as unity and compute 


Breas: 
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AC and AD in the triangle ACD, and BC and BD in the triangle 
BCD. Having two sides and the included angle in ACB, AB 
can be found, formula 20]. The ratio of the true value to the 
computed one will be the ratio which the other sides bear to their 
computed values.* 


Ex. The following angles were observed at Giles and Elm of the C. U. 
Skaneateles Lake Survey in 1892 upon the known stations Haight and 
Olmstead. 

Haight-Giles-Elm = 50° 02’ 17” 
Olm.-Giles-Elm =35° 05’ 03” 
Giles-Elm-Olm. =88° 01’ 27’ 
Giles-Elm-Haight = 50° 04’ 29/’ 
Haight-Olmstead = 12,944 feet. 


Required the positions of Giles and Elm. 


Haight Olmstead 


Giles 
Elm 


Fia. 16. 


21. Direction of Invisible Stations.—If enough angles have 
been taken so that the stations can be platted by methods already 
given, the direction of the line joining any two can be taken directly 
from the plat with a protractor. Or, starting from some known 
side, the sides of the preliminary triangles can be computed from 
the observed angles when, by assuming a meridian, the distance 
in latitude and longitude of each point from an initial one can 
be computed as in an ordinary land survey. The tangent of the 
azimuth of the line joining any two points can then be found by 
dividing the difference in longitude by that in latitude. The 
line can then be cleared from either end if obstructed by timber, 
or the height of signal for intervisibility can be determined if the 
obstruction is an intervening ridge. 


*For fuller treatment of the NV- and two-point problems see Zeitschrijt 
fiir Vermessungswesen, 1888, p. 140. 
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For an example in difficult country in northern Alabama see 
Coast Survey Report, 1885, App. 10. 

If two stations, C and D, each see two points, A and B, Fig. 15, 
the direction to trim from one to the other can then be found as 
follows: At A measure BAD and DAC, and at B, DBC and CBA. 
Compute AD in the triangle ABD and AC in the triangle ABC, 
ealling AB unity; then in ACD two sides and the included angle 
are known, from which the angles at C and D can be found by 
formula 20]. Or the directions can be found by platting. 

22. Outfit for Reconnoissance.—When accurate angles are 
required, a light transit with good telescope is most convenient. 
The needle will give bearings, while, by adding a level to the tele- 
scope tube and a gradienter screw or good vertical circle, elevation 
angles can be measured with sufficient accuracy for determining 
intervisibility. An aneroid barometer is also convenient for de- 
termining differences of elevation. For distances over 25 miles 
a reconnoitering glass with stand will be found desirable on account 
of the larger telescope. If care is taken in setting up to place the 
tripod head level, the small horizontal circle will give angles quite 
accurately. 

In a wooded country where angles have to be measured from 
tree tops, a sextant will be necessary; also a telescope or field- 
glass for identifying the stations, and a set of spurs or creepers for 
climbing. An azimuth or pocket compass is convenient; also the 
best available map of the region. 

To these should be added some 100 feet of about 23-inch manila 
rope, a ball of twine, an ax, and material for different colored 
flags to be spread out upon trees or other objects for temporary 
signals. An assistant who is quick and handy at all kinds of work 
and who is used to climbing, and a horse and covered wagon, will 
complete the outfit. Much of the traveling will necessarily be on 
foot, or possibly on horseback if the country is hilly or wooded. 

If away from all supplies, a cook and the usual camp outfit 
will be necessary; while for primary triangulation, in rough coun- 
try with good railroad facilities, like much of New England, it may 
be more convenient to travel the long distances between stations 
by rail, hiring a horse when use can be made of one. 

23. Signals.—After the exact station points have been located, 
the signals which are to be erected over them to give definite 
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points for sighting in measuring the angles should fulfill the follow- 
ing conditions :— 

They should be conspicuous, so as to be readily seen and dis- 
tinguished from surrounding objects; they should have a well- 
defined central line or point upon which to fix the cross-hairs; 
they should have little or no phase, i.e., this line or point should 
not change in apparent position with the direction of the illumina- 
tion by direct sunlight; they should be firm in position, unless of 
the class which require an attendant; they should be cheap, or 
light and portable; while often it is convenient if, when in place, 
they will allow an instrument to be set up over the station point. 

With these general requirements in mind, the relative advan- 
tages offered by the different signals to be described will be more 
readily appreciated. 

24. Pole Signals.—When height is not required for intervisi- 
bility, one of the most common forms of signal consists of a vertical 
pole set in or on the ground and supported by braces or wire 
guys, or of a pyramid or tripod surmounted by 
a pole. On sharp mountain peaks, where only 
small, stunted timber can be found, the rect- 
angular pyramid, Fig. 17, is convenient. <A 
signal with height of apex of from 12 to 18 feet, 
and legs from 3 to 5 inches in diameter at the 
top, can be erected, and a center pole 8 to 12 
feet long inserted by 3 men, without tackle. By 
inclosing the top with boards, cloth, or slats made 
from small poles, visibility can be given, while 
the apex and pole remain for accurate bisec- 
tion. The pole can be increased to any desired 
diameter by nailing on slats or poles after erection, while the 
signal can be anchored to the rock by wiring the legs to anchor- 
bolts, or by wire guys extending from the top of the pole. 

On flatter peaks more height must be given for visibility, render- 
ing the tripod signal, Vig. 19, more convenient. By bolting all four 
pieces together on the ground, with a 1- to 14-inch bolt, as shown 
in Fig. 18, or, better, with the head raised 6 feet on a bent or stag- 
ing, 5 men can raise a 25 to 35 foot signal of round timber, each 
piece being 5 or 6 inches in diameter at the top, with no special 
outfit except about 30 feet of rope. Pits are dug, or stones piled 
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up to prevent two of the feet from slipping; the head is then 
lifted and pushed to position by the third leg, when the pole is made 
vertical by pulling down the large end with a rope; it is secured 
by spiking braces to the tripod legs. 

If the angles at the station are to be measured with the signal 
in place, the legs should be so placed as not to obstruct the lines 
of sight to the other stations. They should extend a couple of 
feet into the ground; or, if on rock, be securely tied to anchor bolts 
by wire rope, or notched and horizontal cross-pieces attached and 


Fig. 18: Kies lO: 


loaded with stones. Wire guys from the top of the pole may also 
be desirable. 

A tin cone or barrel of larger diameter than the pole is often 
placed at the top, especially when the tripod head will not be seen 
against the sky. 

The pole should not be more than 6 to 8 inches at the tripod 
head, even for a large signal, on account of the weight in erection. 
It can afterwards be increased, or the pole straightened, by nail- 
ing on light slats; or, when lumber is available, a square box 
of 2-inch plank in place of the pole will give diameter without 
increased weight. One or more slats along the center of each side 
will make it more nearly cylindrical. 

A very convenient and portable signal for tertiary work can 
be made by supporting a pole on a tripod having a light, cast iron 
head and about 10-foot legs. By holding the pole in position with 
wire guys, a signal 15 to 20 feet high can be made very stable, 
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while there is room enough underneath to set up an instrument. 
Any portion of the pole can be enlarged to any desired diameter 
by light slats. 

25. Diameter and Height——The diameter of pole for short 
lines may be large enough to subtend an angle, as seen by the ob- 
server, of 4 or 5 seconds; but, as the distance and the power of the 
telescope increases, the angle should diminish, according to Coast 
Survey practice, down to one second for about 15 miles, and not 
fall below this value for greater distances (see also § 26). 

Diameter to subtend one second at 
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Increased diameter beyond that necessary for visibility gives 
increased range to the cross-hairs in bisection, and introduces the 
uncertain element of phase with cylindrical signals which do not 
show against the sky. 

The height of signal in feet should be about one-half the dis- 
tance in miles, plus 10. Less height may answer for long lines, 
or for signals on sharp peaks with a sky background, but height 
adds to visibility without diminishing accuracy, and with only 
the increased cost of construction. 

A signal to be seen against the sky should be painted black or 
wound with black cloth, one to be seen against the ground should 
be painted white or wound with white cloth; unless two colors 
are needed on the same signal for ready identification from sur- 
rounding objects, when the pole, or pole and tripod, can be painted 
in alternate rings of black and white or red and white, each ring 
being several feet wide. 

26. Signals without Phase.—Various signals have been de- 
vised to avoid phase, or the effect produced by the unequal illu- 
mination by direct sunlight of the portion of the signal facing the 
observer, whereby the apparent and real centers do not coincide. 
One devised by Bessel for the Prussian triangulation in 1831, 
and used on the U. 8. Lake Survey, consists of a board in place, 
or in front of, the pole, with its face perpendicular to the line of 
sight. On the latter survey a width was given of about 4 seconds, 
as seen by the observer, yet good results were obtained. The 
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station must be visited and the board changed each time the ob- 
serving party moves to a new station. 

Another, designed in 1881, and used on the Mississippi River 
Survey for distances of from 5 to 12 miles, gave excellent results. 
It consists of a horizontal board 6 inches in diameter, to the cir- 
cumference of which are attached 4 stiff vertical wires, 90° apart, 
each 5 feet long. These wires are held in position by a wire ring 
at the top, and another one-third the distance from the top, each 
joint being well soldered. Two opposite wires are connected 
for the upper and lower thirds by a white cloth, and the other 
two for the central third by a black cloth; 4 guy wires are attached 
at the central ring, and the board rests on a tripod or other support. 

27. Elevated Signals and Observing-stands.—When the sig- 
nal and the instrument at the station require elevating, and no 
existing structure can be utilized, 
a suitable one must be erected.* 
In order that the instrument may 
not be disturbed by the move- 
ments of the observer, its sup- 
port must be independent of the 
observer’s. The standard tripod 
for the instrument and _ scaffold 
for the observer, adopted by the 
Coast Survey for heights from 
32 to 96 feet, are described in the 
Report for 1882, App. 10. See 
also App. 9, p. 158, and Pri. Trt. 
U.S. Lake Sur., p. 318. 

The more recent standard used 
on the 98th meridian work is 
described in App. 4, Report for 
705 1903. Fig. 20 shows the dimen- 

sions for a 60-foot tripod and a 

Fig. 20. 66-foot scaffold. The tripod legs 
are in three lengths, scarf spliced with a 30-inch lap, and spiked, viz. 


TRIPOD SCAFFOLD 


ELEVATIONS 


* An ingenious adaptation of existing natural features to the purposes 
of asignal is given in Transcontinenial Triang’n, .900,p.601. The observer’s 
platform was supported by small scaffolds upon the top of a tree trunk, 
and the instrument stand was built around the trunk, but not touching it. 
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6” by 6” by 24’ at bottom, 5” by 5” by 22’, 5” by 5’ by 24” at 
top. The bottom horizontal and diagonal braces are 3” by 4’, 
the others 2” by 4’. The -scaffold legs are scarf spliced as 
above. The pieces are 6” by 6” by 24’ at bottom, 5” by 5” by 
26’, 5” by 5” by 26’ at top. The two bottom horizontal and 
diagonal braces are 3” by 4’, all the others 2” by 4”. 

The tripod legs are brought together at the top, while the 
scaffold legs are about 7 feet apart 3 feet from the top. The floor 
for the observer is 10 feet below the top of the scaffold, and the 
top of the tripod is cut off so as to support the instrument at the 
exact height required by the observer. A top floor is placed 
3 feet from the top for the light tender, and a 3’ by 3/ table at the 
top in the center, for supporting the lamps and heliotropes. Two 
trap-doors are placed in the lower floor, one where the ladder comes 
up and the other in another corner, for hoisting the-instrument. 

In putting on the bracing, the legs for both structures are sprung 
out somewhat between the ends, for increased stiffness. Holes 
are dug for the legs and foot planks inserted. Instead of placing 
these all on the same level, the legs can be cut to fit. 

For erection, two legs of the tripod are placed on the ground 
in relative position, and the bracing spiked on. A bottom piece 
of a scaffold leg is used as a gin-pole, and the tripod legs brought 
to position and guyed; the third leg is then drawn to place and 
the bracing spiked on the other two sides. Two opposite sides 
of the scaffold are then put together and raised, using the tripod 
in place of the gin-pole. The bracing for the other two sides is 
then attached. 

The cost for these signals for the season of 1902, with lumber 
at about $25 per .1000 feet at the yard, was about $3.20 per vertical 
foot, measured to the light table. 

These slender signals are cheaper than the broader ones of the 
old type, yet the experience of the season of 1902 indicates that 
there is less twist due to sun and less vibration due to wind, even 
without the protecting cotton sheet frequently used on the sunny 
or windward side of the scaffold. 

For different heights the upper 10 feet of the signal remains 
the same, while the lower horizontal tie changes length as follows, 
the scaffold leg in each case being 6 feet longer than the tripod 
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Length of tripod leg in feet..10 15 25 45 60 75 
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For heights greater than 75 feet the bottom sections should 
be heavier than those given for 60 feet. Up to 90 feet they may 
be framed and erected without bolts, as described. If over 90 
feet high, the top must be framed with bolts and then raised to 
position and erected on top of the lower part. 

In exposed situations 2-inch wire rope guys with turn buckles 
may be used, although but few of the signals have been collapsed 
by storms. 

The method of erection on the U. 8S. Lake Survey for heights 
up to 140 feet was to put together one side of the observing tower on 
the ground, attach radiating ropes at different points, all leading 
to the rope through the block; erect a derrick boom, and haul the 
side to position with teams. The side was then held by guys and 
the block shifted to it, and one side of the inner tripod hauled 
up and held inthe same way. Then the third leg of the tripod was 
hauled up and the braces attached to the side already in position, 
and the opposite side of the tower was raised and the braces 
attached. Sills some 3 feet underground were used for the tower, 
but not for the tripod. The station mark was placed after the 
signal was up. The work was let by the vertical foot. The con- 
tractor, with 15 men and 2 teams, would frame, erect, and com- 
plete a signal in 2 days. 

Recently the Lake Survey has adopted an elevated signal and 
observing-stand, made of gas pipe, which has proved very satisfac- 
tory, and more economical than timber, on account of its portability. 

The method of erection is shown in Fig. 21. The*upper portion 
of the instrument pyramid is put together on the ground and then 
erected. The upper part ofthe observing stand is then put to- 
gether around the pyramid. Tackles are attached at the four 
corners as shown, and this upper portion of the stand is drawn 
up so that the next section can be attached underneath. 

Afterwards either structure can be drawn up, if the other is 
high enough for attaching the blocks, and an additional section 
attached, the workmen remaining on or near the ground. Guys 
are used for steadying during erection. 
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Fig. 2la shows a completed signal 108 feet high erected on 
Great Duck Island, Lake Huron. 

A portable tripod and scaffold, having a floor about 12 feet 
high, is shown in Fig. 22. The tripod legs are 6 by 8 inches, 18 


Rig. 22; 


feet long. They are held by an inch bolt 16 inches long, and by 
three horizontal braces. The scaffold posts are 5 by 5 inches, 164 
feet long; the horizontal braces are 7 feet long, and the diagonal 
ones 10 feet. The posts are interchangeable, and the braces are 


Big.23: 


held by wood-screws. The posts all extend about 2 feet into the 
ground, and the floor is placed from 2 to 3 feet below the top. 


Only a few hours are required for erection after everything is in 
readiness. 
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In crossing the plains of India, hollow masonry towers, 50 feet 
or more in heights, were extensively used for the support of the 
instrument; while in the early French surveys, church spires, large 
towers, etc., were often used with inaccurate results, due to phase. 

28. Heliotropes.—One of the most common forms in use is 
called the gas pipe heliotrope, Fig. 23. A piece of 2-inch iron pipe 
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Fig. 23a. 


serves as a telescope tube, while it carries 2 rings or diaphragms, 
each with about an inch opening, and a 2}-inch plate glass mirror 
having motion about a horizontal and a vertical axis. The whole 
instrument is supported by a wood-screw, which can be screwed 
into a tripod head or other block. It is set up directly over the 
station mark, or on line and a few feet in front of it, and the cross- 
hairs of the telescope brought on the distant observing party. 
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The mirror is then turned so that the reflected sunlight will pass 
through the first or near diaphragm and give a concentric ring 
of light around the second, which is a little smaller. This ring is 
maintained by gently tapping the mirror at intervals of from 4 to 
2 minutes. 

The adjustment of the instrument should be tested by bring- 
ing the cross-hairs on an object within a few hundred feet, throw- 
ing the light as above, and noting if it falls as far above the object 
as the rings are above the cross-hairs. 
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A more recent form, used on the Coast Survey, is shown in Fig. 
23a. The mirror is rotated by tangent screws and the telescope 
can be more accurately pointed. 

The Steinheil heliotrope differs from that already described 
in having only one mirror and no rings, making it very simple 
and convenient for reconnoissance work. 

The axis of the frame is hollow, and it contains a small lens, 
L, Fig. 24, and a white reflecting surface, C, usually chalk, at the 
focus of the lens. 

By turning this axis towards the sun a hole through the silver- 
ing of the mirror allows a beam of sunlight to reach the lens and 
be concentrated upon the white surface. It is reflected from the 
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surface back to the lens and emerges in parallel rays which reach 
the back of the mirror in a direction Just opposite to that of the 
incident rays. Enough of these rays will be reflected from the 
back to give an image of the bright spot, C, and in a direction, AO, 
directly opposite to the reflection of sunlight from the face of the 
mirror. Hence, if the eye be placed at O so as to see the obsery- 
ing party through the opening A in the direction A7’, and the 
mirror be turned until the bright spot C is seen (the axis pointing 
towards the sun), the sunlight will be reflected in the direction 
OAT to the observing party. 

The distance from the reflecting surface to the lens is adjust- 
able for focus. 

When the alignment has been once secured, if there is no natural 
landmark in range, a pole should be set up at a distance of 100 
to 200 feet, so that its sharp top will be on or a little below the line. 
The light can then be shown, and will often be seen by the 
observing party, on days when haze and smoke will prevent the 
heliotroper from seeing even the outline of the hill or mountain at 
the observing station. 

A second mirror is usually supplied, which can be screwed up 
and light reflected from it to the first, if at any time the first falls 
in shadow or its angle of incidence becomes so great that the re- 
flected beam will not fill the diaphragm. 

Extreme accuracy in pointing is not essential, the range being 
about the diameter of the sun, or 32 minutes. 

About a 2-inch mirror is used for lines from about 20 to 60 
miles, and usually in connection with pole or other signals. For 
shorter lines a pasteboard or other screen with a smaller opening 
should be attached to the second ring. For longer lines larger 
mirrors are used. Thus, on the U.S. Lake Survey, for the longest 
lines a common mirror, 9 by 12 inches, was set up, and light thrown 
through a circular hole in a wooden screen some 20 feet distant 
in the direction of the observing station, this having a diameter 
of from 8 to 10 inches on sides of 90 to 100 miles. On the longest 
line ever observed, Mt. Shasta-Mt. Lola in northern California, 
192 miles, a helio 12 inches square was used. 

Wilson, Topographic Surveying, gives 
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for the length of the side of the mirror in inches, where the dis- 
tance d is in miles and d> 10. 

Too much light gives, by irradiation, a diameter too large for 
accurate bisection, and increases the unsteadiness. An opening 
suited to the distance, or one which will subtend from one-fourth 
to one-fifth of a second, will give in quiet air a small, bright disk 
easy to bisect. 

An intelligent and very faithful person should be picked out 
for the heliotroper; otherwise delay and vexation will result. If 
he is to occupy the station a long time, he can usually be picked 
up with economy in the locality; if for only a short time, it may 
be more economical to have one who is familiar enough with the 
work and with instruments to go to new stations and establish 
himself without assistance, when directed by the observing party. 

29. Night Signals—Lamps with 10-inch reflectors for short 
lines and the Drummond light for long ones were used on the 
English Ordnance Survey in the last century, while night signals 
have been extensively used in the recent prolongations of the 
Nouvelle méridienne de France by M. Perrier, and Argand lamps 
and heliotropes are exclusively used in India. 

The electric light, in the focus of a reflector 20 inches in di- 
ameter and 24 inches focal length, proved very successful recently 
on a line of 168 miles across the Mediterranean, where, on account 
of fog and mist, a 12-inch heliotrope had failed to once show dur- 
ing a three months’ trial. 

On the Coast Survey experiments were made in 1879 with 
night signals (Report, 1880, App. 8), and the conclusion reached 
that night observations were a little more accurate than day ob- 
servations; that the average time of observing in clear weather 
could be more than doubled; and that reflector lamps, or optical 
collimators, burning coal-oil could be used to advantage up to 
some 40 miles, while the magnesium light would be better and 
cheaper for longer lines. 

The optical collimators used were M. Perrier’s French lamps, 
Fig. 25. The large lens has a focal length of 24 inches, and a di- 
ameter of 8 inches. The emergent rays subtend an angle of about 
1°. The intensity of light, as compared with the magnesium, was 
about as 2 to 5. It made a very pretty mark to point upon on 
clear nights, but, at a distance of 43 miles, it would often be scarcely 
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visible in the telescope, and would not allow of illuminating the 
cross-hairs, when the magnesium light was clearly visible. 

The magnesium lamp was made up of a small lamp, an 8-inch 
reflector, a clockwork, and a reel of magnesium tape, which was 
fed into the lamp by the clockwork and burned intermittently 
in the focus of the reflector. For accurate bisection a pasteboard 
screen was used to reduce the diameter on all but hazy nights on 


a line of 60 miles. The apparatus weighed but 5 pounds, but the 
tape was expensive. 
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The acetylene lamp is now used on the Survey (Report, 1903, 
App. 4). It is made from an ordinary bicycle lamp by substitut- 
ing for the lens a cylindrical tube containing two 5-inch lenses. 
It is mounted upon a metallic stand which is provided with ad- 
justing-screws for pointing. The weight when packed with 5 
pounds of carbide is but 22 pounds. It has been used on lines 
from 3 to 31 miles long with satisfactory results, the light under 
unfavorable conditions sometimes becoming a small, bright point, 
finally growing too faint to be observed, rather than a faint blur, 
as in the case of the oil lamp. 

Collimators and reflectors, with kerosene lamps, were both 
successfully used on the N. Y. State Survey for distances up to 
about 50 miles. The field however was left dark, and the cross- 
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hairs illuminated from behind, giving light lines in the dark 
field. 

30. Station Reference.—In referencing a station, the object 
should be to render the recovery of the locality and of the exact 
station point as easy and certain as possible, at any time, and by 
any one unfamiliar with the country but familiar with the kind 
of work. The station point is usually marked by an underground 
and by a surface mark. The underground mark should be placed 
below frost and plow, or some! 3 to 4 feet below the surface. It 
may consist of any material which is durable, foreign to the locality, 
and capable of receiving and retaining an exact center mark. 

Jugs and bottles, cut stone blocks, and hollow cones of stone- 
ware are among the most common. The stone block, holding a 
copper bolt and surrounded by masonry, is much used at the ends 
of base lines, where a very accurate mark is essential, on account 
of working up from so short a side. 

The surface mark should not be in contact with the under- 
ground mark, while it should project enough above the surface to 
be readily found. A stone post, with the top dressed some 4 to 
6 inches square and the center marked by a cross or hole, is much 
used; often the number of the station or the initials of the survey 
are cut near the top. 

Should the station be on firm rock, a hole is drilled some 12 to 
15 inches deep and filled with lead or sulphur, or a copper bolt 
is inserted with a wedge at the bottom which tightens as the bolt 
is driven down. Along coasts and rivers, where stations are forced 
out within reach of the action of the water, and on soft, yielding, 
and shifting soil, much difficulty may be met in securing proper 
station marks without undue expense. Screw-piles protected by 
masonry or riprap, etc., are among the expedients resorted to when 
reference cannot be had to near, permanent objects, or to reference 
marks set for the purpose. A stake driven down in soft, wet soil, 
a hole made with a bar and filled with quicklime or charcoal in 
impervious soil, mounds, references to trees, etc., are among the 
marks often used for the less important stations. 

A topographic sketch of the station and its surroundings should 
be given, on which are shown the features likely to aid in identi- 
fication, and especially those objects which can be used for refer- 
ence points. This should be accompanied by the distances to 
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these points, taken with steel tape if near enough, or by includ- 
ing them in a sweep of angles which includes one or more distant 
objects and a magnetic bearing. If to these are added the kind 
of a signal, with the heights above the station mark of the points 
most convenient for sighting in measuring vertical angles, as tripod 
head, top of pole, ete.; the name of the landowner or person who 
has been requested to look after the station, or of those who would 
know most of its position; the name of the nearest railroad station, 
and the best method of approach, the description will be reasonably 
complete. 

The various tertiary points sighted upon should be described, 
to aid the topographer in identifying stations with ease and cer- 
tainty, and to aid in securing the stations for use in future topo- 
graphic and hydrographic work. 

A station should be named from the -popular name of the hill 
or locality, from some well known peculiarity of the ground, from 
the owner of the land, or in such a way as to best call attention 
to the special locality. Numbers are sometimes used in the com- 
putations and records, as being more concise. 

On the Coast Survey at least one reference mark of a perma- 
nent character is called for, not nearer than 10 meters for each 
station of the main scheme, to be accurately connected by dis- 
tance and direction. These reference marks are preferably on 
fence or property lines, and should be always in a locality chosen 
to avoid disturbance by cultivation, erosion, and building. Such 
reference marks are desired at all marked stations. 

Descriptions are required for all marked stations. For each 
station which is in itself a mark, as a cupola, sharp peak, etc., 
a description is required, or the angle records must show the exact 
point used. Each land section corner connected with the triangu- 
lation must be fully described. Nothing is to be put into the 
description which does not aid in recovery or identification. A 
sketch should not be used as a substitute for words, but all essen- 
tial facts which can be stated in words should be so stated, even 
if shown on the accompanying sketch. , 


CHAPTER III. 


INSTRUMENTS AND OBSERVING. 


31. Development of Angle Instruments.—When Snellius of 
Holland introduced the principle of triangulation in 1615, angles 
were measured with quadrants, rectangles, or semicircles gradu- 
ated on their peripheries, and having alidades with sights attached. 
Defects in graduation were early detected, and efforts made to 
remedy them by using large radii; 6 to 7 feet was the smallest 
radius for a sector, while those cf 180 feet were not uncommon 
with the Arabian astronomers. 

A means of measuring parts of a division was devised by Nufiez 
in 1542; the present form of the vernier was first used by Vernierus 
in 1631; the entire circle was first used by Roemer in 1672; and 
the first micrometer and cross-hairs in the telescope were used by 
Picard, although constructed by Auzout in 1666. 

The great advance in instrument construction dates from 1783, 
when the survey to connect the observatories of Paris and Green- 
wich was begun. 

The French brought out the repeating circle constructed upon 
the principle pointed out by Tobias Mayer in 1752. Fig. 26 
shows the general construction. The horizontal circle just above 
the leveling screws is an auxiliary not essential in the measure- 
ment of angles. The long vertical axis is forked at the upper 
end to carry the short horizontal axis which supports the repeat- 
ing circle on one side and a counterweight on the other. The 
plane of the circle will thus rotate with the horizontal axis, 
while the circle itself can be rotated in its plane which is parallel 
with the axis. 

The horizontal and vertical axes allow of placing the circle in 
any plane from horizontal to vertical, while its motion in that 
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plane about an axis perpendicular to the horizontal axis allows 
of measuring angles on any part of the circle. f 

' The circle carries two telescopes, one above, the other below, 
both eccentric, each capable of rotation about the axis, with inde- 
pendent clamps and tangent screws; the lines of collimation are 
parallel to the circle, and the position of the upper telescope can 
be read by means of verniers. 

To measure an angle the following steps are necessary: Bring 
the plane of the circle into the plane of the objects; clamp the 
upper telescope at zero; rotate 
the circle until the upper tele- 
scope bisects the right hand ob- 
ject and clamp the circle (the old 
French circles were graduated 
counter - clockwise); bring the 
lower telescope to the left hand 
object and clamp; unclamp circle 2 ~ 
and rotate until lower telescope Se 
bisects right hand object and Nii 
clamp; loosen upper telescope, 
and bring onto left hand object. 
The reading will now be twice 
the angle, for in rotating the 
circle so that the lower telescope 
changes from the left hand to >) 
the right hand object, the zero 
rotates through the same angle : ; 
to the right of the right hand ITN ees 
object, and the upper telescope —— | 
must be brought back over the Ai \e= 
angle to reach the right hand ll T= 
object and once again from the ‘ 
right to the left, giving a read- Bee Mt 
ing of twice the angle. The above a 
steps are continued until a suf- 
ficient number of repetitions have been taken, when the last read- 
ing (increased by the proper number of 360°’s) is divided by the 
number of repetitions for the value of the angle. It should be 
noted that this angle may be in an oblique plane. In such a 
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case the vertical angles upon the two points must be measured 
before the horizontal angle between them can be determined. 

In measuring vertical angles a level on the side of the lower 
telescope comes up in position, not shown in Fig. 26, to serve 
for the reference horizon when the circle is vertical. 

At the same time (in 1783) the English brought forward the 
celebrated Ramsden. theodolite, partially described in § 2, which 
in its essential principles is the same as the modern theodolite 
and does not need separate description. 

The different parts of an instrument will be taken up in detail, 
beginning with the telescope. 

32. Normal Vision.—The eye is an optical instrument, consist- 
ing essentially of a series of transparent refracting media bounded 
by curved surfaces, forming a lens, and a delicate network of 
nerve fibers, spreading out from the optic nerve, forming the 
retina. A pencil of light entering the eye is refracted by the 
lens and brought to a focus upon the retina, and the impression 
is carried to the brain along the optic nerve. 

The normal eye at rest is supposed to be adjusted for parallel 
rays; the curvature of the lens and its distance from the retina 
will increase with the nearness of the object up to the limit of 
distinct vision, which is some 8 to 10 inches; the pupil or aperture 
for the admission of light is also adjustable. The distance from 
the center of the lens to the retina is about 0.6 inch. 

With this ratio of distances of retina and object from lens 
(0.6 and 8) the image will be only 0.6/8=.075 times as large as 
the projected object. 

For the projected object at the distance of 8 inches from the 
eye, 


0.000 039 pera 
Sis : 


Angular magnitude for 1“= 


where «=the millionth part of 
a meter, =0.000 039 4 inches. 

The minimum angle be- 
tween two bright points or 
lines upon a dark ground, or 
the reverse, which the eye can 
distinguish without running them together is found to be about 
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60”. This would give for the distance on the retina between the 
images 
60 X .075 = 4.54. 


The surface is made up of minute papille or nerve elements 
called rods and cones from 2 to 6“ in diameter, with an average 
of 4.5«; the retina thus shows no power to distinguish impres- 
sions on parts of a papilla. 

A single dark line upon a bright ground can be distinguished, it 
is said, when the visual angle is only one-fiftieth as large as the 
above (image 0.09+). 

According to Prof. Forster’s investigations as given in Jordan’s 
Handbuch der Vermess., Vol. II, p. 147, the minimum distance b, 
between a hair and a scratch, which can be distinguished in. 
bisecting a division mark upon a bright scale, as with the &: 
cross-hairs of a micrometer microscope, Fig. 28, is 2.54 
measured upon the retina. With this width of line the 
probable error of the bisection, with a magnifying power of 
25, was found to be 0.25“ measured upon the retina. This 
width 2.5, referred to the object and unaided vision, would 
correspond to b=2.5/.075=33", or a visual angle of 33; /l, 
while the probable error of bisection would be one-tenth as a 
great. A power of 33 would thus give a probable error of 28, 
0.1“ in bisecting a division, and b would= 1". 

It is found that if b be increased 16-fold, or so as to cover 8 
papillee or nerve elements, a power of 85 is necessary for a probable 
error of 0.14 in bisection; and if widened to cover 15, a power of 
150 is necessary. 

33. The Astronomical Telescope.—This in its simplest form 
consists of two biconvex lenses fixed in a tube: the eyepiece and 
the object glass. Its advantages over the unaided eye in accurately 
sighting an instrument upon a point are: (a) increased light; 
(b) magnifying power; and (c) the use of cross-hairs. 

The following are from Geometric Optics: 

A lens is a portion of a refracting medium bounded by two sur- 
faces of revolution having a common axis; this axis is called the 
axis of the lens. The surfaces of revolution are usually spherical or 
plane; if they do not intersect, the lens is supposed to be bounded 
by a cylinder in addition having the same axis. The thickness is 
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the distance between the bounding surfaces measured on the axis. 
The optical center is a point of the axis, usually within the lens; 
if any ray of light pass through. this point, its direction after pass- 
ing through the lens will be parallel to its direction before, a 
slight offset taking place for oblique rays 
on account of the refraction towards the 

normal on entering the lens. 
For spherical surfaces this point is 
Fic. 29. found by drawing any two parallel radii, 
joining the points where each cuts its own surface, and noting 
the intersection of this line with the axis. The ratio of the dis- 
tances of the centers of curvature from the optical center equals 
the ratio of the radii. When one surface is plane, the optical 
center is found at the other surface. The principal focal length 

of the lens, f, is found from 


1 1 ;) 
==(n—1)(-+-— Pe Phare! oe ta 
+= (n=1)(7+5), 8) 
where r and 7’ are the radii of the surfaces, and n the index of 
refraction. 
The fundamental equation connecting conjugate foci is 
ital! 
7 v9 
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1 
i 
where }’’ is the distance of the object and /’ that of the image 
(negative if the image is virtual”). 


34. Magnifying Power.—In Fig. 30, let O be the object glass 
and O’ the eyepiece. The rays of light from the arrow head, A, 
will be brought to a focus at A’ where the ray through the optical 
center O meets the focal plane, and those from C’ at C’, these two 
central rays preserving their direction beyond the lens, but suffer- 
ing a slight offset as indicated in § 33. Join A’ and C’ with the 
optical center of the eyepiece. All the rays of light coming from 
A and C which pass through the telescope will emerge in pencils 


* For further discussion of lenses. telescopes, ete., see W. Watson’s 
Physics, Book IV, Chap. III. 
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parallel with, or slightly diverging from, these two directions 
A’O’", C’O’, if adjusted for distinct vision for a normal eye. The 
lines A’O’, C’O’, give directions only for the rays passing through 
A’ and’ C’. 


Without the telescope, the angular magnitude of the object 
with the eye at O would be 8. With the telescope, the angular 
magnitude is a. 

To find the magnifying power draw FH=}’, the focal length 
of the objective; erect the perpendicular HJ=3A’C’; take 
FK=f,, the focal length of the eyepiece; erect the perpendicular 
KL=HJ, join J and L with F, giving HFJ=3@, and HFL=}a. 

Extending FL to M to refer both images to the same distance, 
the ratio of the apparent magnitudes or the magnifying power will 
equal the ratio of HM to HJ. 


But HM:HJ=HM:KL=FH:FK=f':j,, 


/ 


or, magnifying power, Cae (10) 
1 


i.e., the magnifying power equals the focal length of the object glass 
divided by the focal length of the eyepiece. 
Also, 


HM:HJ=tan 4a : tan $8, 


or, G=tan 3a : tan 3 £, =a Meatly tee. oe (LL) 
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i.e., the magnifying power equals the angular magnitude as seen 
through the telescope divided by the angular magnitude as seen with 
the naked eye, nearly. 

Since, by (9), /’ increases with the nearness of the object, @ 
will be greater for a near than for a distant object; /’ for parallel 
rays is taken as the standard. 

For normal eyes the eyepiece would be focused for a virtual 
image at the distance of most distinct vision, or from about 8 
inches to infinity; myopic (near-sighted) eyes, unless corrected 
by glasses, would require that the eyepiece be pushed in, and 
hypermetropic (far-sighted) eyes that it be pulled out, thus 
changing /, and G. 

In Fig. 31 it may be noted that the extreme rays from a point 
A striking the object glass at the distance apart D will intersect 
at a’ in the focal plane and may be focused to emerge in parallel 
lines (a@=0, 8=0) at the distance apart d’. 


Fig. 31. 


From similar triangles, neglecting the thickness of the lenses, 


Bee 
ae 
) 
or from (10) G=5, (12) 


i.e., the magnifying power equals the diameter of the clear aperture 
of the object glass divided by that of the emergent cylinder of rays 
from a point. 

For the magnifying glass, or simple microscope, with the eye 
placed close to the lens as with the eyepiece, take FH=8 inches, 
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the distance for normal vision; FK=},; HJ=%tAC.- Then, 
from (10), 


Gee eee Area,” @ sures 13) 


If an objective is added, 
making a compound micro- 
scope,* it will magnify the 
image AC in the ratio /’/f” 
(AC being now regarded as 
replacing A’C’ of Fig. 30). 


Hence G=>-,;,. . (14) 


Ex. 1. Find the power of a 
magnifying glass having a focal 
length of 1’” and placed so that 
the virtual image will appear 8’ 
from the eye. 

Ex. 2. Show that the change 
in focal length of an object glass 
with distance, has the effect of 
placing the initial point for stadia work at the focal length in front of 
the object glass. 

Ex. 3. Find the range in motion of the object glass slide to focus at. 
cistances from 10 feet to infinity, for /=9, G=25. 


hive, S24, 


35. Measurement of Magnifying Power.—(a) Set up the tele- 
scope where two prominent well defined objects can be seen sym- 
metrically with reference to the center of the field, on looking 
through the object end, and focus for parallel rays. Set up a 
transit back of the telescope, and measure the angle A subtended 
by the objects as seen through the telescope. Remove the tele- 
scope; set the center of the transit in the position occupied by 
the eyepiece and measure the angle A’ between the same objects 
as seen directly. 


* With the magnifying glass or compound microscope the eye caunot 
replace the lens or objective and focus on the object as with the telescope, 
the distance being less than 8 inches. 
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Then, by (11), 
ae 
tangd A 


(nearly je. do) 


(b) Focus the telescope for parallel rays; point it towards the 
sun, or a bright sky, and measure the diameter d’ of the emergent 
cylinder at the eyepiece as thrown: upon a paper screen; measure 
the clear diameter D of the objective by pushing a pencil in from 
the edge until it will just cast a shadow on the screen, and noting 
the reduction from the apparent diameter. Square pieces of 
paper of different sizes, moistened and placed around the cir- 
cumference, will show the clear diameter more accurately than 
the pencil point. 


By (12), u=6 (approx.). 

(c) Sight to a speaking rod, a clapboarded house, or other 
object which will answer for a scale of equal parts. While look- 
ing through the telescope at a scale unit with one eye count the 
number of units which it covers as seen by the other or free eye; 
this number will be the power G’ for the given distance. 

To find G, the power for parallel rays: Measure the distance /’’’ 
from the center of the objective to the back of the cross-hair dia- 
phragm when focused for the above scale reading, and the dis- 
tance /’ when focused on a distant object. From (10), 


Gel Gti ha eae erentene aI 


The method (a) is the most accurate; (b) will give fair results 
except for high powers for which it is difficult to measure d’ with 
sufficient accuracy; (c) is the most convenient for low powers. 


Ex. The angle subtended by two objects when seen looking into the 
object end of the telescope focused for parallel rays was A=2/’ 11”. 
The angle subtended, as seen directly, was A’= 1° 18’ 06”. Required @. 
Solution. 
_ 1° 18’ 06” 4686 
Pe ame a 
tan 39! 03” 
~ ‘tan 17 05} 


By (15), approx. G 36. 


By (15), G = 36. 


Eq. 17.) INTENSITY AND BRIGHTNESS. 57 


36. Intensity and Brightness.—Let D=diameter of the object 
glass; d=that of the eyepiece; d’=that of the emergent cylinder 
of rays; d,=that of the pupil of the eye, assumed=0.2 inch by 
Chauvenet for astronomical work, and 2.24 mm. or 0.09 in. by 
Jordan for geodetic work, the actual size varying with the indi- 
vidual and with the brightness over a greater range than indi- 
cated by the above values; m—=percentage of light striking the 
object glass, from a given point in the optical axis, which passes 
through the lenses, =85% for the best telescopes, and often fall- 
ing to 60%.* 

With the unaided eye, the cone of rays which can enter it 
from a given object has a diameter d,. With the telescope, the 
diameter of the cone which may be condensed to enter it is D. 
The quantities of light, for the same distance from the object, 
will vary as the squares of these diameters. Hence, allowing for 
the loss due to absorption and reflection, the intensity or ratio of 
the light received by the eye through the telescope, to that re- 
ceived by the unaided eye, is 

D2 
[= LPR 

For all this light to enter the éye, di>d’, or, substituting the 

value of d’ from (12), 


2D 
di> 


If coe as may be the case with telescopes designed for 


special purposes, the effective diameter of the object glass’ will 
be reduced to d;G. This value substituted in the value of J will 
give mG?. Collecting results, 


2 
[=m when ie 

= x be (17) 
I=mG? when di< o: | ; 


* It is stated by Nolan in The Telescope that about 7% is lost by each 
lens, one-half of this being reflected back from the outer surface and the 
other half from the inner surface as it passes through. 

Experiments at the University give m ‘about 60% for the older tele- 
scopes with terrestrial eyepieces. 
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Owing to the magnifying power, this light appears to come 
from an area G? times as large as without the telescope. 

Hence the brightness, or light per unit area as compared 
with the naked eye, 


(18) 
B=m_ when “Se 
Tabulating (18) for different values of D and G, we have the 
following 
TABLE FOR BRIGHTNESS. 


d D, or Aperture in Inches. 
CG m inches. 
1 14 2 24 3 34 e 

10 0.85 0.0 0.85 | 0.85 | 0.85 | 0.85 | 0.85 | 0.85 | 0.85 

ow. 0.20 | 0.21 | 0.48 | 0.85 | 0.85 | 0.85 | 0.85 | 0.85 
20 0.85 0.09 | 0.26 | 0.59 | 0.85 | 0.85 | 0.85 | 0.85 | 0.85 

} 0°20 .| 0.05 | 0.12 | 0.21 | 0.33 | 0.48 | 0.65 | 0.85 
30 0.85 0.09 | 0.12 | 0.26) 0.47 | 0.73.1) 0785 | 0.85 0°85 

; 0:20.) 0.02) 0505"); 0.09>) O05) 0.215 )0229)) 0238 
40 0.85 O09. 0707 10. 15.50226 | OFT 02595) 0780" Orss 

; O20"), O01 420503) OX054) 0208.50 5L25 0018 TOL 28 
60 0.85 0.09 1.0.03 | 0.07 | 0.12") O218) 0226) | 0786") OF47 

: 0.20 0.01 | 0.02 | 0.04 | 0.05 | 0.07 | 0.09 


A glance at the table will show that with the powers in com- 
mon use, viz., about 20 for a l-inch aperture, 25 for a 14, 30 to 
40 for a 14, 60 for a 2-inch, the brightness is from 10% to 25% 
for Jordan’s value of di, which is full large for sunny weather; 
while it is only from 2% to 5% for Chauvenet’s value, which is 
none too large for work in thick woods near nightfall or on dark 
November days. This serious loss of brightness at times when 
most needed, due to the failure of the aperture of the tele- 
scope to respond, like that of the eye, to variations in illumination, 
can be met by using an eyepiece of lower power in dull weather. 

It should be noted that the ratio of the brightness of the sky 
and all other objects seen in the telescope remains constant what- : 
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ever the loss. ‘For this reason the loss is not very noticeable 
until quite large. 

In looking at a fixed star, the more perfect the telescope, the 
more nearly will the image appear as a bright point, regardless 
of the power; the brightness will therefore increase directly with 
the intensity, there being no magnification. The brightness of 
the field will however reduce as G?, as the area from which the 
light appears to come is increased in that ratio. This is why 
fixed stars can be seen in the daytime with telescopes of small 
apertures and large powers when they are invisible to the naked 
eye, the darkened field allowing them to show through as at night; 
also why faint stars can be seen at night which would be invisible 
with the same telescope and a lower power. On the other hand, 
faint nebule, tails of comets, ete., which have nearly the same 
degree of brightness as the sky, become invisible under high powers, 
because, although the ratio remains constant, the difference in 
brightness soon becomes too small to be distinguished by the eye, 


Ex. 1. Find the intensity and brightness of a stadia rod at 1000 feet 
with a telescope having a power of 30 and a 14-inch object glass, as com- 
pared with the naked eye at 100 feet. 

Solution. 


Det eae oy 
I=m7, 0.856992 


q 164. 


B=1/G*=18% as compared with the eye at 1000 ft. 


The light radiating from any point of the rod in cones, its intensity 
would diminish as the square of the distance, so that moving the telescope 
from 100 feet to 1000 feet from the rod would reduce the intensity (100/1000) ? 
fold. The linear magnification, G, would be reduced 100/1000 fold. 


e y eee I =} 72 30 ae i en 
-V=zq-16. ¢ (35) 9. Bi=aq=18%. 


Ex. 2. An engineer’s level telescope has a power of 35 and a 12-inch 
object glass. Find the intensity and brightness. 

Ex. 3. Find the distance to which a leveling rod can be removed from 
the level of Ex. 2 for the divisions to be of the same size on the retina as 
when the rod is seen at a distance of 10 feet with the naked eye. 


37. Field of View.—It is customary to limit the focal plane 
by a circular diaphragm to about 0.5/, on account of the diffi- 
culty of securing good images with an eyepiece of larger field. 

From Fig. 33, since the image of each object is on the line 
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joining the object with the optical center, we have, by (10), 


(chi 6. 0.57055 
tan 7°=7 tan 1°= parr 
But tan 1°=0.017, 
30 
sit Ty (Approx ers." 3° 4-3 SOO) 
E.g., Mag. power, G=10 20 30 40 60 


Angular field of view, 7=83° 1° 30’ 1° 00’ 0° 45’ 0° 30’ 


As the field becomes small, the eyepiece is often made movable 
in order to include a greater range in one direction, either alti- 
tude or azimuth, by moving it with a tangent screw, the simul- 


Prey 33. 


taneous field being as above. In order to find 4, the angle of 
the bright field, or field from which all the light which passes 
through the object glass from a given point will reach the 
eyepiece, draw the diagonal lines AC and HF, and join their inter- 
sections with the focal plane, a and b, with the optical center O. 
All the rays coming through the object glass from any point on aO 
will pass through the focus a, and reach the eyepiece, those from C 
passing Just to the limit at A. Similarly for bO. Hence a0b, = A, 
is the angle of the bright field, or field for total light. | 

From this field out the intensity and brightness both diminish, 
and they would reach zero at cOd were the field not restricted to ¢ 
by the diaphragm. Since 7 is about equal (not much larger than 4) 
objects should retain their brightness nearly or quite to the edge 
of the field. 

In order to take in the whole extent of this field the eye 
must be placed at the point in which the axes of the extreme 
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pencils, diverging from the center of the object glass, meet the 
axis of the telescope after emergence. The position of the eye is 
therefore at the focus of the eyepiece which is conjugate to the 
center of the object glass. The telescope tube is prolonged to 
this point and furnished with an eye stop. 

38. Spherical and Chromatic Aberration.--The simple tele- 
scope described above would be satisfactory only for very. low 
powers. For, with spherical surfaces, the only ones which can 
be conveniently ground, the rays from near the border of the 
fens are brought to a focus nearer than those passing through 
the central portion; the distance along the axis between these 
foci is an indication of the spherical aberration. Spherical aber- 
ration is reduced for a given diameter by increasing the focal 
length of the lens, as a less portion of the sphere is used. Again, 
the different colors have different indices of refraction as seen 
from the spectrum, the violet coming to a focus nearest the lens, 
and the red the farthest; the distance along the axis between 
these foci indicates the chromatic aberration. To obviate these 
difficulties, the object glass is usually composed of two simple 
lenses (see Fig. 34), an outer double convex one of crown glass 
having a low dispersive or spectrum-forming power, and an inner 
double concave one of flint glass having a high dispersive power 
but with flatter curvature. The dispersive powers can thus be 
made equal for any two colors of the spectrum by a proper rela- 
tion between the focal lengths, rendering the combination nearly 
achromatic, while the sharper curvature of the convex lens leaves 
a residual of converging refractive power. The combination can 
be rendered nearly aplanatic, or free from spherical aberration, 
by giving proper radii of curvature to the four surfaces. The 
two adjoining surfaces usually have the same. curvature; they 
are sometimes united by Canada balsam to prevent the loss 
of light by reflection from the inner surfaces, sometimes cemented 
around the outside to prevent the entrance of moisture, and some- 
times they are held in place by the cell simply. 

The grinding of the lenses and the first polishings are extremely 
simple. The finishing of a fine object glass requires great skill 
and patience on the part of the optician, as the effect of every 
flaw in the glass and defect in the grinding must be counteracted 
by polishing here and there each of the four surfaces, with the 
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finger alone or using a little of the finest rouge and water, until 
after repeated tests the desired degree of perfection is attained. 

With two lenses thus adjusted to each other, it is evident that 
their relative positions in the cell cannot be disturbed without 
injury. 

39. Eyepieces.—The correction for the eyepiece is usually 
made by using two separate lenses of the same kind of glass placed 
at such a distance apart that the colored rays produced by the 
first lens shall fall at different angles of incidence upon the second 
and become recombined. The two lenses may be treated like a 
single one with the equivalent focal length, as found from optics. 


AA" 
= : 2 
hh ith’ a’ ( 0) 
‘where },’, /,’’, are the focal lengths of the separate lenses, and a 
is the distance between them. 

The Huygenian, or negative eyepiece, is one of the best when 
cross-hairs are not required. It consists of two plano-convex 
lenses, Fig. 34, with the plane sides towards the eye, the focal 
length of the farther or field glass being three times that of the 
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nearer or eye glass. They are placed about half the sum of the 
focal lengths apart. The field glass receives the converging rays 
from the object glass before they have reached the focus, and 
brings them to a focus between the lenses. Cross-hairs are often 
placed at the focus to define certain portions of the field, as in 
the sextant telescope, but not for accurate measurements, since 
the cross-hairs will be distorted, seen through the eye glass only, 
while the object will not be, seen through the corrected combination. 

Airy replaces the plano-convex field glass by a concavo-convex, 
increasing the flatness of the field. 


Eq. 20.) EYEPIECES. 63 


The Ramsden, Fig. 35, is the form most commonly used when 
accurate measurements with cross-hairs or micrometer are required. 

It is a positive eyepiece, i.e., 
it receives the diverging rays from 
the object glass after they have 
passed the focus. The two plano- 
convex lenses have their convex 
sides turned towards each other; 
they have the same focal length, and are placed two-thirds the 
focal length apart, giving by (20) an equivalent focus of three- 
fourths that of one of the lenses. 

The Kellner and the Steinheil are modifications of the Ramsden 
which are coming into favor on account of the greater flatness of 
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Kellner Eyepiece. Steinheil Eyepiece. 
Fig. 36. 


Fig. 35. 


the field or freedom from spherical aberration. In the former the 
eye glass is an achromatic combination, and in the latter both are 
achromatic (Fig. 36).* The former has the larger field. None of 
these eyepieces invert the image, and as the object glass inverts, 
the objects all appear inverted. 

The terrestrial eyepiece consists of four lenses, the object being 
to invert the image so that objects seen through the telescope 
will appear erect. Quite an appreciable loss of light results from 


: 
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Airy Eyepiece. Fraunhofer Eyepiece. 
Fie. 37. 


the two extra lenses (14% on the basis of Mr. Nolan’s estimate 
of 7% per lens), and a serious shortening of the focal length of 
the object glass for a given length of telescope, which increases 
the difficulty of securing a flat field. Two combinations are shown, 
the Airy and the Fraunhofer. 
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Diagonal eyepieces—For convenience in looking at very high 
objects, a mirror of polished speculum metal is placed between 
the two lenses of the eyepiece, at an angle of 45°, so that the light 
emerges perpendicular to the telescope tube. This erects the 
object (reverses the image) in altitude but not in azimuth. For 
objects near the zenith, the perpendicular portion of the tube 
must frequently be lengthened for accessibility. This is secured 
by placing the mirror between the central lenses of the terres- 
trial eyepiece, which then inverts the object in altitude and leaves 
it erect in azimuth. 

Instead of the speculum mirror, a glass isosceles right-angled 
triangular prism can be used with less loss of light. 

40. Cross-hairs.—Since with the telescope the image of any 
point is at the intersection of the focal plane with a line through 
the point and optical center of the object glass, this optical center 
may be taken as a fixed point for all lines of sight. The inter- 
section of a horizontal and a vertical hair placed in the focal plane 
(it should be in the optical axis) will give a second fixed point. 
The line joining them, called the line oj collimation, is taken for 
the direction of the telescope; its greater precision is due to the 
magnifying power and increased light of the instrument. 

In pointing, the eyepiece is first focused upon the cross-hairs 
and then the object glass, upon the object; the focal plane of the 
object glass is thus brought to coincide with that of the cross- 
hairs, so that the latter will remain fixed upon the object as the 
eye is moved from side to side behind the eyepiece. The first 
is for the eye of the observer, and this focus does not need to be 
disturbed when once properly made; the second is for the dis- 
tance to the object, which requires change with each new dis- 
tance. 

Spider lines are usually used for cross-hairs. Some prefer to 
have them spun directly by a spider as needed, others to take 
them from cocoons. They should be opaque, cylindrical, free from 
dust, and as small as is compatible with distinct visibility. Platinum 
wires are used by some instrument makers as being more opaque 
and less liable to stretch with age. The requisite fineness is obtained 
by coating with silver, drawing down the wire, and afterwards 
removing the silver by nitric acid. 

A glass diaphragm with etched lines is sometimes used in place 
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of cross-hairs, with perhaps some advantage as to permanence of 
position but with the disadvantage of loss of light, and the mag- 
nification of all dust on the glass unless thick and the cross-hair 
side inclosed in a sealed cell. 

The reticule of wires consists of one horizontal and one ver- 
tical for the ordinary surveying instruments. Sometimes stadia 
wires are added. For triangulation work the vertical wire should 
be replaced by an X for pole signals, while on the Coast Survey 
two vertical wires some 15” apart and two horizontal wires much 
farther apart are used for heliotropes and night signals. The 
horizontal wires limit the portion of the vertical wires to be used 
for bisection. For astronomical work several horizontal and 
vertical hairs are used, either equidistant or arranged in groups 
symmetrically with reference to the center. The linear distance 
required between the wires can be computed and laid off with a 
micrometer from the focal length of the object glass as measured 
on the outside of the tube to the cross-hair diaphragm. Or, better 
and more accurately, by using a micrometer microscope as an 
eyepiece and measuring the distance subtended by the divisions 
of a rod at a measured distance; from this distance the required 
distance between wires is readily computed and laid off by the 
micrometer. Allowance must of course be made for the change 
in focal length for parallel rays. The angular distance can be 
determined from astronomical observation, or directly from circle 
readings. 

41. Tests of Telescope.—To test for spherical aberration, reduce 
the effective area of the object glass about one-half by a ring of black 
paper and focus upon a well defined point. Then remove the 
ring of paper and cover the other half of the object glass; the dis- 
tance the latter must be moved in or out for distinct vision, 
which should be small if any, is an index of the spherical aberration. 

To test for definition, focus upon small clear print at a dis- 
tance of 20 to 100 feet, depending upon the magnifying power, 
and note if the print is as sharp and well defined as when viewed 
with the naked eye at a distance of 8 to 10 inches. Poor defi- 
nition may be due to spherical aberration, or to inaccurate cur- 
vature, or to variable density or non-centering of the lenses. 

To test for centering, or for the coincidence of the optical axes 
of the different lenses, fix a white paper disk, about one-eighth 
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inch in diameter with sharp outline, in the center of a black sur- 
face, and look at it when placed in a good light at a distance of 
30 to 40 feet. If the image of the disk, when a little out of focus, 
is Surrounded on all sides by a uniform haze, the centering is 
good. 

Astronomical objects are sometimes preferred for testing as 
follows: The correction for spherical aberration is well made when 
the image of a star under favorable atmospheric conditions appears 
as a small well defined point or round disk. Having this in the 
best focus, the slightest motion of the object glass out or in should 
enlarge the image, it remaining circular if the lens is symmetrical 
throughout; while in the most perfect telescopes the image will 
enlarge to several concentric circular rings of light before dis- 
appearing. An imperfect, unsymmetrical lens will give distorted 
rings, or only a confused mass of irregularly colored light. If the 
glass is not homogeneous, bright stars will show ‘wings ”’ which 
it is impossible to remove by perfection of figure or adjustment. 
The defective portion can be found by covering up different por- 
tions of the object glass and testing. 

The correction for chromatic aberration is well made when, 
after focusing on a bright object as the moon or Jupiter, pushing 
in the eyepiece slowly will give a ring of purple and pulling it 
out one of pale green; thus showing that the extreme colors of 
the spectrum, red and violet, have been corrected. 

The flatness of the field depends mainly upon the correction 
for the spherical aberration of the eyepiece. It can be tested 
by drawing a square some 6 to 8 inches on a side, with heavy 
black lines upon white paper, and looking at it when flat and at 
such a distance as to nearly fill the field of view. If the lines 
appear perfectly straight, the field is flat. A telescope may dis- 
tort the image appreciably without introducing any error in 
ordinary work, but it is objectionable for stadia work and inad- 
missible when measurements are to be taken in the field with a 
micrometer eyepiece. 

The object glass should be mounted so that its optical axis 
‘incides with the axis of the telescope tube. The object glass 
lide should be parallel to this same line, and the vertical plane 
of collimation should contain it, when adjusted perpendicular to 
the telescope axis. 
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The rear end of the object glass slide is sometimes supported 
by an adjustable collar for ease in meeting the above require- 
ments, but with first-class workmanship it is usually considered 
unnecessary, while it adds.an element of instability. The accu- 
racy of workmanship can be appreciated by remembering that 
10 seconds of are will subtend only 0.000049 of an inch for a focal 
length. of 10 inches. 

The object glass slide is tested by placing the vertical wire in 
adjustment for distant objects (slide drawn in) and then testing 
the adjustment for near ones (object glass slide pushed out. 
This test is of more importance for ordinary instruments than 
for geodetic dr astronomical ones, for which the precaution is 
taken not to disturb the slide or focus of the object glass between 
sights which are combined on the supposition of a fixed line of 
collimation. This is possible for sights over 14 miles, no mat- 
ter what the inequdlity, while it is not for short sights unless 
they are nearly equal. 

The horizontal line of collimation is not restricted so closely 
as the vertical; so that if it is adjusted parallel to the object glass 
slide, the deviation from the optical axis of the object glass, or 
from the axis of the telescope, will have but little effect, 
This adjustment is effected by the three peg method of adjusting 
a level. 

42. Level Tubes.—These for accurate work are carefully ground 
with emery on a revolving arbor which has been turned so as to 
give the desired curvature. The tube is slowly rotated about its 
axis so as to distribute the grinding uniformly around the cir- 
cumference. The surface is then polished, the tube filled and 
tested on a level tester for uniform curvature by noting if equal 
angular changes will give a uniform motion of the bubble. For 
delicate levels the defects found after this rough grinding must 
be corrected, requiring repeated trials and much skill and patience. 

The upper inner surface, when completed, must be highly 
polished to render the friction of the bubble as small and uni- 
form as possible. 

The tube should be of uniform bore and thickness and of hard 
glass. 

The liquid used for filling is usually alcohol for the more com- 
mon levels, alcohol with a little ether added for fluidity for more 
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sensitive ones, and sulphuric: ether, with possibly a little chloro- 
form for the most sensitive ones. 

For delicate levels a chamber is added at one end so that the 
bubble can always be used at about its normal length for greater 
convenience and accuracy; a change of length with the tem- 
perature changes the zero, if the curvature or size at one end 
differs from that at the other, while a short bubble is more slug- 
gish and its position of rest more affected by friction and by local 
defects of the tube than a long one. The best results will be 
obtained with the length used by the maker in testing the tube. 
The tube should not be directly held in rigid metallic supports 
on account of the danger of distortion from pressure due to 
changes of temperature. The support should be at two points 
only and with rings of cork or other yielding material which will 
give sufficient stability. 

A very sensitive level should be inclosed in a glass box or 
tube so as to form a closed air space, to diminish local distortion 
from sudden changes of temperature. 

The value of a division should be determined for different por- 
tions of the tube to test uniformity, and at different temperatures 
to determine the temperature coefficient if any. An appreciable 
coefficient will usually denote a cramping of the tube by the sup- 
ports. 

43. Graduated Circles.—The process of graduating a circle 
can be readily understood from the description of the Saegmuller 
dividing engine given in Zeit. ftir Instrumentenkunde, 1894, p. 84. 
(See Fig. 38.) The engine is built entirely of cast iron and steel 
with the wearing parts hardened. These metals have nearly the 
same coefficient of expansion so that slow temperature changes 
have no appreciable effect upon the working of the parts. For 
dividing large circles a glass case is provided, and the machine 
kept automatically at a constant temperature by a thermostat. 
The weight of the large one-meter horizontal circle and _ its 
axis (over 500 pounds) is almost wholly relieved from the bear- 
ings. The circle is rotated by means of two diametrically opposed 
worm gears driven by pinions at the left, as shown in the figure 
These pinions are driven through ratchet wheels by a long rack 
working back and forth on the bed plate. The teeth on each 
end of the rack are cut to match the corresponding teeth on the 
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pinions so that it is claimed the worm gears move absolutely 
alike in driving the large circle. 

One turn of the worm gear rotates the circle through five 
minutes of arc, so that there is always a whole number of turns 
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Fig. 38. 


between division lines; this number is regulated by the motion 
of the rack between adjustable stops. The rack is driven for- 
ward by the belt wheel through the flexible pitman and adjustable 
crank pin, and pulled backwards by a weight, the ratchet pawls 
releasing promptly so that the worm screws are not disturbed. 
The belt wheel also drives the cutting tool at the top of the machine, 
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acting through two cams, it being connected by bevel gearing. 
in such a way as to allow of setting the cutting tool for any sized 
circle as shown. The cutting mechanism can be set to cut radi- 
ally, vertically, or in an inclined direction. 

The ciréle to be graduated is fastened to the upper plate and 
centered by the abutting screws shown, until a contact level 
attached to the cross-bar (pivoted at one end, with a stiff vertical 
leg pressed against the side of the hole for the axis of the circle 
by the unbalanced weight of the level) remains horizontal during 
rotation. The cutting tool, having a fine steel or diamond point, 
cuts during the return stroke of the rack; an elliptic gear giving 
a slow cutting and a quick return stroke. 

The large circle has five-minute division lines, and it is assumed 
that the worm gear was adjusted to correspond with these as 
nearly as may be. It was found, however, that there were severa] 
irregularities in the division lines. To eliminate these errors the 
worm gears were fastened to a plate resting on the bed plate and 
capable of a slight rotation about the axis of the circle. A ring 
carrying 360 radial adjusting screws was attached to the under 
side of the circle and a horizontal lever attached to the bed plate 
so that the short arm engaged with the worm screw plate and 
the long arm rested against one or more of the screw heads. With 
these screw heads adjusted in the circumference of a circle con- 
centric with the axis, no motion of the worm screw plate would 
take place on rotating the circle. With these adjusted for the 
errors in the gear, motion is given to the worm gears independent 
of their rotation so that the new circle is accurately divided. 

For small circles the dividing is done automatically. For 
large ones, a micrometer microscope (see § 44) is attached to the 
frame and the main divisions copied from the engine circle, allow- 
ing for its graduation errors by moving the hair of the microscope 
for each scratch. The automatic principle is then applied to 
the short ares between these lines, and checking on them. 

The method of graduating the engine circle is well brought 
out in a description of the reconstruction of. the Coast Survey 
dividing engine in App. 12, Report 1879. The process of con- 
tinual bisection was employed until the circle was divided into 
256 parts. The equality of the ares after each set of bisections 
was tested by setting two micrometer microscopes the proper 
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distance apart and measuring the discrepancies with the microme- 
ter screw. After finding the corrections for these divisions the 
worm screw was used in changing to the degree system of gradu- 
ation, applying the corrections step by step. 

With a 10-inch circle, an error of 0.0001 of an inch in a division 
anal seconds; showing 
the extreme accuracy necessary in centering and in graduating a 
circle which is to be read to tenths of seconds. 

Five-minute spaces are usually the finest cut upon large circles, 
and 10-, 20-, or 30-minute spaces are the smallest upon smaller 
circles. Intermediate readings are taken with verniers or microme- 
ter microscopes. The vernier is too well known to need a descrip- 
tion here. 

44. Micrometer Microscopes.—These are usually used in place 
of verniers when readings closer than about 5’’ are required. Cross- 
hairs are attached to a frame which is moved through a box per- 
pendicular to the microscope tube by an accurate micrometer 
screw working against spiral springs, as shown in Fig. 39. 


or in centering will give an error of 
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If the microscope has a flat field and the screw a uniform pitch 
the apparent motion of the cross-hairs across the limb will be 
proportional to the turns of the screw, giving an accurate means 
of subdividing the spaces on the circle. A common division of 
the limb is into 5-minute spaces, the objective being placed at 
such a distance that 5 turns of the screw will move the wires over 
one space; each turn will then give a minute, marked by a tooth 
on the comb in the edge of the field, as shown, while seconds can 
be read from the head of the screw by dividing it into 60 equal parts. 

Two parallel hairs are usually used, placed far enough apart 
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so that when brought over a division a bright line will show on 
cach side between the hair and scratch; the equality in width 
of these light lines being judged more accurately than the bisec- 
tion of a scratch by a single hair. 

To take a reading, the micrometer screw is turned with the 
increasing numbers on the head, moving the hairs from the zero 
of the comb back to the first division of the limb to the right 
(apparent left), the number of teeth passed and the reading of 
the head giving the minutes and seconds from the division to the 
zero. Usually the motion of the screw is reversed, turning against 
the graduation on the head, until the hairs bisect the division to 
the left of the zero. Only the reading on the head is noted, and 
this should differ but slightly from the first if the microscope is 
adjusted so that 5 complete turns cover an average space. 

The bisection is usually made with the positive motion of 
the screw to avoid lost motion. If the lost motion is appreciable, 
however, it indicates a poor condition of the micrometer which 
should receive attention. 

The probable error of a single bisection should be about 0’’.2. 


Ex. 1. Given a micrometer screw having 100 threads per inch, and an 
objective having a principal focal length of 1 inch. Find the distance to 
place the objective from a 10-inch circle so that one turn of the screw shall 
equal one minute, and find the focal length of the eyepiece for a magnify- 
ing power of 25. 

Ex. 2. If, in Ex. 1, 5’ spaces on the circle read 5’ 04’” on the screw, find 
the distance to move the microscope towards the circle to put it in adjust- 
ment. 


45. The Run of the Micrometer.—The micrometer is adjusted, 
as stated in § 44, so that the nominal number of turns, usually 5, 
will move the hairs over a 5-minute space. This can be only 
approximately realized owing to the imperfections of the microm- 
eter and graduated circle, the inaccuracies of bisection and read- 
ing, and the disturbances due to changes in temperature. 

The correction for run is made in several different ways by 
different observers, while many equally good observers regard it as 
an unnecessary refinement if the microscopes are kept in proper 
adjustment. 

The method given in App. 9, Coast Survey Report, 1882, by 
Asst. R. D. Cutts, appears to be one of the most reasonable. In 
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the angle record book (see § 57) the first and second readings 
are entered in separate columns and the means, for the two or 
three micrometer microscopes of the circle, set underneath for each 
reading of the circle. The mean of these two means is put in a 
third column and the difference, or the error of run, in a fourth. 
These errors of run are averaged for the station (or for as great 
-a portion of the work at the station as they remain constant) for 
the error of runs. The error of runs as thus determined is freed 
from the inaccuracies of bisection and graduation of the lines 
on the circle and is due to non-adjustment of the microscope. 
The correction due to it is applied as a correction to the pitch 
of the screw, proportional to the length, while the inaccuracies 
of pointing and reading for the two scratches are averaged in 
the mean. 

To find this correction, let a be the first reading; b, the second 
reading; r, the average run of the micrometer, positive when the 
first readings average greater than the second. 


Correction to a=———a. 


r 


Correction to b= 35 q77(300" — 6). 
The mean, pees 


“ 


: r [3800—(a+b)] 
Correction to m 3007 5 . 
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Correction to m 5 a5 (21) 


This correction has the same sign as r for m<2’ 30’, and the 
opposite sign for m>2’ 30’. Its value can be found from Table X 
with r and m or a as arguments. 

See also the Run of the Micrometer, by George Davidson, Coast 
Survey Report, 1884, App. 8. 
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46. Errors of Graduated Circles—These may be due to an 
eccentricity of the upper motion or inner axis with reference to 
the center of the graduation, or they may be due to errors in 
the division lines themselves. The error due to the plane of the 
circle not being horizontal when the axis of the upper motion 
is vertical, as indicated by the levels remaining in the center during 
rotation, is so small in an instrument in which the limb will remain 
flush with the vernier, or the micrometer microscopes in focus 
during rotation, that it can be neglected. 

The error due to eccentricity is of more importance with instru- 
ments for ordinary surveying work than with those for geodetic 
or astronomical work, for with the latter all the microscopes or 
verniers are used in making a reading, and it can be readily shown |. 
that the mean of any number of equidistant verniers is free from 
eccentricity. 

Let G be the center of the graduated circle; G’, the center 
of the axis for the upper motion; GG’, the eccentricity; HE’ =2R, 
the line joining the centers; a’, the angle AGE, made up of the in- 
dex reading a and the micrometer readings A’, B’, C’; and e in 
degree measure 

GQ’ 
smi 


For two micrometers 180° apart: 


From the Ist. a’ =a+A’—e sina’. 
fe 2d. a’ =a+B’—e sin (180°+a’) 
=a+B’+e sin a’. 
. Mean, a” =a+4(A’+B’), which is free from eccentricity. 


For three micrometers 120° apart: 


From the Ist. a’ =a+A’—esina’. 
cf 2d. a’ =a+B’—e sin (120°+a’). 
ce" 3d. a’=a+C’—esin (240°+a’). 


By form. 8], sin (120° +a’) +sin (240° +a’) =2sin (180°+a@’) cos 60° 
=—2sina’x} 
=-—sina’. 

. Mean, a’=a + 3( A'+B’+C’), which is free from eccentricity. 
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Similarly it can be shown that the mean of any number of 
equidistant micrometers will be free from eccentricity. 
Some instrument makers put in radial abutting capstan-head 
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screws between the circle and hollow axis which supports the 
upper motion, so that the eccentricity can be adjusted out before. 
the plate is screwed fast to the flange of the axis. 

The graduation errors proper are divided into accidental and 
periodic. The former follow the law of errors of observation 
given in Least Squares, hence their effect is diminished as the 
square root of the number of lines used. 

The latter occur at regular intervals according to some law, 
and may therefore be expressed as functions of the reading itself. 
The sum of all the corrections for periodic error, including those 
for eccentricity, must have the general form 


Ca) =p sin (a4 7’) +8" sin 2a-- 7’) 8" sin 8a +7”) + etc., (22) 


where ¢(a) denotes the correction to the angle a, and #’, 7’, 
8’, 7’, ete., are constants. The shorter the period of any error, 
the higher is the multiple of a in the term representing it. 
Chauvenet, Astronomy, Vol. II, p. 52, shows what terms are 
eliminated by taking the mean of a number of equidistant micro- 
scopes and how to determine the constants for a given circle by 
taking equidistant readings around the circumference. R.S.Wood- 
ward, Report, Chief of Engrs. U. S. A., 1879, Part III, App. M.M., 
p. 1974, takes up the terms not eliminated by means of a num- 
ber of equidistant microscopes and finds their effects upon a 
measured angle. He shows that if the distance between verniers 
is divided by the number of repetitions, and the circle is moved 
forward by this quotient each time, so that the initial readings 
are evenly distributed over the space between two microscopes, 
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nearly all the terms will be eliminated from the mean. Also 
that the remaining terms tend to add up zero or eliminate as the 
number of observations increases, so that the effect may be neg- 
lected with a large number of observations. 

In applying the formulas to some of the Lake Survey instru- 
ments (Pri. Tri. U. S. L. Survey, 1882) he finds periodic errors 
ranging from 1’’.7 to 2”. 

In Saegmuller’s Catalogue, 1903, p. 7, comparisons of 10’ spaces 
10° apart around the circle are given for six 8-inch circles made for 
the Geol. Survey. The greatest discrepancy for one instrument 
was found to be 1’’.58, and for another 0’’.55; those for the other 
four being between these limits. The discrepancies for these 
small ares would indicate values for the accidental errors of gradu- 
ation rather than for the periodic ones. On the basis of these 
Mr. Saegmuller makes the claim that his engine will graduate 
automatically to within 2’”” to 3’, while if corrections are applied 
for the main divisions, and the automatic principle is used only 
for small ares, each line will be correct within 1’’. 

47. Repeating and Direction Instruments.—The component 
parts have been quite fully described in the preceding para- 
graphs, and the French repeating circle in § 31. For repeating 
instruments, the circle is from 8 to 12 inches for primary trian- 
gulation, and from 5 to 9 inches for secondary and tertiary. The 
power of the telescope varies from about 60 to 20 with a diam- 
eter of object glass from about 2} to 14 inches. Two verniers or 
microscopes are common, and the upper and lower motions are the 
same as with the ordinary transit. 

An 8-inch altazimuth, made by C. L. Berger & Sons, with 
repeating horizontal and non-repeating vertical circle, reading 
to 10’’ and 20” respectively, by verniers, is shown in Fig. 42. 

To repeat an angle, the upper motion is set at the desired ini- 
tial reading and the telescope pointed on the left hand object by 
the lower motion; it is then pointed on the right hand object 
by the upper motion, back to the left hand by the lower and to 
the right hand by the upper, ete., until the desired number of 
repetitions has been reached. 

A 12-inch Coast Survey direction instrument is shown in Fig. 43, 
and a 50-centimeter one in Fig. 44, the former as made by the 
Bausch, Lomb, Saegmuller Co. Both have micrometer eyepieces. 
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The only essential difference between this and the repeating 
instrument is in the removal of the tangent screw for the lower 
motion, which prevents the use of the ordinary method of repeat- 
ing angles; the object being to add to the stability of the circle 
Sometimes the lower motion is wholly removed, so that the circle 
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can only be rotated by motion below the leveling screws, but 
this arrangement is less convenient. 

Rather larger circles are used than for repeating instruments 
for the same class of work, 15- to 18-inch circles being common, 
with about 8 inches as a minimum. Micrometer microscopes are 
used in place of verniers, 3 for the larger and 2 for the smaller 
circles. 
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The telescope can be made to transit, as shown in Fig. 42, 
in which case a vertical circle is added large enough to measure 
vertical angles, forming an altazimuth. Many observers, how- 
ever, prefer. short standards for greater stability, which requires 
that the telescope be taken out of the wyes for reversal, and 
often that vertical angles be measured with another instrument. 


Fria. 43.—12-inch Coast Survey Theodolite. 


48. Adjustments.—Plate levels perpendicular to vertical axis. 
These are adjusted by reversals as usual. 

Line of collimation perpendicular to horizontal axis when the 
telescope is focused for parallel rays. Sight to a well defined 
distant poit and clamp the horizontal motions. Reverse the 
telescope by carefully lifting it from the wyes and changing the 
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ends of the axis. Adjust until the point is covered by the cross- 
hair, in both positions of the telescope. 


Fie. 44.—50-centimeter Coast Survey Theodolite. 


Horizontality of Telescope Axis.—This can be adjusted by 
means of the striding level more accurately than by the method 
used for smaller instruments. 
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Index Error of Vertical Circle—Take a reading with telescope 
direct and another with telescope reversed upon a well-defined 
point with bubble of reference level in the center, or the read- 
ings may be corrected for the observed inclination. Half the 
sum of the readings will give the true vertical angle, and half 
the difference the index error. 

Accuracy of adjustment is of less importance than with the 
smaller instruments used in ordinary surveying, because the 
observations are arranged to eliminate errors of adjustment. 

Thus, if the line of collimation is not perpendicular to the 
axis, it will describe a cone as the telescope rotates; so that 
in plunging up or down through a distant signal the line of colli- 
mation will not follow the vertical through the signal, but will 
cut the plane through the vertical and perpendicular to the great 
circle through the points in an hyperbola having its vertex at 
the height of the instrument and its axis horizontal. The hori- 
zontal angle measured is then from a point at the height of the 
instrument at a distance x to the left of the vertical through the 
signal (see Fig. 45). Upon reversal the measurement will be 
taken from a point 2’ to the right of the vertical. But if the 

Mie collimation error has remained constant 
eras “77 ~~ and _ the axis is horizontal, x will equal 2’ 
and the error of collimation will be elimi- 

nated by taking the mean. 

If the telescope axis is not horizontal 
when the plate levels are in the center, 
the plane of collimation through the dis- 
tant signal will not be vertical but in- 
clined, referring the horizontal angle to a 
point at a distance x to the left, as in 
Fig. 45. Upon reversal, the plate levels 
remaining in the center, the error will be the same but in the op- 
posite direction. The mean will eliminate the error as before. 

49. Determination of Instrumental Constants.—Value of 14 of 
Level.—Set up the instrument on a firm support where it will be 
protected from sudden changes of temperature, and place the 
level on the telescope with its axis in the vertical plane of the 
telescope. If the tube is chambered, take a bubble of about 
normal length. Move it by means of the vertical tangent screw 
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from one end of the tube to the other back and forth, setting at 
regular intervals in seconds and reading both ends of the bubble. 

If the circle cannot be read closely enough, rod readings at a 
distance of 103.1 feet will give 2” of are per 0.001 foot on the rod. 

If a level trier is available, it will be more convenient than 
either of the methods given above. Fig. 46 shows one with a. 
21-inch base having a micrometer screw graduated to 2’, as- 
made by Berger & Sons. The wyes and grooves allow of support- 
ing an unmounted level tube as shown, or a Y-level telescope 
or a transit without unmounting the level. 
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Value of 14 of Micrometer Eyepiece.—lf the screw is horizontal 
(which can be tested by noting that motion of the screw does 
not change the altitude of the horizontal hair), set the microm- 
eter at a given reading and sight to a well defined point by the 
upper motion and read the circle; turn the micrometer, say 5 turns, 
and bring the hairs upon the same point by the upper motion, 
then read the circle; continue the process until the desired accu- 
racy has been secured. The difference in the circle readings divided 
by the number of turns will give the value of one turn for the 
different parts of the screw. If the screw is vertical, the same 
method may be employed with the vertical circle if it is suitable. 

A more accurate method involving more labor is by means 
of following a circumpolar star near upper culmination for the 
horizontal screw, or near elongation for the vertical screw with 
the circle clamped, depending upon the observed time intervals 
for the angles as described in Campbell’s Astronomy, § 61. 

Wire Intervals—These may be determined by the methods 
given for 1¢ of the micrometer. __ 

The circle can be investigated by the methods referred to. in 
§ 46, while the methods for the telescope have already been 
given. 
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50. The Method of Direction Observations.— With the direction 
instrument it is customary to consider directions swung from a 
reference line, just as, with the compass, bearings are considered 
as swung from the meridian. Angles between the lines are not 
primarily considered in either case, although often used in the 
later computations. The method of direction observations is 
the one in most common use in this country. A reference line 
is taken, which may be the signal most easily seen under varying 
atmospheric conditions, or a mark set for the purpose at a suffi- 
cient distance to avoid changing focus (not less than 14 miles). 

The signals are sighted in order around the horizon in the direc- 
tion of the graduation, beginning with the reference line, and the 
micrometers read for each; the telescope is then reversed, not 
changing the ends of the axis in the wyes if it has to be taken 
out for reversal, and the signals are sighted in the reverse order 
around the horizon, ending with the mark. This forms a set, and 
as many sets are taken as required. 

The first signal each time should be approached with the tele- 
scope from the same direction as for the others in the half-set, 
so that the tendency of the circle to be dragged around by the 
friction of the upper motion will be taken up before the first read- 
ing. For each set the circle is shifted so that the readings for 
each signal are uniformly divided over the circle. In order to 


eliminate periodic error, as pointed out in § 46, the circle should 
\e) 


be shifted each time approximately - 


, where ” is the number 
of sets, and m the number of equidistant microscopes. Atten- 
tion is called to the difference between two and three microm- 
eter microscopes in reversing for a direction instrument. With 
two only two points of the circle are read, while with three 
six points are read, the reverse positions coming midway between 
the direct instead of coinciding with them. On this account it is 
te} 


; 360° 
better to shift the circle a for three microscopes rather than os! 


If the instrument has no lower motion, it is inconvenient to shift 
the circle after each set. The Coast Survey practice in such 
cases used to be to choose either 5 or 7 positions, equidistant 
360°/5 or 360°/7, and to take an equal number of sets in each 
position, such that the total would give the required accuracy. 
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In setting upon the reference line, the zero of the micrometer 
should be advanced 1/n of the smallest division of the limb each 
time, in order to distribute the micrometer readings uniformly 
over the space. This will give a uniform division of the read- 
ings upon each of the other objects sighted, so that the average of 
the micrometer readings upon each object will be nearly the same, 
and the correction for error of runs for each angle will dis- 
appear. 

The objections to this method of observing are thus stated in 
the N. Y. S. Sur. Report for 1887 by Mr. Wilson: ‘An objection 
to the method of directions is that it is very difficult, practically 
impossible indeed, to secure full sets upon primary points where 
the highest degree of precision is desirable and where broken 
sets are decidedly objectionable. In addition to this drawback 
to the method, another and very serious one arises from the length 
of time consumed in taking readings and bisections to several 
distant primary stations. 

‘‘ When the theodolite is supported upon a high tower, as is 
frequently the case, the entire instrument is continually twisting 
in azimuth as the tower is subjected to the heat of the sun’s rays. 
It is therefore of great importance that the intervals between 
sights should be as short as possible and that the two series in 
each set should be taken in about the same space of time. Fre- 
quently, however, one-half of a set may be taken in five minutes, 
while the other may require ten or fifteen.”” The broken sets are 
afterwards filled up by new sets, including the missing stations 
and the reference line. 

51. The Method of Simple Angle Measurement.—In this the 
number of points in each series is reduced to the smallest pos- 
sible number, or two. The angle between each signal and the 
reference line, or the angles between adjacent signals, can be 
measured independently. Or, the measurements can be so arranged 
that between n, stations $n,(m,—1) angles will be measured. Thus 
starting with the first station as a reference line and swinging 
to the right to each of the others will give n,—1 angles (Fig. 47); 
then from the second to each of the others to the right (not includ- 
ing the first) n,—2 angles; then from the third, etc., to the n,—1 
from which only one angle is measured. 

The sum of the series= first term plus last term, multiplied by 


) 
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one-half the number of terms, =4[(m,—1)+1](m,—1)=47,(n,—1), 
as stated above. This gives the same number 
of pointings, (n,—1), upon each signal. Each 
angle is repeated the same number of times, 
and this number is taken large enough to give 
the required accuracy. To eliminate periodic 


4 error, the initial reading for each repetition 
oO 


ay , as in § 50, 
n 


, of an angle is increased by 


Fia. 47. m being the number of microscopes and 
the number of repetitions of the angle. To reduce the effect 
of accidental circle errors, Schreiber, Zeit. fiir Vermess., 1878, 


pp. 209-240, divides the are between initial readings for the 
te) 
different repetitions of an angle (= 


) by the number of angles, 


n,—1, to be measured from the first reference station, and increases 
the initial reading for each new angle by this amount, starting 
from zero. 

The initial readings for the angles measured from the other 
stations as initial lines are taken from the first set, using one 
each time which has not already been used with either of the 
lines forming the angle. An example of the settings at a sta- 
tion where six signals were sighted may be seen in NV. Y. S. Sur. 
Report, 1887, p. 145. 

This method requires the same number of pointings and read- 
ings as the preceding for two stations, 4 as many for three stations, $ 
as many for four stations, ete., provided the visibility of the 
signals will allow of always taking full sets by the first method. 
For long lines, as in primary triangulation, these ratios will be 
less owing to imperfect sets by the first method, while if the 
delays in waiting for signals to show in order to complete sets are 
taken into account, the advantages will often be with this method. 

Another advantage of this method is that angles can be meas- 
ured whenever two signals are visible, provided atmospheric 
conditions are favorable, allowing more time to be utilized while 
in the field, and each signal to be sighted when under the most 
favorable conditions as to illumination and steadiness. 

52. The Method of Repetitions.—The impression is quite gen- 
eral that this method will not give as good results as those with 
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a direction instrument, described above, but the method has 
been a favorite one with many most excellent observers, and 
the results obtained have fully justified their preference. When 
the upper motion is always rotated in the same direction, errors 
due to twist of observing stand, drag of circle by friction of upper 
motion, travel of clamps, etc., are not eliminated by reversing 
the telescope, and the resulting angles will usually be too small, 
although sometimes too large. This is obviated by taking one- 
half the repetitions upon the angle, and the other half upon its 
explement, always swinging from left to right with the upper 
motion. Errors which tend to make the angle too small will 
thus also tend to make the explement too small, or the angle derived 
from it too large. 

On the N. Y. 8. Survey the practice was to take three repe- 
titions of the same angle with telescope direct, reading the circle 
at beginning and end; then three repetitions of the explement 
with telescope reversed, still swinging the upper motion with the 
graduation, which is equivalent to “unwinding ”’ the circle, i.e., 
the third repetition will bring the reading back nearly to the 
initial one. The explement thus only enters in the direction of 
the swing for the upper motion, and not in the figures recorded. 
They took six sets of six repetitions each for an angle, and the 
results with only an 8-inch circle were as satisfactory on primary 
work as with a direction instrument. 

The angle from a reference line around to each signal can be 
measured; the angles between adjacent signals can be measured, 
closing the horizon and giving a sum of 360°; or the angles may 
be measured as shown in Fig. 47. In the first method (used on 
the N. Y. State Survey) the angles at a station are considered 
independent, in the second there is one check, while in the third 
a more complicated station adjustment is required. The initial 

te) 
readings for the different sets of an angle should differ by 
as usual, while if the angles are measured as in Fig. 47 the addi- 
tional precaution can be taken of having no two readings alike 
upon the same signal. 

53- Conditions Favorable for Observing.— To support the 
instrument tripod, or stand, three solid posts are set in the ground 
vertically some two feet with tops level, one for each tripod leg, 
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and well tied together and braced by nailing on boards. The 
dirt is then tamped around the posts and the center often filled 
with stone. When an elevated: observing stand is used (see § 27) 
the tripcd or inner tower supports the instrument directly 
without its tripod, and the outer tower the observer. In all 
cases the height of the instrument should be such that the 
observer can look through the telescope when standing erect 
comfortably. 

Some observers use a more or less portable observatory for 
the protection of the instrument from sun and air currents while 
observing, but the more common practice is to use a tent for primary 
and secondary work, and an umbrella or other simple shelter 
for tertiary. The tents used on the N. Y.S. Survey were octagonal 
for ground stations and square for elevated observing stands, 
both 8 feet in diameter, with walls 6 feet high, and made of 8-oz. 
duck. They were supported by 8 poles, one being in the center 
of each side for the square tent. The wall was in one piece, sup= 
ported at the top by small pockets which slip over the tops of 
the poles, with a flap one foot wide at the bottom to tack to the 
floor to shut out the wind and dust, and a triangular-shaped 
door large enough to admit instrument boxes as well as the observers. 
The top was in one piece, held up in the center a foot above the 
eaves by a rope attached to a small thimble sewed on the out- 
side, with flaps about a foot wide at the eaves which were strapped 
to the walls. Guy ropes extended from near the tops of the 
poles, to pegs if on the ground, or to the railings or other parts 
of the observing stand if elevated. Floor space is better econo- 
mized by placing the tent eccentric over the station on account 
of storing instrument boxes, ete. Care should be taken not to 
obstruct lines of sight by tent poles. 

The walls can be lowered a foot for observing, or*a window 
one foot wide can be cut around the tent at the height of the eye 
or telescope and covered by a flap on each side when not in use. 

Sheets of 8-oz. duck are sometimes used on two sides of 
an elevated observing tower to protect the inner or instrument 
stand from the wind to prevent vibration, or from the sun to 
prevent station twist, the exposed stand having a tendency to 
rotate in azimuth with the sun during a bright sunny day and 
to return at night. 
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The best time for observing is on a day when the sky is over- 
cast; next to this is a calm, pleasant, late afternoon; evenings 
from about an hour after sunset until about midnight are also 
favorable. 

The hours for observing on the Coast Survey in the summer 
season used to be from sunrise until 8 a.m. and from 4 p.m. until 
sundown. Vertical angles were measured from 12 m. to 1 P.M, 
and in the afternoon until within an hour of sundown. On the 
98th meridian triangulation the observing hours were from 3 to 
11.30 p.m., sighting on heliotropes and acetylene lamps for hori- 
zontal measurements, and from 11.30 a.m. to 4.80 p.m. for ver- 
tical measurements. No attempt apparently was made to dis- 
tribute the observations over different days. 

Lines of sight passing close to the surface are most disturbed 
by heat waves and other atmospheric disturbances, producing 
the appearance in the telescope often described as “boiling.” 
Lines over furnaces and cities are objectionable, while those over 
bodies of water are not usually so clear as those over land; high 
lines are least affected by atmospheric disturbances. 

For the best results, and especially with pole signals, the read- 
ings for an angle should be distributed over different days or 
divided between forenoon and afternoon, to equalize the effects 
of lateral refraction, side illumination of signals, etc. No read- 
ings should be taken under any improper conditions of the atmos- 
phere, as shown chiefly by the appearance of the signals. The 
instrument should be handled with a light touch and with a cer- 
tain degree of rapidity, yet in completing~a pointing it should 
be done carefully and deliberately, without worry or bias as to 
the result, watching the signal long enough to be certain that it 
is really in the line of collimation and not temporarily there due 
to parallax or a sudden change of refraction either lateral or ver- 
tical. 

54. Coast Survey, Instruments, and Observing.*—For primary 
work direction instruments are in general to be used. Repeating 
instruments are used when the station would be difficult of occu- 
pation with a direction instrument, or when the movements of 
the observer might disturb the instrument in azimuth, as on 
light-houses or buildings. 


* From Instructions for Triangulation; see § 8. 
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The method of direction observations is used in observing 
with sixteen sets, the initial readings increasing by 15° 00’ 10” in 
groups of three and by 18° 56’ 20’” between the groups, starting 
with about 0° 00’ 40’, and ending with about 237° 04’ 20”, except 
that the interval is increased 10’’ whenever necessary to avoid 
whole minutes in a setting. 

Broken sets are filled out by observing the missing signals in 
connection with the original reference line, or with a line to some 
other one station, and only one, of those already used in that 
set. Little time is spent in waiting for a doubtful signai to show, 
full sets being of less importance than economy of observing. 

In observing at or upon supplementary stations, only four sets 
of readings are taken, using the first four positions of the circle. 
For intersection stations, one set is required and a second taken 
if it can be done under favorable conditions without much delay 
to observations in the main scheme. Each set on intersection 
stations is to contain one and only one of the main scheme or sup- 
plementary stations. It is considered important to have at least 
three lines to each intersection station for a check, but a station 
is not to be neglected simply because only two lines to it can be 
secured. 

For a repeating instrument, six repetitions make a set; they 
are taken with telescope direct and followed by six repetitions of 
the explement with telescope reversed. Ten sets are used, five on 
the angle and five on the explement, for stations of the main scheme, 
measuring the single angles between adjacent lines of the primary 
scheme and closing the horizon. 

For supplementary stations, four sets of six repetitions each are 
made, with no check angles except that required in closing the 
horizon. 

For intersection stations, two sets of three repetitions each, 
one on the angle and one on the explement, are used, swinging 
from some line of the main scheme or from a supplementary 
station. 

For secondary work an 8-inch direction instrument, used on 
its own tripod and protected from sun and wind by an umbrella 
is recommended. Five positions of the circle are used, the initial 
readings starting with 0° 01’ and increasing by 72° 02’. The min- 
imum number of measurements is five, one in each position, and 
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the maximum number ten, two in each position, unless in special 
cases more are necessary for the desired degree of accuracy. Only 
the additive readings of the micrometers (turning with the increas- 
ing numbers on the head) are taken for each microscope. At 
least once a month special readings are taken to determine the 
run of the micrometer, and an adjustment made if over 2’... Broken 
sets are filled out the same as for primary. 

If a repeating instrument is to be used, a 10-inch Gambey is 
recommended, on its own tripod and with an umbrella. The 
minimum number of observations is two sets of six repetitions each, 
and the maximum number four sets, unless in special cases a larger 
number is necessary to secure the required accuracy. The single 
angles are measured and the horizon closed the same as for primary 
work. If the failure of signals to show, prevents the carrying out 
of this scheme, as near an approach as possible is made and the 
remaining signals are then observed in a second series with one 
only of those observed in the first series, measuring the single 
angles between adjacent signals and the angle necessary to close 
the horizon. 

For intersection stations one set is to be used for a direction 
instrument and two sets of three repetitions each for a repeating 
instrument, including one station of the main scheme in the set. 
for the first case, and swinging from a main station for each inter- 
section station in the second case. 

For indefinite and temporary objects for topographic or hydro- 
graphic signals, the telescope is set on a signal of the main scheme 
with the circle reading about zero, the objects are then sighted 
in order of azimuth and the series closed with a reading on the 
first station. A reading with telescope reversed may be taken 
as a check when thought necessary, although it is not required. 

For tertiary work two sets are required for an 8-inch direc- 
tion instrument and from two to four sets of six repetitions each for 
a 7-inch Berger repeating instrument. The horizon is closed as 
usual. For intersection stations the telescope is set on a main 
station with the circle at or near zero and the signals are observed 
in order of azimuth, closing with the starting line; the telescope is 
then reversed and the signals read in the reverse order, starting 
and closing with the reference line. For indefinite or temporary 
objects the method is the same as used in secondary work. 
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55. Coast Survey, Vertical Measurements.—For primary work 
vertical measurements are made for all lines of the main scheme, and 
the readings are taken on as many days as possible during the occu- 
pation of the station, but the occupation is not prolonged in order 
to secure such measurements. Two measurements per day, each 
with telescope direct and with telescope reversed, are all that are re- 
quired. These may be made between 11.30 a.m. and 4.30 p.m., but 
on account of the diurnal variation in refraction it is desired to have 
them measured at the same hour each day, as, e.g., between 3 
and 4 p.m. If made by the micrometric method (by measuring 
differences of inclination to the different signals with the screw 
of the micrometer eyepiece, the telescope remaining fixed), double 
zenith distances are measured on at least two of the lines radiating 
from the station. 

For supplementary and intersection stations, two measurements 
(each with telescope direct and reversed) over every line of which 
the horizontal direction is measured are all that are required, 
except when the observations upon such stations are for the pur- 
pose of connecting with precise level or tidal bench marks. In 
this case the rules for the main scheme are applied, and readings 
are taken at both ends of every line more than 5 km. long, even 
though horizontal measurements are necessary in one direction 
only. 

For secondary and tertiary work, if the triangulation is inland 
or along a coast where prominent hills are determined by inter- 
sections and the elevations are desired, a continuous series of 
vertical angle measurements is carried through the main scheme 
and connected with accurately determined elevations as frequently 
as possible. For the main scheme, two measurements, each with tele- 
scope direct and reversed, on each day of occupation are all that 
are required. Tor intersection stations and indefinite objects, one 
measurement, telescope direct and reversed, is all that is necessary 
if taken from each station from which the horizontal measure- 
ment is taken. 

56. Accuracy of Results——The limit adopted by the Coast 
Survey in closing triangles is about 3” for primary, 8” for secondary, 
and 15” for tertiary, the average closures being a little over 1”, 
from 2” to 3”, and from 4” to 5/’, respectively. For primary 
work these values apply to the main scheme, while for secondary 
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and tertiary they apply to the supplementary triangles as well. 
In selecting the conditions under which to observe, and the methods, 
instruments, and signals, speed and economy are to be considered 
rather than greater accuracy than the above. For the main 
scheme in secondary work observations are to be taken at any 
time of day when a moderately definite object to point upon 
can be seen. For the intersection stations and for tertiary work 
no delay is to be incurred to secure good seeing. 

These standards of accuracy used in connection with the 
strength of figures and frequency of bases of $10 and § 13 will 
in general insure a probable error of a base line as computed from 
an adjacent base of about 1/88 000 for primary, 1/35 000 for sec- 
ondary, and 1/20 000 for tertiary triangulation; with actual dis- 
crepancies between bases less than 1/25 000, 1/10 000, and 1/5 000, 
respectively. 

On the N. Y. S. Survey the observing party took the precau- 
tion to adjust the observations at a station while still in the field, 
in order that extra sets could be taken, or defective ones repeated, 
in case some of the directions did not show sufficient accuracy. 
The limit for the mean square error of a direction was placed at 
0’.5 for primary work and 1’.0 for secondary and tertiary. 

57. Forms for Record.—These for both repeating and direc- 
tion instruments, as used on the Coast Survey, are given on p. 92. 

With the repeating instrument, if the angles are measured 
from a reference-line, the pointing and reading in closing the set 
for the zero initial reading for the first angle can be used as the 
zero initial reading for the second angle, etc. If the angles be- 
tween adjacent lines are measured, the reading can be saved by 
using the lower motion for the initial pointing for the next angle. 

The form given for the direction instrument is for a limited 
number of positions, rather than for a change in the position of 
the circle after each set. 


(§ 57, Fig. 47, 
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58. Phase.—In bisecting a bright, reflecting cylindrical signal, 
seen against a dark ground in sunlight, the apparent center will 
usually be on one side of the true one, owing to phase. 

Let r=radius of the cylinder; a=the angle between sun and 
signal (measured at the observing station at the time of the obser- 
vations); D=the distance to the station, =the correction to 
the angle in seconds. 

(a) Pointing made upon the bright reflecting line. 


r sin (90°—4a) 


sin ~= D : 
r cos 4a 
Bee ae lw ll lw CD 
oy B ID sin” (28) 


8 being so small that sin @=f sin 1”. 


Fig. 48a. 


(b) Pointing made by bisecting the illuminated portion. 
Bisect the angle 2S, subtending the illuminated portion as seen 
by the distant observer for the line of sight. 


, 


Then sin (S+8)=(S+ 6) sin ee ae 


sin (S—8)= (S—A) sin 17 == G—) 
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| Subtracting, 
28 pin = (1+cosa@)r_ 2r cos? $a 


7 Fy by form. 11]. 


r cos? 4a 


sr b= ‘D sin 1” * . . . . . . (24) 


59. Eccentricity—The signals during the measurement of 
angles should be carefully watched, and if at any time found 
out of center the amount and direction with reference to one 
of the sides should be measured and the date noted. By plotting 
this data to a large scale and laying off the lines to the other sta- 
tions with a protractor, any perpendicular can be scaled with 
sufficient: accuracy. 

If e=perpendicular distance from the signal to the line Join- 
ing the stations, 

Correction for eccentricity in seconds, 


Y=pas ean a 
which will apply to each line whether the eccentricity be that 
of signal or instrument. A sufficiently accurate value of D can 
be found by solving the triangles with the approximate angles. 

If a numerical solution is preferred for e, let d=distance of 
signal or instrument from the station; a@—=angle between the 
lines d and D. 


e=d sina. 
Race tes d si 
Substituting in (25), ea =i go aries Sere ae oO) 


Ex. At Pt. Figuras Lighthouse the instrument was set up 2.112 
meters from the center of the station and the following readings taken to 
find the correction for eccentricity for each of the lines: 


; : ; d 
Pt. Figuras L. H. d=2™.112. Log (sap) = 5.6391. 


Stations. a, log sin a. log D. log ane, log ;. Te 
Center... ... 0° 00/.0 <= 
Curazon.....| 142 05 .3 | 9.7885 3.7976] 5.9909 1.6300 |+42’’ .66 
Whelbronee sss 230, 23.6, Ge Olban "40883 beside leoOhG2 i= oomess 
Mala Pasqua | 252 12 .6 | 9.9787n | 4.1600] 5.8187, | 1.4578, |—28 .69 


CHAPTER IV. 
BASE-LINE MEASUREMENT. 


60. Early Forms of Apparatus.*—The Lapland base in 1735 
was measured with wooden rods laid directly upon the ice on 
the river Torneo. Four rods were used with end contacts, giving 
less danger of disturbance in moving a rod forward and placing 
it than with only two. Later, in measuring the Hounslow base 
of the English Ordnance Survey it was found that although the 
pine rods were thoroughly seasoned and soaked in boiling linseed 
oil there was an appreciable change of length with change of 
moisture and their use was abandoned. The base was then meas- 
ured with a chain supported its entire length and stretched by a 
weight over a pulley, and with glass rods. Glass has a small 
coefficient of expansion, but its volume change lags behind the 
temperature change so that it is not suitable for base bars. 

Borda apparatus (French), Fig. 49. This apparatus, referred 


Copper 
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] 1 ° 
TEL THLLAy. 
CATT Pritt {a TEETH}, ° 


Platinum | 


Fie. 49. 


to in § 2, was designed to do away with the difficulty of finding 
the temperature and change in length of a metallic bar from mer- 
curial thermometers during rapid changes by measuring the 


* For more complete descriptions, see Clarke’s Geodesy and Francoeur’s 
Géodésve. 
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actual difference in expansion of two metallic bars. The com- 
ponents were platinum and copper, the platinum with a small 
coefficient of expansion for the measuring bar and the copper 
with a large coefficient placed above for temperature or differ- 
ential expansion. They were fastened together at the rear end 
as at A and the difference in expansion measured at the front 
end by a graduated scale on the copper and a vernier on the plat- 
inum as shown at B. Contact was made by the slide C. The 
scales were read by microscopes. There were four base bars, each 
two toises (=3.™898) long. In use they were sheltered by a flat 
board cover just above the metal bars and were supported by blocks 
at about the quarter points. These blocks had sharp pins below 
to hold in the ground and screws above to adjust for elevation. 

Struve apparatus (Russian). In this an effort was made to 
obtain the temperature of the bar with mercurial thermometers 
by placing the bulbs in contact with the metal 
and slowing down the rapidity of the temperature 
changes. This was accomplished by wrapping the 
simple iron bar in cloth and raw cotton and let- 
ting the thermometer bulbs, one near each end, 
into the body of the bar. No correction is re- 
quired for ‘“‘contact ”’ as with the Borda apparatus, 
and a constant pressure between the surfaces is 
secured without danger of disturbance of the rear 
bar, the spring yielding as the contact end of the 
contact lever presses against the other bar until the 
long arm reaches the zero of the scale shown in Fig. 50. 

Offsets to the ground are made with a transit set up at right 
angles to the line and 25 feet distant, the position being held 
over night by a cube moving in a slide on the top of an iron 
pin driven 2 feet into the ground. The cube has a fine line cut 
on it for bisection. 

Bessel apparatus (German), Fig. 51. In this apparatus a zine 
bar Z and an iron one F are fastened together at the rear end 
of the measuring unit as in the Borda system. The contact. is 
made and the differential expansion is measured by the inser- 
tion of glass wedges between the steel knife edges St. These 
wedges are graduated in ordinates increasing by intervals of 
0.01 Paris line=0.0( 089 inch. 
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Colby apparatus (English), Fig. 52. The components, brass 
and iron, are used to compensate for temperature, and not to 
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measure expansion as with the Borda and Bessel apparatus. The 
bars are placed side by side and fastened at the center as shown. 


Brass 


Iron 
a a’ 


Fig. 52. 


The microscopic dots, a, a’ on the compensating levers remain 
fixed for equal changes of temperature in the two rods. These 
dots are on the side of the case so that the microscopes of Fig. 53 


Eig. 53: 


can be placed over them, one over its dot directly, the other over 
the dot of the other bar by pushing the bar back for “contact.” 
The common axis serves as a telescope tube for transfers to the 
eround, its verticality being indicated by the attached level. 
The telescope shown at A serves to align the microscope case. 
The upper plate connecting the microscopes is brass, the lower 
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iron, compensating the distance between the focal points. The 
bar is 10 feet long and the microscopes 6 inches apart. 


Ex. 1. Find the units of the Borda scale, Fig. 49, such that an increase 
of one in differential expansion shall indicate an expansion of ie per meter 
for the measuring component. Length for differential expansion assumed = 
3.8". For coefficients of expansion see Table I. 

Ex. 2. Find the error in the computed length of the Bessel (2 toise) 
base apparatus due to a difference of 1° in the temperature of the two com- 
ponents. 

Ex. 3. Find the length of the compensating levers of Fig. 52 for a dis- 
tance of 3 inches between the two components. 

Ex. 4. Find the angle for the Bessel wedge of Fig. 51 for divisions 0.05 
inch apart. 


61. Bache-Wiirdemann Apparatus.—(Coast Survey Rep., 1873, 
App. 12.) Fig. 54. Length 6™. This, like the Colby, is a 
compensating apparatus. The two component bars, brass and 


iron, are rigidly attached at the rear end to the block A and 
supported throughout their length by rollers, while the front 
ends are connected by a compensating lever B. The bars and 
rollers are inclosed in a trussed case. 

The contact rod C projects through the end of the case, while 
the Borda scale D can be read through a window in the side. The 
contact rod E at the rear end is held in position by the parallel 
levers F’, F, pivoted at the bottom of the brass bar. Its inner 
end knife edge rests against the cylindrical surface G. By bring- 
ing the base bar back through the case with a tangent screw (after 
the bubble of the level sector has been brought to the center), the 
contact rod, /, resting against the rear bar, the surface G is forced 
forward, bringing the bubble of the contact level H to the center 
for contact. When in this position the axis of the cylinder G 
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is the axis of the level sector J, so that inclining the bar for slopes 
does not disturb the contact distances or level so long as the level 
sector tube remains horizontal. 

The cross sections of the brass and iron components are so 
arranged that, while the two have equal absorbing surfaces, their 
masses are inversely as their specific heats, allowance being made 
for their different conducting powers. Both surfaces are var- 
nished to give equal absorbing power, and the whole is protected 
by a double spar shaped tin case painted white to prevent rapid 
changes of temperature. 

The heads of the supporting metallic tripods are adjustable 
vertically, laterally, and longitudinally, the motions for the 
rear one being controlled by rods running to the contact man 
at the rear of the bar. Each tripod leg is adjustable by rack 
and pinion and by foot screw. These foot screws rest in grooves 
in a cast-iron bearing plate placed on the ground. 

The end of a bar is transferred by a transit at right angles. 


Ex. If the 2-second divisions of the contact level of Fig. 54 are 0.1 inch 
apart, and the inclination can be read to 0.1 div., find the sensitiveness of 
contact for a 3-inch arm for the contact level and a 0.9 ratio for the lever G. 


62. Porro Apparatus (French).—(Fig. 55.) In this a return 
is made to the method of measurement with chain and pins, the 


RiGaroo: 


base bar taking the place of the chain, and four microscopes with 
very firm supports that of the pins. As originally designed, the 
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rod was made of fir, varnished and incased in a copper tube; 
but as soon modified, the fir was replaced by two metals, forming 
a Borda thermometer. 

The microscope (Fig. 55) has two objectives, one for plumbing 
over a point on the ground and the other for sighting at the bar, 
a cap with a central opening shutting off the light which does not 
pass through both when looking at the bar. 

The telescope of the rear stand is used for alignment by sight- 
ing along the line at an offset target and then aligning the front 
stand, a scale taking the place of the front telescope axis. 

63. Repsold Apparatus.—(Pri. Tri. U. S. L. Survey, p. 1388.) 
This is of the Porro type. The components, steel and zinc, are 
placed side by side in a 4-inch iron tube; they are fastened at 
the center and are free to expand each way upon rollers; their 
ends are cut away to the neutral axes and graduated platinum 
plates are attached. In measuring, the micrometer microscope 
is set upon the zero of the steel bar for contact and a reading 
taken upon the nearest division of the zinc bar for expansion. 

The tube stands or tripods are placed at the ends of the bar 
or tube, so that the front one for the first position becomes with- 
out disturbance the rear one for the second position, ete. The 
legs end in foot plates which rest on iron pins driven into the 
ground. The heads are adjustable vertically, laterally, and longi- 
tudinally. The tube is lengthened by a bracket at each end, 
the rear bracket resting on a knob in the center of the tube stand 
head, while the front bracket carries two rollers, one V-shaped, 
which rest on tracks on the tube stand head. The microscope 
stand is placed opposite the tube stand, a long bracket support- 
ing the microscope over the end of the bar. A plank supported 
at the ends is used by the observer in reading the microscope, so 
as not to disturb the ground near the legs. 

The bar is aligned by a telescope on the tube and its inclina- 
tion measured with a level sector. 

To set a microscope over the starting point, the tube stand 
head is removed and a telescopic tube called a cut-off tube placed 
over the rock crystal knob marking the end of the base. The tube 
is made vertical by an attached level and the microscope set on 
the zero of a horizontal seale at the top, a direct and reverse 
reading eliminating any index error of the scale. The tube is 
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then removed and the end of the base bar brought under the 
microscope. At the end of a day’s work the cut-off tube is used 
to transfer to a cast-iron knob, held by centering screws to a large 
cast plate supported by stakes. 

64. Ibafiez Apparatus.—(Spanish. Engrg. News, March, 1884, 
p. 183.) Fig. 56. Thisis an outgrowth of experience in Europe 
with the complicated forms due to the use of the Borda thermometer 
for temperature or compensation. The bar isa 4-meter 110-pound. 


Fig. 56: 


iron | bar without case or cover. Marks are engraved on small plati- 
num disks at points 0™.5 apart, while four mercurial thermometers 
with bulbs encased in iron filings are attached. 

Underground monuments are set in advance, dividing the base 
line into daily stints, and no transfers to the ground are allowed 
at other points. Dependence is placed upon rapid continuous 
work (160™ per hour, Aarberger Base) between these points, 
and the use of a shelter tent for freedom from errors due to insta- 
bility and to temperature changes. 

In starting, the telescope F’ is replaced by one having its axis 
near the object end so that it can be made vertical and set over 
the monument at N; F is returned and sighted to a target on 
the line at A; the next microscope stand is set up 4™ ahead and 
a target at M, taking the place of the telescope axis, is brought 
into line by sighting through F’; its aligning telescope is replaced 


(§ 64, Fig. 57, 
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and sighted to the target ahead; the bar H# is then brought under 
the microscope V, the dot 6 at the rear end being accurately bisected, 
while the front microscope is moved longitudinally on the slide S 
to bisect the dot at the front end; the third stand is set up like 
the second and the bar moved forward. When a monument is 
reached, a stand is set over it as in starting, the bar put in position 
and a 0™.5 scale used to measure the distance from the microscope 
to a dot on the bar. 

65. Coast Survey Secondary Apparatus.—(fep., 1880, App. 
17.) Fig.57. The construction is clearly shown in Fig, 57 from 
Saegmuller’s Catalogue. The measuring rod is steel 4" or 5™ long. 
The outside tubes are zinc, one fastened to the steel at the rear 
with its Borda scale at the front, the other at the front with scale 
at the rear. Each scale is read by a magnifying glass at the top 
of the case. Contact is made by drawing the front rod back 
through the case by the tangent screw B, the spiral spring tenc- 
ing to push off the contact slide D, which yields to the pressure 
of the rear bar until the scratch on the slide coincides with that 
on the index attached to the bar. The tangent screw B works 
against the springs C at the front end of the bar. The mercurial 
thermometer ZH is attached to the case and its bulb is not in con- 
tact with the bar. The case is a pine joist about 3X8”. The 
tripods are mainly of wood; the cross-bars can be clamped to 
the standards at any height. 

The alignment telescope is at F. 

With the College bars the Borda readings have been abandoned 
as unsatisfactory; the case has been covered with hair felt and 
canvas, and the thermometer has been replaced by two near 
the quarter points with their bulbs in close contact with the steel 
bar and surrounded by iron filings. 
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66. Coast Survey Gridiron Compensating Apparatus.—(Rep., 
1882, App. 7.) Fig. 58. For compensation the expansion of the 
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steel must balance that of the zine for equal temperature changes 
of the two components. The details of the secondary apparatus, 
§ 65, are elaborated for the case, contacts, and tripods. 

Ex. 1. Find the lengths of the components of Fig. 58 for a base bar 5™ 
long. : 

he 2. Sketch the construction and find the lengths for a brass and 
steel combination 6™ long. 

67. Coast Survey Duplex Apparatus.—(Rep., 1897, App. 11.) 
Fig. 59. This apparatus is made up of two separate bars with 
contact slides, a steel tube and a brass one; the bars are placed 
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12” apart in the brass tube, which can be rotated 180° about 
its axis in the outside supporting steel tube. In use, double con- 
tacts are made, steel to steel and brass to brass, the accumulated 
differential expansion showing itself by the movement of one 
rod upon the other as noted by reading the vernier and scale at 
each end at the beginning and end of the measurement of a 
section. 

About two reversals, or rotations of the tube, are required per 
day, arranged symmetrically as to rising and fallmg temperature 
and so as to have the same number of bars placed in each position. 

The outer tube is covered with felt and canvas, and the bars 
are used under a portable tent drawn by a team as the work pro- 
ceeds. In the later work (Rep., 1901, App., 3) no shelter is used, 
a speed of fifty 5-meter bars per hour is claimed to be easily 


e 
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maintained with a well trained force, and a record of one hun- 
dred bars per hour has been made with this apparatus. 

68. Coast Survey Iced Bar.—(Rep., 1892.) Fig. 60. This 
apparatus was designed to avoid the temperature difficulty by 
surrounding the bar with melting ice when in use and thus securing 
a fixed temperature. The bar is of steel, 5.02™ long, with a section 
8™™ by 32™™, or 4 by 1} inches. The upper half is cut away 
at the ends and platinum-iridium graduation plugs inserted 
with their upper surfaces in the neutral surface of the bar. One 
line transverse to the length of the bar and two longitudinal lines 
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are ruled on each plug. These transverse lines establish the ends 
of the measure. Eleven German-silver plugs, projecting slightly, 
are inserted in the upper surface for alignment vertically by means 
of a striding level and horizontally by stretching a fine wire along 


the top. 
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The bar is supported on saddles 0.5" apart. The lateral 
adjusting screws at the ends are opposite and at the height of 
the lower one shown in the figure. The vertical ones project 
through the trough, the holes around them serving for drainage. 
The alignment of the bar is made when the trough is loaded with 
ice. The ends of the trough are closed with wooden blocks and 
the whole is covered by a close fitting jacket of heavy white cot- 
ton felt. The weight is 82ks (180 pounds) exclusive of the bar 
and ice. An ice crusher is considered an essential part of the 
outfit; the one used is a modification of the Creasy made in Phila- 
delphia, Pa. The trough is mounted on two cars, with an adjust- 
ment laterally, longitudinally, and vertically for each for center- 
ing and focusing the ends of the bar under the microscopes. The 
cars have three wheels each and run on a portable track of 0.3™ 
gage. Three sections of track are provided, each 5™ long. Each 
track section is carried forward as the measurement proceeds 
instead of carrying the base bar. 

The micrometer microscopes and the cut-off tube of the Rep- 
sold apparatus of § 63 were used for the Holton base where the 
iced bar was first used. The microscope stands had been destroyed 
by fire, so that wooden posts with cast-iron caps were used in- 
stead for the 100" comparator and the standard kilometer which 
were measured with the apparatus. For the comparator meas- 
urements the apparatus was sheltered by a shed, and for the kilo- 
meter the microscopes were sheltered by umbrellas. 

69. Standards of Length.—All measurements of the Coast 
Survey have been referred to one of the twelve original iron meter 
bars standardized in 1799 by the French Committee in terms of 
the toise which had served as a standard unit in measuring the 
meridional ares of France and Peru. In November 1899 the 
Government received three platinum-iridium bars of the Proto- 
type meter standardized by the {nternational Bureau at Paris, 
and from early in 1900 these have referred the Coast Survey 
standard to the International. : 

The length of the iron bar is now taken 


=1™+0.24+0.64, 
as the result of recent comparisons, instead of 


= 1™—(0.4#, as given in 1799. 
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In App. 6 of the Report for 1893 it is stated that no legal standard 
of weight or length was adopted by Congress until July 1866 
(a Troughton 82-inch scale had been used by the Treasury Depart- 
ment as a standard in collecting duties, etc.), when the metric 
system was legalized and the weights and measures in common 
use were defined in terms of the metric units, giving 
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meters; 1 pound= 


2.2046 


As a result, the Survey now uses 1™=3.28084 feet, instead of 
1™= 3.280869 feet, as formerly. 

Standards are divided into end measures and line measures; 
with the former the length is between the end surfaces, and end 
contacts are used; with the latter, the length is between lines 
or points near the ends and micrometer microscopes are usually 
used. 

70. Comparators.—For end measures the contact level com- 
parator is used by both the Coast Survey and Lake Survey (Pri. 
Tri. U. S. L. Sur., p. 56). A diagrammatic sketch is shown in 
Fig. 61. The ends are in duplicate, each bed plate being fastened 
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to a solid masonry pier for the best results, although an I beam 
or even a stick of timber is sometimes used to hold them in rela- 
tive position. 

The micrometer screw A moves the slide 6 on the horizontal 
bed plate. This slide carries the contact level and the grooved 
rollers for the piece C. The unbalanced weight of the outer end 
of the level forces the vertical arm against the piece C and insures 
a slight pressure against the end of the bar when in place. 

To compare a bar with the standard of the same nominal 
length, the two bars are mounted side by side and placed first 
one then the other between the contact ends of the pieces C, each 
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micrometer screw is turned until the bubble comes to, or very 
near, the center, when the screw and bubble are each read. The 
sum of the micrometer readings one at each end, each corrected 
for level, gives an expression for length of bar; the difference 
for the bar and standard gives the difference in length sought, 
and this difference applied to the length of the standard will give 
the length of the bar. Usually the bars would be compared in 
air after they had remained in place at a constant air tempera- 
ture long enough to have reached that temperature. Thermom- 
eters in contact with one or both bars are used. 

For the Wirdemann comparator of the Lake Survey, 1¢ of 
the level=about 0.00001 and 1¢ of the micrometer = about 
02,0001. The College has a field comparator constructed from 
Brown and Sharpe micrometer calipers reading to 0.0001. The 
stud against which the screw abuts is removed from the yoke 
and a cylindrical piece corresponding to C of Fig. 61 is inserted. 
This is pushed against the end of the bar by the micrometer screw 
and returned by a spiral sprmg. To insure contact with uniform 
pressure the contact slide of the Coast Survey secondary bars 
(Fig. 57) is placed on the piece C in place of the contact level. 
This slide can be read to about 0'".0002. The two ends are mounted 
on a timber base and used for comparing the 4™ iced bar standard 
with the secondary base bars under field conditions. 

The Coast Survey base bars are 4, 5, or 6 meters long, all end 
measures except the iced bar, and their old standard unit (§ 69) 
a 1™ French end measure. The Lake Survey Bache-Wiirdemann 
base bars are 15-foot end measures and their standard unit an 
English yard end measure. The method of finding the length 
of the base bar in each case has been to construct as many one- 
unit bars as there were units in the base bar; compare each with 
the standard; then place them end to end (holding the surfaces 
in contact by light springs) and compare the compound bar with 
a new bar of the length of the base bar. This new bar then becomes 
the standard for determining the length of the base bar, both 
in the office and in the field. 

For line measures, micrometer microscopes are mounted on 
piers, or on a rigid frame if changes in distance are frequently 
required, and the difference in length obtained in terms of the 
micrometer screws. 
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In comparing commensurate units (e.g., finding the length 
of a 4-meter bar from a standard meter), the shorter is laid off 
on the longer, dividing it into equal parts, and microscopic lines 
are drawn; each length is then compared with the shorter unit 
and the results added as with end measures. 

Fig. 62 shows a 1™ comparator used by the International 
Bureau of Standards of Paris. The two tanks are for determining 
coefhcients of expansion, one bar being heated by circulating 
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warm water through the pipes, while the other remains at a con- 
stant temperature. The microscopes shown on the tank are 
for reading the thermometers near or in contact with the bars. 
The transverse tracks allow of bringing first one bar, then the other, 
under the microscopes and nearly in focus by turning the crank 
shown at the right. The exact focusing, after comparisons have 
been begun, must, cf course, be done by raising or lowering the 
ends of the bars by tangent screws so as not to disturb the posi- 
tions of the microscopes. 

71. Mercurial Thermometers.—Thermometers are divided into 
standard and auxiliary; the scales of the former include both 
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the boiling and the freezing point of water, which allows of their 
being studied and standardized, each one independently; the 
scales of the latter do not contain both of these fixed points, and 
they can only be standardized by comparison with some other 
thermometer. 

With glass, as with tempered steel, zine and its alloys, and 
some other substances, the volume change lags behind the tem- 
perature change, giving rise to reszdual expansion. This is espe- 
cially apparent with thermometers in the variations of the zero 
point, the volume of the bulb at the temperature of melting ice 
depending for some time upon the previous temperature of the 
thermometer. When the bulb remains expanded by exposure 
to a temperature above 0°, it is said that the zero is depressed; 
when exposed to 0° the zero of the thermometer rises, and when 
it has reached a stable position it is said to have recovered. The 
depression of the zero for a temperature ¢ is the difference between 
its position after the thermometer has been exposed to {° and 
the position which it will reach when the thermometer remains 
a long time at 0°. These variations of the zero were for a long 
time an obstacle to the accurate determination of temperature, 
but systematic study has shown how to use thermometers so 
as to become almost wholly free from these anomalies. How- 
ever, the errors which remain are reduced in proportion as the 
residual expansion of the glass is reduced. The verre dur glass 
of the French and some numbers of the Jena glass of the Ger- 
mans have very little residual expansion, and it disappears more 
rapidly than with the easily fusible crystal glass so commonly 
used, 

The most important property of the movement of the zero 
is that at a given temperature the depressions are produced more 
rapidly than the recoveries; and further, that the rapidity of 
the two movements increases with the temperature. Thus when 
a thermometer of verre dur glass is heated from ordinary tem- 
perature to 100°, the stable condition is reached in a few minutes; 
when cooled, more than one-half of the residual expansion remains 
after twenty-four hours, and the stable condition is reached only 
after several weeks. With crystal glass, the stable condition 
at 100° is reached in about an hour, while months are required 
after cooling. 
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To utilize this property in the determination of temperature: 
the thermometer having been exposed for some time to the tem- 
perature to be measured, a reading is taken; it is then plunged 
into melting ice and read; the difference will give the tempera- 
ture above 0° referred to the fundamental interval, 0° to 100°, 
the 100° point having been found by referring to 0° in the same 
way. 

Small bulbs are often blown in the tubes of standard ther- 
mometers to allow of the 0° and 100° points on the scale without 
too long a tube. 

The scales of the best thermometers are scales of equal parts 
etched on the stem. This requires tubes of very uniform bore 
to prevent large scale corrections. 

The tube is calibrated by breaking off columns of mercury 
of different lengths and noting the length in scale divisions as 
they are moved from end to end of the tube (a small bulb at the 
top is necessary for this work). 

The 100° point is computed from the observed temperature in 
steam under a given barometric pressure, and the 0° point by 
melting ice immediately after. This gives the fundamental inter- 
val which is to be divided into 100 equal parts for the centigrade 
scale. The calibration corrections refer these equal volume parts 
to the scale divisions, so that the scale divisions can be expressed 
in degrees. A perfect tube and scale within the errors of obser- 
vation are thus secured, and residual expansion can be eliminated 
in use as indicated above. These corrected temperatures (includ- 
ing a correction for pressure on the bulb) are called mercurial 
thermometer temperatures, and they are usually accepted as 
standard, assuming the expansion of mercury in glass to be pro- 
portional to the temperature. 

The International Bureau has adopted the hydrogen scale as 
standard, and by comparing the mercurial thermometer readings 
with the corresponding pressures of a constant volume of hydrogen, 
by Mariotte’s law, they have derived correction tables for different 
kinds of glass. The Coast Survey has also adopted the hydrogen 
scale. 

See Thermométrie de Précision, by Guillaume, Paris, 1889, for 
corrections for various kinds of glass. 
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The corrections tor verre dur glass are as follows: * 


| 
t Cor. t Cor. t Cor. | t Cor. | t Cor. | ¢ Cor. 
— 25° +0.233 0° 0.000; + 25° —0.095 +45° —G6.106 |+65° —0.082 + 85° —0 038 
20 0.172|/+ 5 -—0.02’| 30 0.102 50 0.163 70 0.072 | 90 0.026 
15 0.119; 10 0.052; 35 0.106 55 0.097 (45) 0.062 95 0.013 
10 0.073 15 0.070) 40 0.107 60 0.090 80 0.050 100 0.000 
5 0.034} 20 U.085) 


72. Length of Apparatus.—From what has been given in 
§§ 69-71 the method of finding the length of a base bar is evi- 
dent. All the comparisons except field comparisons are made 
in a room so protected that the daily range of temperature is 
small; thermometers are placed in contact with the bars and 
a few readings at a time are taken quickly before the heat of the 
body causes a local disturbance of the temperature of the bars, 
the latter being protected by a case or cover. With bars of the 
same material the actual temperature need not be known very 
closely, but the exact difference is essential. 

Since the probable error in bisecting a line with a micrometer 
microscope of a power of 25 under favorable conditions is given 
0.25 
0.075 X 25 
and 0°.01° changes the length of a steel bar 0.12« per meter, care 
should be taken to secure good temperature conditions, and to 
avoid the accumulation of constant errors. This will require 
changing the order of the readings, the positions of the bars, 

etc., for the different sets. 

The determination of the coefficient of expansion requires 
great care, on account of the difficulty of getting all parts of the 
warm bar at a constant temperature and keeping them so long 
enough to read the thermometers and micrometer microscopes or 
other contact apparatus. The bar is usually immersed in water 
or glycerine, while its companion is surrounded by melting ice. 
In Fig. 62 the water is heated by a gas jet at a distance and cir- 
culated through the pipes shown; circulation in the tank is secured 
by turning the wheels at the ends. Readings are taken through 
the water. 


in § 32 as 0.25" upon the retina, =0.13" upon the scale, 


* Tonnelot and Boudin of Paris are among the best foreign makers of 
precise thermometers. H. J. Green of Brooklyn is a maker in this country. 
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For a comparison of the European standards of lengths as a 
basis of study of the different triangulations for degree measure- 
ments, see Comparisons of Standards of Length, by Capt. A. R. 
Clarke, London, 1866. These standards were incommensurate, 
and some were line measures and some end measures. The 
purchase of the Repsold 4™ apparatus of §63 by the Lake 
Survey involved a comparison of their end measure standard 
yard with the new Repsold standard line measure meter. (Pri. 
Tri. U. S. L. Survey, beginning p. 142.) 

An end measure is converted into a line measure by bisecting 
the angle between the direct and reflected images of a spider 
thread stretched across the plane end surface; or by adding end 
pieces with micrometer lines close to the contact surfaces for 
comparison with the other bar and then determining the distance 
between the micrometer lines in terms of the micrometer micro- 
scope screw when the end measure is removed and the end pieces 
brought in contact. A comparison of incommensurate units 
involves a comparison of the subdivisions of the longer standard 
by the method of aliquot parts down to where either the length 
of the shorter or the difference in length can be directly com- 
pared within the range of the micrometer screw. 


Ex. To find the length of secondary bar No. 1, the following com- 
parisons with standard No. 2 and data are given (C. S. Rept., 1868): 


Length of standard bar No. 2 at 32° F.........5m.999 982 33 
One division of the scale of pyrometer b Fis tenwcnetonse 0 .000 001 74 
GCoet of expansion.tor l. scale. 26.5. cea ae 0 .000 006 41 
Thermometer attached to standard, too high, correction = —0°.7 
oe erode correction= 0 .0 
Standard No. 2 Rod No. 1 
Thermo. Div. Thermo, Div. 
Ce 21 76°.0 —10 
78 .0 15 76 .4 +41 
hs) 18 ay +55 
77 .93 18 76 .47 28 .67 
—0 .70 TE PB: 18.00 
77 23 + .76 10.67 
Computation. 

OFF65<0- 000) 00614 X6aaees ce = +0™m.000 029 23 
TORG TO OOOOOME A Serene nets n =+0 .000 018 57 
At 77°.23 No. 1 longer than standard.... 0 .000 047 80 
INR TET, ee PBH SEO ENROL INO Pe 3 oo alae 6 .001 721 88 
Miao ORLOG UN Omelet eee te isic Nice ete 3.) 6 .001 769 68 


At 75 Sl BO EA Mt ert te hn) Ug e e 6 .001 683 91 
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The pyrometer is a form of end measure comparator in which the measure- 
ment is indicated by the reflection of a graduated scale from a mirror in 
the same way as is done with some galvanometers, 


73. Defects and Difficulties—It is very difficult to find the 
temperature of a bar and its consequent length under field con- 
ditions. The Colby apparatus (§ 60), after being used in Eng- 
land, was taken to India and a large number of bases measured, 
but the compensation could not be relied upon and mercurial 
thermometers were substituted. The Bache-Wurdemann 15-foot 
bar No. 1 made for the U. 8. L. Survey gave a length at 10 p.m. 
Aug. 5, 1873, 6'2.00470 shorter than at 9 A.M., as stated on p. 86 
of the Report,* it having been exposed to direct sunlight during 
the day. This would correspond to a difference of 1°.3 F. between 
the two components. In 1875, at the Buffalo base, its mean 
length for the eleven days of comparison was 0.00230 greater 
at 1 p.m. than at 8 a.m., the comparisons being made in a tent. 

From numerous comparisons made with the bars under field 
conditions and the brass standard in melting ice, it was found 
that the mean increase in length of the bars, between 8 a.m. and 
5 p.m., over that when the components were at the same tem- 
perature, was proportional to the increase in temperature between 
8 a.M. and 12 m. A correction was thus found and applied for 
the bars placed each day, thus eliminating a source of constant 
error which would escape detection by the usual method of remeas- 
urement. The Repsold steel-zinc apparatus was studied in the 
same manner, and corrections found to apply for the different 
times of day. The bar was protected by an awning as used on 
the base. The maximum correction was for the interval from 2 to 
5 p.M., reaching + 12“ per bar length. 

The iced bar of § 68 was designed for experimental work with 
different forms of apparatus on the Holton base of the 39th parallel 
triangulation. Two methods of finding its length in terms of 
the standard meter, with the bars in melting ice, were tried with 
the office comparator: one by placing six micrometer microscopes 
1™ apart and measuring the distance between the extreme ones 
with both the 1™ and the 5™ bars; the other by comparing the 
1™ spaces of a 5™ bar with the 1™ standard and then comparing 


* Pri. Tri. U. S. Lake Survey. 
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the two 5™ bars. The results were not satisfactory, owing to 
instability of microscopes. These were carried by brackets from 
a 6™.5 I-beam supported at its ends, all wrapped with cotton 
batting, rather than by independent piers, and they appeared to 
have been disturbed by vibrations due to street traffic. A new 
comparator was then built in a vacant lot adjacent to the office 
and covered by a shed. Six brick piers were built for the micro- 
scopes on a heavy continuous concrete bed. Free air circulation 
was allowed, and the inside of the shed was whitewashed, giving 
light without artificial illumination. The distance between 
extreme microscopes was measured with the standard meter bar 
and with the two 5™ bars, all in melting ice. 

For the 100™ comparator of the Holton base, § 68, the ends 
were marked by brass hemispherical-headed bolts set in stone monu- 
ments, the heads fitting the cut-off tube. This was used as a 
standard for the 5™ secondary base bars and for the 100™ tapes. 
On a test in August the bars showed (by their length) a lag of 
the thermometers of 6°.3 C. for both rising and falling tempera- 
tures. The thermometers, one at 1™ from each end, were in 
contact with the steel measuring rod and the wooden case was 
wrapped with cotton and canvas, while the comparator was 
covered with a shed. A later test in bright sunshine on a por- 
tion of the standard kilometer showed the lag to be insensible. 

The final conclusions reached were that the absolute lag of 
the thermometers can be safely assumed between 0° and 0°.5C. 
on the average in a day’s measurement; that a correction for 
lag of 0°.25, plus for rising, minus for falling, applied to the mean 
temperature for the day will keep the error in length within 
1/340 000; and that, if the day’s measures are equally divided 
between rising and falling temperatures, or if they are made dur- 
ing hot weather in bright sunshine and with rising temperatures, 
no correction will be necessary. It is pointed out that where 
day measurement only is intended the bars should be protected 
as much as possible from change of temperature at night. 


Ex. 1. With the Bessel apparatus, § 60, find the difference in tempera- 
ture between the two components required to introduce an error of one 
millionth of the length of the iron bar in its computed length. 

Ex. 2. Find the error in the observed temperature of the iron bar for the 
same error in length. 
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Ex. 3. With the Colby apparatus, § 60, find the effect upon the distance 
between the end dots due to a difference of 1° between the two components. 

Ex. 4. Compare zinc-steel and brass-steel Borda thermometers with 
mercurial in the effect upon the length of the measuring bar of a difference 
of 1° between the two components or the component and the mercurial 
thermometer. 


74. Field Work.—The following is condensed from the instruc- 
tions issued to the chief of party for the measurement of nine bases 
along the 98th meridian in 1900 (App. 3, Report, for 1901): Two 
100™ steel tapes, two 50™ tapes, and the duplex base bars are 
to be used in the measurement of the bases. A portion of each 
base, about 1*™ in length, is to be measured with all five sets of 
apparatus, and of the remainder, a portion is to be measured 
with the tapes and a portion with the bars. 

Very little increase in the average accuracy of the triangle sides 
will result from increasing the accuracy of the base measure- 
ment beyond that represented by a probable error of 1/500 000. 
The following limits of accuracy on each operation are selected 
with this in view. You will strive to keep as far within these 
limits as possible by the use of good judgment and skill, but you 
will restrict the time and money expended upon each operation 
substantially to that required to keep barely within these limits. 

You will standardize each tape and the duplex bars at the 
beginning of the field season upon a 100™ comparator, which you 
will establish near Shelton base, by measuring the length of the 
comparator at least four times with each apparatus. The measure- 
ments by each apparatus must not all be made on a single day 
or night. If four measures do not suffice to reduce the p.e. of the 
mean for any apparatus below 1/300 000, additional measures. 
will be made until the p.e. is reduced below that limit. The 
length of the comparator is to be found by measuring it with 
the iced bar at such times that the longest interval between any 
such measurement and any measure with a base apparatus shall 
not exceed thirty-six hours. In computing the length of the 
bars and tapes, the length of the comparator shall not be assumed 
constant, but will be assumed to be that given by the nearest 
measurement with the iced bar, or by the mean of the last pre- 
ceding and first following measurements. The bars and tapes 
are to be restandardized in the same manner at or near the end 
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of the field season. The conditions under which each form of 
apparatus is standardized should approximate as nearly as is 
feasible those under which it is used in the actual measurements 
of the base. One kilometer of each base, called the test kilo- 
meter, is to be measured with the duplex bars and with each of 
the tapes. If any one of these five measurements shows a resid- 
ual from the mean of more than 17™™, an additional measure- 
ment shall be made with that apparatus. Residuals of more than 
17™™ on the test kilometer, which persist even after a remeas- 
urement, shall be considered to indicate the desirability of re- 
standardization, but in no case shall the apparatus be standardized 
without special authorization, except at the beginning and ending 
of the season as indicated above. 

Of the remainder of each base not less than one-tenth nor more 
than one-third is to be measured twice with the duplex bars; not 
less than one-fifth nor more than two-thirds is to be measured 
once with each 50™ tape; and not less than one-fifth nor more than 
two-thirds is to be measured once with each 100™ tape. Addi- 
tional measurements shall be made if the discrepancy between 
the two measurements on any section exceeds 20"™K (K=length 
in kilometers) until two measures are obtained which agree within 
that limit. About one-fifth of the total length of all the bases 
after the test kilometers are deducted should be measured with 
the duplex bars, and about two-fifths each with the 50™ tapes 
and the 100™ tapes. 

Such precaution should be taken to secure accurate hori- 
zontal and vertical alignment as is necessary to ensure that errors 
from this source on any section of the base shall be less than 
1/1 000 000. It is not desirable, however, to use any more time 
than that necessary to keep well within this limit. This principle 
should also be applied to the determination of the tension on 
the tape while in use. 

The party is made up of a chief, an assistant, two aids, a recorder, 
and five laborers. 

In measuring the 100™ comparator with the iced bar, the first 
microscope is set over the starting point by means of the cut- 
off tube, reading its scale and level when both are parallel with 
the bar, both direct and reversed. The rear end of the bar is 
brought under the rear microscope, and the front end under the 
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front one, moving either bar or microscope; the rear observer 
then moves the bar longitudinally by means of a lever until the 
graduation is accurately bisected by the micrometer wire with- 
out turning the micrometer screw. He then gives the signal 
“‘Read ” to the front observer, who brings the micrometer wire 
to bisect the front graduation. The recorder then records the 
readings given, the rear observer turns the micrometer screw 
slightly and the observers change places. The rear observer 
brings the front graduation under the wire without disturbing 
the screw, and the front observer bisects the rear graduation 
with the screw. ‘The recorder then records the readings. This 
eliminates the personal equation of the observers and checks 
mistakes, each observer making two bisections. The p. e. of a 
bisection is less than 1% 

While the bar is in position the third observer measures the 
distance of the front end from the reference line * and adjusts 
and reads the level sector. The rear microscopes and track sec- 
tions are carried forward and reset as rapidly as relieved. The 
observers stand on platforms which rest on the ground about 
3 feet from the microscope post. The ice is stirred up and fresh 
ice supplied at intervals of twenty to forty minutes, the amount 
required being from 7 to 11 pounds. 


CUT-OFF MEASURES, Aug. 7, 1891. 


At West (Lert-HanD) Enp oF CoMPARATOR. 
(Repsold cut-off cylinder.) 


Level Readings. 
End of Cut- Scale : . 
; a reac Microsecope| Height of 
Time (p.m.).| off Scale, Division peeen: ats . 
) Right. Oneorvad Reading. Seale. : 
r 
Rev. mm, 
3.46 A 2918 | 18.55 840 5.5 9.0 
B 29] 20.83 4.5 10.0 


Av East (RIGHT-HAND) ENp oF CoMPARATOR. 
_ (Coast and Geodetic Survey cut-off cylinder.) 


4.46 A 10H ® 25.70 838 ¢ 


2 3.0 3.0 
B 11# 18.46 5.0 1.0 


aT indicates that the scale is observed with the image inverted, E with the image 
erect. 


14 of level on Repsold cylinder=1’’.6. 14 of level on C. & G. S. eylinder=6” .0. 


* A reference line is ranged out in advance with a transit and marked. 
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SPECIMEN OF RECORD. 
Measure of 100™ Comparator Interval, Aug. 7, 1891. 


we Left-hand End of Bar.| Right-hand End of Bar, 
a2 | Time, L—p, | Height of 
a p.m. _|No. Micro-| Microscope | No. Micro-| Microscope ; Bar. 
A scope. Reading. scope. Reading. 
1 3.54 1 W 20.83 2 SS) Ol a 291 
S 20.83 Wis == ye 504 
2 . 56 2 21.33 3 20.73 
21.26 20.73 = 3 500 
3 4.01 3 20.74 4 21.26 
20.66 21.26 — 2 509 
4 .03 4 20.26 1 lie 
20.21 2122, — 4 502 
5 .05 1 21.22 2 22.03 
21.13 22.03 0 506 
6 .08 2 22.03 3 21.02 
22.03 21.02 —4 505 
7 abil 3 21.02 4 PAY A 
20.95 21.57 — 5 507 
8 .12 4 21.57 1 20. 60 
21.47 20.60 —4 505 
9 m5) 1 20.60 2 23.10 
20.52 23.10 — 5 509 
10 melee 2 23.10 3 21.30 
23.00 21.30 — 2 514 
iL .20 3 21.30 4 21.66 
21.26 21.66 — 8 520 
12 .25 4 21.66 1 20.81 
21.50 20.81 — 5 516 
13 .28 1 20.81 2 Awan 
20.72 21,91 -— 1 522 
14 .ol 2 21.91 3 20.97 
21.94 20.97 — 7 524 
15 384 3 20.97 4 21.74 
20.84 21.74 ae 523 
16 .36 4 21.74 1 21.49 
2177 21.50 ae ll oD 
ire .40 1 21.50 2 22.01 
21 52 22.01 — 5 523 
18 44 2 22.01 3 20.70 
21.91 20.70 —2 520 
19 48 3 20.70 4 21.21 
20.66 21.21 + 3 530 
20 4.49 4 21.21 1 21.80 
z 21.28 21.80 — Ov, 524 


The measurement was from left to right. The letters S and W 
in the fourth column refer to the front and rear observers, re- 
spectively. They changed positions for the second readings as 
already stated. The seventh column gives the differences in 
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microns (18 of the micrometer screw =0.1™™, so that 0.0128=1") 
between the mean readings of any microscope at the two ends 
of the bar in the order left minus right or (/—r). Thus the first 
value comes from the readings of microscope No. 2, namely 
$(21.33R+ 21.26R) —4(21.3384 21.338)=—3,. The last value in 
this column is derived from the readings of microscope No. 1 at 
the beginning and end of the measurement. The last column gives 
the height of the front end of the bar (and of the rear in starting) 
in place of the usual grade sector readings. 

In using the duplex bars the front end of the zero bar, No. 15, 
was placed on the trestles, aligned and centered over the starting 
point in position ‘‘face up,” using a transit direct and reverse 
at a distance of 30 feet at right angles for plumbing up. The 
temperature was noted and compared with 26.45°C., that at 
which the two components have the same length, and the brass 
component set by the scale normal, or backward or forward a 
sufficient amount to permit the measuring of 250™ if possible 
without another set-back or set-up. The first bar of the measure 
was then set, aligned, contact made, mercurial thermometers 
and grade sector read and recorded. This completed the placing of 
the first bar. Unless a set-up or set-back of the brass rod became 
necessary no more scale readings were taken until the end of the 
half section, usually after the laying of the 100th bar. The ther- 
mometer readings were taken for the first and second bars, the 
ninth and tenth, etc. The apparatus was used without shade or 
shelter. 

75. Tape Measurements.—Some years ago M. Jaderin intro- 
duced a method of measurement with tapes for which he claimed 
an accuracy of 1/1 000 000, even when the work was done in 
sun and wind. He used two tapes, one steel, the other brass, 
each 25™ long, the ends resting upon portable tripods serving 
as pins to mark the tape lengths, while under a fixed tension applied 
through a spring balance. The differential expansion of the 
steel and brass is relied upon for the temperature correction for 
the steel. 

The tape method was taken up by the Missouri River Com- 
mission for base lines, using a single steel tape 300 or 500 feet 
long, with firmly driven posts for markers and stakes for inter- 
mediate supports, the measures being made at night. 
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Later the tape method was taken up by the Coast Survey 
in connection with the Holton base. From the results obtained 
it was concluded that a p. e. of less than 1/1000 000 as derived 
from the range of different measures could be secured, or including 
crrors from all sources a result true to 1/500 000 could be reached. 
or an accuracy of 1/200 000 to 1/500 000 the cost was esti- 
mated to be about the same as with bars. 

The mathematical theory of metallic tapes is developed in 
Supplement B, App. 8, Report 1892. 

The tapes of § 74 have a cross-section of about 0.25 by 0.022 
of an inch; the 50™ tapes are without intermediate graduations. 
They were supported at points 25™ apart under a tension of 15 
applied by a spring balance. The markers were 4 by 4 inch 
posts with copper strips nailed on top parallel with the line and thick 
enough so that the top of the tape when held alongside would 
be flush with the surface, allowing the tape graduation to be 
marked off onto the slip with a sharp awl. The intermediate 
supports were nails driven into the sides of 2 by 4 inch stakes. 
A thermometer was tied to the tape about 1™ from each end 
with its metal back in contact with the tape. 

The measurements were made at night, the supports having 
been prepared in advance. Eight men for the 50™ tapes and 
twelve for the 100™ were the regular number when available, 
but much of the work was done with six and eight men, respect- 
ively. There were two observers, one front, the other rear; one 
recorder, who also held the light for reading the tension; two men 
to apply the tension and to hold in the rear; and three men to 
handle lamps and carry the tape ahead. The thermometers 
were read by the observers after making contacts. The rear 
end of the tape was held by a staff. At the front end a tape 
stretcher was used consisting of a base of plank to which was 
attached by a universal joint a piece of gas pipe threaded at the 
proper height for the contact post. A gimbal was attached to the 
pipe, which could be raised or lowered by a nut. The spring 
balance was attached to the gimbal on one side and a counter- 
weight, to hold it horizontal, on the other. 

When the front end of the tape came too near one end of the 
copper strip, a set-up or set-back was made and noted, and its 
length measured by daylight with scale and dividers. 
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The length of the 100™ tape was determined by measuring the 
length of the 100" comparator under field conditions, by bisect- 
ing the end graduations of the tape with the micrometer wires 
after making the readings on the cut-off. For the 50™ tapes a 
marker was used in the center for rear contact and the end gradua- 
tion bisected as above. After reading, the observers changed places 
and read again, so that two sets of values for contact and tempera- 
ture were secured. 

Recently the Coast Survey has purchased eight nickel-steel 
50™ tapes having a certified coefficient of expansion of 0.000000 3 
per degree Centigrade, under a pull of 10 kilograms between the tem- 
peratures of 0° and 30° Centigrade. The correctness of this coeffi- 
cient was borne out by subsequent tests at the National Bureau 
of Standards. This coefficient is but that of the steel tapes 
above described. Two of these tapes are in use in comparison 
with the old steel tapes and it is found that better results are 
obtained working by daylight than with the old tapes at night. 
A tension of 15*¢ is applied. 

76. Correction Formulas.—For the iced bar, if a micrometer 
wire is moved to the left (measurement left to right) in making 
a rear end bisection the correction is subtractive, it having been 
added to the distance measured when it should not have been. 
Hence for readings increasing from right to left as with the microm- 
ters used, 

Correction, c= 2 (U— Tt). Soe, 8) 


Similarly, if Z, and R, are the mean micrometer readings on 
the cut-off scales, 
Correction, 6% (fa ).0 Wo ecee ke) 


If the cut-off scale readings are S; and S,, 
Correction, c’’=S;—Sr, . =. . + . (80) 


where S; and S, are plus or minus according as the image of the 
graduation mark appears inverted or erect. 

If J, and 7; denote the inclinations of the cut-off cylinders 
at the ends, both inclined towards the right, and hy and hj, the 
corresponding heights of the cut-off scales, 


Correction civ= (hyl;—Arly) sin 1”. =. . ~. (81) 
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Denoting the readings of the ends of the bubble by I’, 1”, 
r’, r’’, and the value of a level division by d, 


De UN i a sao ny Ses <ay (OR) 
For the correction cy, for difference in elevation, 4h, 


(4h)2-+ (5—c)2=52=25, 


_ (4h) 


ve . aoe y 2 
or Cees 0.1(4h)?, nearly. 


With 4h in millimeters and c’ in microns, 
Cra OMAN eta ee aie Bro ee (88) 


The correction for alignment would be of the same form. 


Ex. Referring to the comparator measurement of § 74, the L—R column 
foots up —1494=c’. 

The mean micrometer reading on the left-hand cut-off scale is 19.69; 
that for the right-hand is 22.08. From (29), 


c’’= —19.69 + 22.08 = 2°.39. 
The left-hand cut-off scale reading is 297; the right-hand 10.5H. From (30) 
ce’ = 29 +10.5=39.5™m, 
For the cut-off levels, J;= —3.6’; J,=6. From (381), 
clv= (—3.6 X 840 —6 X 838) sin 1’’=0™™.039. 


From the last column (32) gives cy= —O6™™.075. 
Adding results, and calling the iced bar B,,, 
Length of comparator from this measurement = 20B,,+39.476™™, 


For the duplex bars a correction for expansion is required. 
The coefficient of expansion is 11.54" per meter for the steel and 
18.45 for the brass, giving a difference of 6.91. Hence for every 
unit of differential expansion accumulated on the scale the steel 
nwt = 1.668. This factor 
is called the duplex coefficient. The components have the same 
length at 26°.45 C., which is 5+ 0™™.0715. 

Hence to find the expansion for the steel bar multiply the 
differential expansion accumulated on the scale by the duplex 
coefficient. Thus on the first measure of the west half of Sec. 8 of 


measuring component has expanded 
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the El Reno base (Coast Survey Rep., 1901, p. 250) the brass 
component lost 30™™.84 as compared with the steel, giving 

Length of half section = 100(5™ + 0™™.0715) — 30™™.84 x 1.668 

: —grade correction 
= 499™ 9382, 
the grade correction being = 17™™.45. 

For the steel tape a correction is necessary for expansion, for 
the set-ups or set-backs and for the differences in elevation of 
the ends or of the marker-posts, the intermediate supports being 
usually on the grade line between markers. 

For the grade correction, calling h the difference in height, 
c the correction, b the length, and 7 the angle of inclination, 


b—c=V b?—h?, 
h2 
or c=b—b l—7 . ° ° ° e . (34) 
saree 
Also, sin 7 my 


whence, form. 12],, c=b(1—cos 7) =2b sin? 47... . . . . (85) 


One of the above formulas would be used for steep grades. 
For flat grades expand the radical by the binomial theorem, 


elie 
i 0(1 2b a 


h2 ha 
or c= ab -+- 853 : ‘ a “4 . . ° ° . . (36) 


For a 100™ 


hs mm 2.9™ 
50m tape, =< 0.01 for h< 1.7m } : 


S8b3 
Hence within these limits, for the correction in millimeters, 
h in meters, and the tape length, 


Sas bese RAO OD 


5om _ 10h? 
LOOD (at eee ae i 


Correction for index error of spring balance.—The index error with 
the balance in a horizontal position will be slightly different from 
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that in a vertical, while the index error in either position is liable 
to change with use. The tape length is quite sensitive to tension, 
so that it is necessary to be able to apply a correction to length 
due to error in tension. 

To determine the actual tension 7’ with balance in horizontal 
position, let r=index correction for vertical position, =reading 
with hook end down and unloaded, minus when the index reads 
greater than zero, R=reading when balance is suspended by hook, 
hook end up, W=total weight found from another balance, and 
T,=observed or face reading when horizontal. 


Pedr aw —h—*), 
or TAPCO WAR Epa ilo. 5 S88) 


The relation between change in length and change in tension 
is derived in the theory of tapes referred to in § 75. It can be 
more satisfactorily determined experimentally by varying the 
tension when under standard conditions and measuring the corre- 
sponding movement of the end graduation of the tape. For the 
100™ tapes used on the Holton base this change was 0.05™™ per 
ounce of change in tension. 

77. Reduction to Sea-level.—Base lines are usually reduced 
to sea-level so that all the computed triangle sides will be arcs 
of the spheroid whose surface is that of the sea produced under 
the land. 

Let B’=the reduced horizontal length of the base at an average 
height h; B=the sea-level length; y=the correction; R,=radius 
of curvature of the plane section through the base (see Table VI). 

Then since ares are to each other as their radii, 


BR BIR, B/Re 
LO ae Poe eee Blt aah 
nia Ree a R,+h’ 
Bh 
or CS) aa e (39) 


Unless fA is large, or extreme accuracy is desired, the A of the 
denominator may be omitted. 


CHAPTER V. 
TRIGONOMETRIC AND PRECISE LEVELING. 


TRIGONOMETRIC LEVELING. 


78. Observations.—In triangulation work the zenith distances 
of other stations, or their vertical angles, are usually measured 
when the station is occupied for horizontal angles. If the the- 
odolite has no vertical circle and the micrometric method is not 
available an altazimuth or other vertical circle instrument is set 
up near the station for the vertical measurements. If the circle 
is small, or is read by verniers, increased accuracy can be secured 
by using the different horizontal wires (e.g., the stadia wires) for 
the different measurements of an angle, thus securing the advan- 
tages of the repeating circle in increasing the fineness of the read- 
ing. 
The height of the telescope above the station mark should be 
measured. If the eccentricity of the instrument will have any 
appreciable effect upon the vertical angles it should be measured 
in distance and direction so that the angles can be reduced to 
center. The part of the signal sighted upon should be noted 
each time so that its height can be considered in finding the differ- 
ence of elevation. A line of spirit levels is usually run from tide 
water, or from a station of known height above tide, to one of 
the stations. 

Refraction is least and most nearly constant during the middle 
of the day, and greatest and most variable at night and morning. 
The best time for observing is thus usually from 9 a.m. to 3 P.m., and 
the worst at sunrise and sunset. Simultaneous observations at 
the two stations will give the best results. If not simultaneous 
they should be distributed over several days to get an average 
value for refraction. Instrumental errors are small in comparison 
with those from refraction, so that with good instruments it is 
not necessary to eliminate errors of graduation by shifting the 
position of the circle. 

The form of record shown on the opposite page is taken from 
the Coast Survey. 
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OBSERVATIONS. 
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79. Reduction for Difference in Height of Telescope and 
Object Above Station Mark.—If the observations for the zenith 
distance of a station taken on different days are to different parts 
of the signal, as tripod head, top of pole, etc., on account of better 
visibility, it is desirable to reduce them to the same point in order 
to take the mean. If reciprocal observations are worked up as 
such, they must be reduced to the line joining the station points, 

To find the correction, x, let 2;, 22 be the measured zenith dis- 
tances, corrected for difference of height above station mark of tele- 
scope and object; h,, hg the heights of the stations above mean 
tide; s the horizontal distance in meters at sea-level; R, the radius 
of curvature; C the central angle; m,, m2 the coefficients of 
refraction; mC the angle of refraction. Assuming the angle 
between the tangent FA to the line of sight and the chord AD, 
Fig. 63, proportional to the distance is equivalent to assuming the 
line of sight an arc of a circle, although the actual curvature is 
usually irregular. 

In Fig. 63, B is as high above the station point as the telescope 
at A, EH is at the same height above sea-level as A, while D, the 
q point sighted at, is at the height q 
~2y pane above B and requires the correction 

I IO 


Ze 8, x to the observed zenith distance. 
Sea Level 


Peres sin ABD qsin ADE sin ABD 
AD AEsin AED — 


But sin ADE=sin (2; —x+m,C—C), 
sin ABD=sin (2;+m,C—C) 
(since ABE=ADE+2). 


Fig. 63. Also sin AED=sin (90°+3C). 
Substituting, 
sin p= 4.5m (4;—2-+m,C—C) sin (2 +miC—C) 
AE sin (90° + 4C) 


Now, sin (90°+4C) is nearly unity, « and mC are small, C is 
small for short distances and (z;—C)=90° nearly for long dis- 
tances, and s, the distance between stations, = AE nearly. 
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ae 
: sin?z 
Hence, for short distances, x’” = qs - 
s sin l 
(40) 
and for long distances, i= te 
s sin 1 


80. Difference of Height From Observed Zenith Distances.— 
(a) Non-simultaneous Observations. In the triangle ABC, by 
formula 20], we have 
tan 4(A —B) 


hot Ra— (hi + Ry) = (hothy ee AB); . (A) 


Fig. 64. 


But A=180°—21—7C;  B=180°—z.—m,C, 


giving 4(A—B)=3(22—21) +3C (mg—m). 
Furthermore, 4(A + B)=90°—3C. 
Substituting, 


ha—h, = tan [$(¢2—41) + 3C'(m2— m1) (ho +h +2R,) tan $C; 
§3 


s St Ce 
Zhe - 24k 


2B’ 


iC= being small, tan $C = by formula 15]; 
4C(m2—m ) being very small, formula 5] gives 


tan [3 (22-21) +4C (mz—m)]= tan 4 (22-21) + 5 (m—m1). 
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Substituting, 
ce ho+h s? 
he—h,=[s tan He2—21)+ 5p (ma—ms)]( 1+ t+ aor): (41) 
oe. ho+hy s? 
In equations (41) and (42) below, the terms OR, and DRS 


are small fractions; and the equations may be most conveniently 
solved by neglecting these terms and obtaining an approximate 
value of the unknown hz or hy. This value may then be sub- 
stituted in the second factor of the equations and an accurate 
value of h obtained. 

(b) Simultaneous Observations—The refraction is assumed 
the same at both stations. Placing m,;=mz in (41), we have 
hy+he s? ) 


OR, ' RZ 


hg—hy=s tan Hea—a1)(1+ (42) 


(This is the formula employed by the U. 8. Coast and Geodetic 
Survey.) 
(c) Zenith distance at one station only. 


A=180°—2z,—m,C, as before. B=2,+mC—C, 
giving 4(A —B)=90° —[z1 + (m, —4)C]. 


Substituting in formula (A) and following the same line of 
transformation as in sec. (a), 


s ho+h 2 
hg—h,=s cot (a1 +( m,— Rin 17 ae 7) (1+ ‘+s3Ra): (43) 


By calling the second factor unity and expanding the cotan- 
gent by formula 5], (43) can be reduced to another form which is 
sometimes given. (m,—4)C is so small that for tan (m —4)C, 
(m,—43)C can be used. 


1 
Tn RC ee DC> [1— (my, —4)C tan 2][tan 2, + (m—4)C] 
=cot 21+ (3—m,)C + ($—m)C cot? 2, by form. 32}. 
Substituting in (43), 


hg—h,=s cot 243+ (b—m) a (4- ms) cot? 21. (44) 


Eq. 47.) COEFFICIENT OF REFRACTION. 131 


If the line is sighted from the other end, a second value will 
be obtained, and the weighted mean will give the required result. 

81. Coefficient of Refraction—For reciprocal observations 
from Fig. 64, 


2p +mC 4+ 22+ m2C =180°+C, 
or m, +m2=[180°— (2; +20) Cine seee ce mAb) 


The refraction coefficients are thus indeterminate from any 
number of reciprocal observations, since two unknowns are intro- 
duced for each equation. If the observations are simultaneous, 
m, is usually assumed equal to m2; each line will then give a value 
for m, and the average for the whole area can thus be found by 
taking the weighted mean. Thus 


m=[180°— (21 +20)" sin WF eto a ey ht AO) 


If not simultaneous, the coefficients for the lines radiating 
from each station may be taken the same, so that in a system 
of 1 lines Joining p points, there would be p unknown coefficients 
with / observation equations of the form (45). If l> , the coeffi- 
cients would be found by a least square adjustment. If the weight 
of each z be taken proportional to the number of observations, n, 
then by Part II, (45) would have a weight w given by 


ik SR See IY a al 
Tega, ey ao 
2 
that is the weight would be proportional to ee 
Ny +N2 


Bessel assigns weights by the arbitrary formula, 


eo nyneW s 


W »/ 
n+ Ne 


on the ground that errors arising from variations in m are of more 
importance than those from errors in 2. 
The average value of m as found by the Coast Survey is: 
Across parts of the sea, near the coast 0.078 
Between primary stations 0.071 
In the interior of the country, about 0.065 
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Clarke, Geodesy, p. 281, gives the range in India from —0.09 
t04-1.21. 

82. Observed Angle of Elevation in Seconds.—If a= the ele- 
vation angle (supposed small) =90°—z, (44) becomes 


2 2 
hg—hy=s tan w+ (J—m)z- =8 a" tan UES Csi 


where a’ is in seconds. 
Substituting for R, and m average values, 


(§—m) = = 0.000 000 0667 s?, log. const. =2.82413 
tan 1’7=0.000 004 85 = ‘* =4,68574 
giving in metric units, a in seconds, 
hzg—h, =0.000 00485 s a’ + 0.000 000 0667 s?. . . (48) 


For s and hg—hy, in feet, the last term becomes 0.000 000 0202 s?. 

It is claimed on the Coast Survey that for a<5° and s<15 
miles, (48) will give results within the uncertainty of the refraction. 

83. Zenith Distance of Sea Horizon.—The line AB, Fig. 64, 
will be drawn cangent to the sea-level surface at B, giving in 
the right-angled triangle ABC, 


Ry 
Rath, ~ 0s C’ 
or 
1—cos C 

= Re cos OC 
By form. 12], 

i 2R,sin?4C 2R, sin? 4C sinc 

a bi 


cos C sin C Rcos, 
By form. 10], 
sin 4C sin C 


hiy=R, Batre one tan $C tan C, 
=f, tan? C, nearly. 
But z+mC=90°+C, 
2—90° 
ae ae 
Substituting, hy, cep tan? (z—90), nearly. . - . (49) 
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Ex. 1. At A\ Lewis, a zenith distance of 88° 54’ 16.7 is read upon /A\ 
Morehead, distant 6845m.32. The height of instrument at Lewis is 4’.9 
and the point observed at Morehead viz. the bottom of the signal pole, 
is 24.7 above the station. Find the correction necessary to reduce the 
observed zenith distance to the station point. If the azimuth of the line 
of sight is 222° 15’ and the latitude of Lewis is 42° 41’ 10’’.0, find the differ- 
ence in elevation of the stations, assuming m=0.07. 

Solution. Let 2’ = the observed zenith distance uncorrected = 
88° 54’ 16.7. 


1 , 
Then, by (40), the correction, Hs 
Now q= 24.7 —4.9=19’.8= 6m.035. 
s= 6845m_32 sin? 2,’= 9.99984 
log s= 3.83539 log g= 0.78068 
sin 1’ = 4.68558 —— 
0.78052 
8.52097 8.52097 
log «’’ = 2.25955 
fel Weal L7fts} 
x= 03’ 01.8 


88° 54’ 16’”.7 


z,= 88° 57’ 18.5 


In the direction of the line of sight, Ra, the mean radius of the earth’s 
curvature is taken from Table VI as its logarithm, 6.80450. We can now 
by substitution in formula (44) obtain the desired difference of elevation. 


2 2 
Formula: h,—h=s cot z,+ (4 =a) + e <m,) cot? 2, 
Qa a 


4 —m,=0.5—0.07 = 0.43. 


logs = 3.83539 log s? =7.67078 
cotz: = 8.26098 colog Ra =3.19550 cot? z,=6.5219 
log (I) = 2.09637 log 0.43=9.6334 
(I) =124.84 log II =0.4997 0.4997 
aero 60) II =3.160 


i= 0.001 
oe log (Il =7.0216 


hy—hi= 128™ .00 III =0.0011 

The required difference of elevation is 128.00. The problem could also 
have been solved by formula (43). 

Ex. 2. At A\ Warren, in latitude 39° 54’ 17’.0, the zenith distance of A\ 
Bald Top is 89° 12’ 47’”.6; at Bald Top, in latitude 40° 06’ 32’’.9, the zenith 
distance of A\ Warren is 91° 04’ 22’’.4, the observations being simultaneous 
and being reduced to station points. The distance between stations is 
35076m.2 and the elevation of /\ Warren is 2104m.6 above sea-level. What 
is the elevation of Bald Top? The azimuth for determining Ra can be 
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determined closely enough by considering the surface a plane and convert- 
ing difference of latitude into distance by Table V. 
PRECISE LEVELING. 

84. Instruments.—Precise spirit, or geodetic, leveling is dis- 
tinguished from ordinary spirit leveling by the use of better instru- 
ments and methods and more care in observing. 

Some of the more common instruments in use are shown. 

With the instruments shown in Figs. 65, 66, and 67 the level 
is used as a striding level giving greater facility of adjustment 
for both level tube and collimation, and opportunity to eliminate 
both errors by reversals in observing. The rear wye can be 
raised or lowered by a micrometer screw, giving a delicate means 
of releveling when pointing at the rod. With the Mendenhall level 
of Fig. 67 this slight releveling cannot affect the height of the 
telescope as with the others, the pivot being over the vertical axis. 

With the new Coast Survey level shown in Fig. 68, the level 
tube is dropped into the telescope tube down to the cone of sight 
rays, in order to diminish the lack of parallelism of the two tubes 
due to locally heating either end of the instrument, thus sacrificing 
the striding level. The two tubes are cast from an iron-nickel alloy 
having a coefficient of expansion=0.000 004 per 1° C., about one- 
fifth that of brass. The motion with micrometer screw is retained. 

In Figs. 66 and 68 the mirror for reflecting the bubble to the 
observer at the eye end is replaced by a system of prisms which 
eliminates parallax by giving vertical sight rays upon both ends 
of the bubble. 

The French level, Fig. 66, has a quick leveling ball and socket 
tripod head which is very stable. 
shown in lig. 65. 

The focusing slide of the telescope should be long and well 
fitted to preserve parallelism with the line of collimation when 
sighting at different distances. 

The principal instrument constants are: 


The Kern or Swiss level is 


Fig. | Focal Length. Tanne Power. Sinan Ratio. | 2 sa peat he of 
65 14” .5 Aye tai ae 50 1393 ee COR eRe! 
66 14 1.4 25 1:100-1:200} 8.3 
67 16 1.5 50 1:200 2.2 
68 16 hg 43 and 32 | 1:333 Weg 


Fig. 66. 
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It will be noted that these values do not differ materially 
from those for ordinary levels, except in the sensitiveness of the 
level tube and in the magnifying power. 


85. Rods.—Both target and speaking non-extensible rods are 
used. 
The Kern or Swiss rod is shown in Fig. 69. This is used by 
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the U. S. Corps of Engineers with the Kern level (Fig. 65). The 
smallest graduations are centimeters, while readings are esti- 
mated to millimeters. 

The French rod is shown in Fig. 70. It has a line graduation 
to 2™™ printed upon paper and pasted to the rod. The rod is 
rather flexible. To determine changes in length due to changes 
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in temperature and moisture an iron and a brass bar are inserted 
side by side near the center line and fastened to the base plate, 
while at the top a scale is attached to the brass and one to the 
wood, each being read by an index on the iron. 

The brass seale is so graduated that each division represents 
an expansion of 1¢™™* per meter of the iron bar; each division of 
the scale on the wood gives an expansion of 1°™™ per meter of 


* Jcmm = one centimillimeter =.01 millimeter. 
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the wood. Thesum of the two readings (A and B) will thus give the 
total change in length of the wooden rod. 

The U. S. Geological Survey rod shown in Fig. 71 is a double 
target rod made by W. and L. E. Gurley, of white pine impregnated 
with boiling paraffine to a depth of 4’. It is graduated on both 
sides and each side has a target, one oval and red, the other rect- 
angular and black. The targets are handled by endless tapes as 
shown, the length of the rod being a little over 10 feet. The steel 
base shoe has an area of half a square inch. The two targets are 
for use on ‘‘double-rodded lines,”” where two sets of turning points 
and two sets of notes are carried through with one instrument, 
the instrument man setting the rear- and front-rod targets as usual 
for the first set of turning points, 
then the front- and rear-rod targets = 
of the other faces for the second set; 
afterwards checking both sets of target 


. : <2 ON 

readings as the instrument man and a es\ 
LJ 

rear rodman move forward past each OR 
A." 
other. oat 


Z3 ZA Z4 
@eaeaeaanes 


The Geological Survey speaking rod 
is shown in Fig. 71a. The unit, which 
is 0.2 foot, is divided to tenths and 
these divisions are read to fifths, or to 
0.004 foot. -The notes are kept on the 
*-foot basis to correspond, requiring all 
derived elevations to be doubled. The 
shaded portion is red, the other por- 
tions black, on a white ground. 

The Coast Survey rod is shown in 
Fig. 72. The centimeter graduations 
are on the edge of the +, which is 2°™.2 
wide. Fig. 72a shows the foot plate 
and foot pin which are used to support 
the rod at turning points. The latter 
is the more frequently used. Fie. 72, Fie. 72a. 

The center of the bell-metal foot is in the plane of the gradua- 
tion. Silver-faced plugs are placed 1™ apart and the distances 
between them checked by steel tape for field comparisons. <A 
thermometer is attached for temperature, and a disk level for 


WLLL 
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plumbing as with the others. The pine is soaked in boiling 
paraffine for its entire thickness, then all but about 19% is driven 
out, which increases the weight and does away with moisture 
changes. The coefficient of expansion is 0.000 0042 per 1°C., a 
value nearly the same as for untreated wood. 

86. U. S. Corps of Engineers’ Method.—In observing by 
this method the instrument is leveled and pointed at the rear 
rod; both ends of the bubble are read, the three wires and 
the level again, for the back sight; similarly for the front 
sight. Thelength of sight is limited to 100™, and the difference 
between front and back sight to 10™. A heavy canvas umbrella 
is used to protect the instrument from the sun, or sometimes a 
tent if the weather is windy. 

Each rod reading is corrected for observed inclination by the 
formula 

/ 

Correction = 4id wn fan tid, Parma, 
where 4:=H+H’—(O+0’), the sum of the two eye-end readings 
minus the sum of the two object-end readings of the level; d= 
stadia interval; /=value of 14 of level; m=stadia constant; 
A=1lm tan 1’’, a constant. 

The difference in elevation between two bench marks is cor- 
rected by the formula 


B.Mycor=(dy—dalemtan ld’, 2). «4 V6) 


where d;=sum of stadia intervals for back sights; d2=sum of 
stadia intervals for front sights; ¢=inclination of line of collimation 
in seconds when the bubble is in the center (+ if object end low); 
c must include inequality of pivots, level error and collimation 
error. 

The level tube is adjusted until within two divisions and the 
collimation until the mean of the three wires for direct and for 
reverse position upon a rod at a distance of 50™ do not differ 
more than 2™™.5. Readings are then taken every morning, 
and at other times when there is reason to suspect disturbances, 
for the level tube and collimation errors to use in (51). By keeping 
the sums of the stadia intervals, as in the record shown, these 
can be made equal in closing on a B.M., so that the correction 
(51) will disappear. 
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Steel pins are frequently used for turning points instead of the 
foot plate shown in Fig. 69. 


FORM OF RECORD. 


Locality, 
Date, 
Direction, 
Back SIGHr. 
: Bubble. 
eel ate Means. ors Rod. Remarks. 
E. O 
1009 175 115 abs 10 T.B.M. 
1184 1185.0 178 30 
1362 353 
Observer, Level No. 
Recorder, Tube No. 
Front Sieur. Upon opps te page. 
= Bubble. 
Readings, | Means. | rntervats. ee S| Aad 
#. oO 
1686 187 WE a5) SIL oS 13 P.B.M 
1873 1874.2 190.5 20 
2063.5 377.5 


87. French Government Method.—In this method the bubble 
is kept in the center when sighting; the three wires are read on 
the back sight and also on the front sight; the level is reversed, 
the telescope rotated 180° about the line of collimation, and the 
recorder reads the middle hair on the front rod and then upon 
the back rod. These reversals tend to eliminate the error of level 
and of collimation and those portions of the errors of refraction 
and instability which are proportional to time. If the discrepancy 
between the first and last readings exceeds a certain amount, 
both sets are repeated. 

The longest sight is limited to 100™ and the greatest difference 
to 10™. Wooden hubs are used for turning points, and the same 
ones are intended to be used on the return line between each two 
bench marks. 

The only corrections required are for rod errors, but since 
these include scale errors (paper scales), they have to be made 
separately for each set up, taking into account the change in length 
of the rods as shown by comparisons with the inclosed steel bar. 
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The change of observers adds to cost in requiring a good ob- 
server for recorder, and it adds to delay and instability, espe- 
cially if the cross-hairs have to be re-focused on account of the 
change. 

88. U. S. Geological Survey Method. —For double-rodded 
lines and the double target rods of Fig. 71, the rear rodman holds 
on the turning point of line A and clamps his red target when 
covered by the cross-hair; the front rodman then holds on the 
next turning point of line A and clamps his red target at the proper 
height; he then holds on the turning point of line B and clamps 
his black target; the rear rodman then holds on the rear turning 
point of line B and clamps his black target. 

Separate notes are kept for the two lines (which are claimed to 
be equivalent to lines run in opposite directions), while the in- 
strument man checks all four rod readings as he and the rear 
rodman move forward. 

The bubble is kept in the center when sighting. Steel pegs 
are preferred for turning points. The level is adjusted daily, 
or oftener when necessary. 

Attention is called to the fact that the length of sight should 
be kept so nearly constant that the focus of the telescope will 
not require changing for front or back sight during the day, and 
that if it should require changing on account of grades or atmos- 
pheric disturbance requiring shorter sights, then the level should 
be readjusted for the new position of the slide. It does not appear, 
however, that this restriction is enforced, nor does it appear neces- 
sary with a well-made precise-level telescope. 

With target rods the rodman is usually required to keep a 
separate set of notes. 

89. Coast Survey Methods.—In the old method (Report, 
1879, App. 15) the Vienna or Stampfer level, slightly modified, 
was used. Its general construction is like the Kern. The rod is 
a non-extensible pine rod graduated to centimeters on the front 
edge of the + as a speaking rod, and on a brass scale on the side 
of the front portion for the target. The target is moved by a 
chain similar to the tape of Fig. 71. 

To take a reading: a. The bubble is brought near the center 
and the target clamped to correspond; the bubble is then accu- 
rately centered and the micrometer screw of the rear wye read; 
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the target is bisected by turning the micrometer screw and the 
screw again read. 6b. The level is reversed, the bubble brought 
to the center, and the target bisected, and both screw readings 
taken. c. The telescope is rotated 180° about the optical axis, 
the bubble brought to the center, and the target bisected, and 
both screw readings recorded. d. The level is made direct, the 
bubble brought to the center, and the target bisected, and both 
screw readings recorded. 


FORM OF RECORD. 


Back SIGHT. 


Micrometer. Rod 
Be Telescope.| Level. a eee Reading 
Horizon. | Target. E pnd tone 
Runnling on rojad. Mudjdy. Rod|F on B.M.\No. 61. 
9 If R ect O2es eles 
D .126 mletiys 
E D ae 107 0.860 
R mel yyi Pista 2.240) 0.810 0.833 
ee SS | eet AOR 0.835 
—0.6 
Front SicHr. 
Micrometer. Rod 
eee Dee oc 
No.of |rtescope| Level et | Bdecrot| rade 
Horizon. Target. and Tey 
Weather| cloudy. Brisk wind}. Rod £. 
9 I D UGE MMG YE | Wire KO: 39° 
R 097 . 102 
E R 095 O98 Lasaz 
D 107 .092 Det LOY e282 dene 
Nise AO)! 17.098 | 140.3 ISAO 
—0.3 


The stadia hairs and the edges of the target are then read by 
the observer, while the target and the rod thermometer are read 
by the rodman. Having the value of 14 of the micrometer screw, 
and the distance to the rod, the rod correction for each of the 
four readings can be computed by a formula similar to (50); the 
average of the four added to the target reading will give the cor- 
rected rod reading. 
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The method of double rodding is in use, as also that of running 
a single line through and checking back. 

For the new method, introduced in 1899 and slightly modified 
in 1900, the following abstract has been taken from the general 
instructions given in the Report for 1903, App. 3. 

Except when specific instructions are given to proceed other- 
wise, all lines are to be leveled independently in both directions. 
The distance between successive bench marks shall be less than 
15™, The line of levels is to be broken up by temporary bench 
marks from 1*™ to 2k™ apart, unless special conditions make 
shorter distances advisable. The observer is to secure as much 
difference of conditions for the measurements in the two direc- 
tions as is possible without materially delaying the work, it being 
especially desirable to make the one in the afternoon if the other 
was made in the forenoon, and vice versa. If the measurements in 
opposite directions between two bench marks differ by more than 
4mm/distance in kilometers, both are to be repeated until two such 
measurements fall within the limit. If any measurement differs more 
than 6™™ from the mean of all the measurements over the section, it 
shall be rejected. Ifa measurement differing by a less amount is re- 
jected the reason for the rejection must be fully stated in the record. 
Whenever a blunder is discovered and corrected, the measurement 
may be retained if there are at least two others over the same 
section not subject to any such uncertainty. In reading the rod, 
all three hairs are to be used and the bubble kept in the center. 
At odd-numbered instrument stations the rear rod is read first, 
at even-numbered the front rod, the time interval between read- 
ings to be as small as possible. The rod thermometer is to be read 
at each station. The maximum length of sight is placed at 150™, 
and this only under the most favorable circumstances. The 
maximum difference between the front sight and the correspond- 
ing back sight is limited to 10™. The actual difference is to be 
made as small as is feasible by the use of good judgment, without 
taking extra time for the purpose. The stadia intervals are 
recorded and their continuous sums computed for both the front 
sights and back sights. These sums are kept as nearly equal 
as is feasible without spending extra time for the purpose. The 
greatest difference is limited to a quantity corresponding to 20™. 

The error of level is determined each day by using a regular 
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front sight reading, with a special back sight reading with the 
rod at a distance of about 10™, then setting up about 10™ behind 
the front rod and reading both rods again. The correction con- 
stant, which is the ratio of the required rod correction to the 
corresponding stadia interval, is * 


_ (sum of near rod readings) — (sum of distant rod readings) 
(sum of dist. stadia interv.) — (sum of near stadia interv.)” 


(52) 


The level should not be adjusted for C<0.005. The observer is 
advised not to adjust for C<0.010 and required to adjust for 
C>0.010. The instrument is shaded from the direct rays of 
the sun during the observations and the movement from station 
to station. 

Notes for future use in studying leveling errors should be 
inserted in the record, indicating the time of beginning and end- 
ing for each section, the weather conditions especially as to sun 
and wind, whether the line is run towards or away from the 
sun, ete. 

The 3™ interval between metallic plugs is measured for each 
rod with a steel tape twice each month and at the beginning and 
end of the field season with a steel tape kept by the party for 
the purpose. The object is to detect any changes in length and 
not to determine the actual length. 

The accidental errors appear to increase rapidly when the 
length of sight is pushed beyond the limit at which it is difficult 
to estimate to millimeters accurately, and considerable re-running 
will be necessary. The observers are urged to lengthen sights 
for speed up to the limit fixed by too much waste of time in having 
to re-run lines. The maximum speed apparently is reached when 
from 5 to 15 per cent of the lines have to be re-run. The 


* Let m, mn, be the near rod readings; d, d, the distant rod readings; 
8, S, the near stadia intervals; s,’, s,’ the distant stadia intervals. The 
true difference in elevation, 
From the first, =m+Cs:—(di+Cs’). 


From the second, =d,+C's,/—(n,+Cs,). 


Placing these values equal and solving for C, 
= (nm + N2) — (d +d:) 
(sV’ +82’) — (81 + 82)’ 
as given above. 
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observers have learned to shorten sights whenever the upper and 
lower stadia intervals differ frequently by more than a selected 
limit, this limit being fixed by each observer from his own experi- 
ence. The observers are urged to watch the rate of divergence 
between forward and backward lines and to make an effort to 
keep it small. It has been the opinion of those in charge and 
of many of the observers, that a large steady rate of divergence 
is in general due to a systematic rising or settling of rod sup- 
ports, either foot plates or pins. The usual practice has been 
for the observer, when he noticed a steady tendency of his lines 
to diverge rapidly, to study the manner in which the foot plates 
or pins were handled and to make tentative changes until the 
tendency disappeared. 

Correction is made for curvature and refraction, and for level 
when the stadia intervals differ for front and back sights; also 
for length of rod. 


FORM OF RECORD. 


Thread Thread Sum Rod Thread Thread Wye 
Number of | Reading, a tars Peo al Reading, Nice, Wierees of 
Station. gock oe en eS ere deck. i val Ne 
Time 2 P.M. 
43 0674 99 V 2683 99 
0773 | 0773 99 38 2782 | 2782.3} 100 
0872 a 2882 — 
198 199 
44 0925 106 W 2415 103 
1031 | 1030.3} 104 35 PS |) PASO CR 
1S a 2621 ee 
210 | 408 206 | 405 


Name and temp. of rear rod given. 


The corrections between bench marks are summed from tables 
or slide rule and entered on the computation sheet separately. 

90. Inequality of Pivots.—The level is set up on a pier or 
other firm support where it is protected from air currents and 
from sudden changes of temperature and the bubble brought 
to the center. The telescope is changed end for end in the wyes 
and the bubble read without reversal. The out of level, if any, 
must be twice (within the errors of observation) the inequality 
of pivots referred to the supporting wyes, or four times the error 
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referred to the telescope axis on the basis of circular collars. The 
observations should be repeated until the desired accuracy is 
secured. : 


liye 
FautTH Precise LEVEL. 
Landers } hs 
May 15, 1890. Wadsworth ee 
Level. 
Ate: East End High. Eye End Large. 
DorR. East. West. 
W D 41.4 6.5 —14.05 1.97 
R 9. 44. = 50 bore 04.91 
E D ene, aoe 0.4 0.55 
R 43.2 % 2 Cony com 118 
WwW D 40.8 5.8 —-1 .7 ERS 
R 9.5 44.4 —1 .95 ee ORaTs 
E D 7.8 42.8 —0 .3 _0.32 
R 42.8 79 —Q0 .35 ine 0 .80 
W D 40.5 loyal <= 2%. 1.92 
R ORS 44.4 —1 .85 Bae 1 .06 
E D fas 42.6 —0O .1 0.2 
ie 43. 8. Ores e Ir 28 
WwW D 40.4 5.4 =2 ly eres 
R 9.8 44.9 Sy URS ep AE 1 .18 
E D PEATE 42.7 —0 .2 0.15 
R 43. 8. 0.5 j 12706: 
W D 40.8 5.8 —1 7 4 RE 
R 9.5 44.5 —2. Bee LOS: 
E D Ho 42.5 Ox. 0.2 —- 
R 42.9 O°) 0 .4 oe Mean=1 .01 


Level graduated from eyepiece toward objective with 25 for center. 

Value 1¢ of level=3’’.8. 

Referred to telescope axis. Eye end large =4$ 1.01 X3.8=1/.92. Cor- 
rection to rod reading negative. 

Ex. 2. If the collars are 10 inches apart and the wye angle for telescope 
and level is 90°, find the inequality of the collars in inches for the value 
1’’.92 given above. 


g1. Rod Correction.—_-For the paraffined rods and those where 
a brass scale is used, the temperature at which the rod is standard 
can be found by comparison with a standard. A table of double 
entry can then be made out, or a slide rule used, for the correc- 
tion for any observed temperature and rod reading, it being the 
product of the temperature increment, the rod reading, and the 
coefficient of expansion, and positive when the rod is too long 
or the reading too small. 

For the Kern rod which changes length with moisture as well 
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as with temperature the actual error per unit length can be deter- 
mined from day to day by comparison with a standard tape and 
the corresponding correction applied if appreciable. 

For the French rod the paper scales require correction for 
graduation errors, and the wooden rods corrections for changes 
in length as denoted by the A and B readings. This is accom- 
plished by comparing the rods with a standard and at the same 
time reading the scales A and 5. The corrections are platted on 
cross-section paper as ordinates with rod readings for abscissas 
and the correction curve drawn. An equalizing line is also drawn 
through the origin, which separates the correction into two parts, 
one proportional to the rod reading and the other a local gradu- 
ation correction. It is assumed that only the first is affected by 
a change in the length of the rod. 

To obtain the correction graphically, the straight line cor- 
rection, say 150°™™ per 1™ for A+B=135, is laid off from D 
on the vertical DE to E, Fig. 73, 
to a. scale of -15.-to-1-for the 
rod length 2™.8. "This would be 
150 X 2.8 X 15=6300e™™ = 63™™, 
An arm DF is pivoted at D and 
rotated until DF makes an angle 
with DE large enough to allow for 
the greatest anticipated value of =o z 
A+B, as explained later. sues 

Project E horizontally to F 
and divide DF into twenty-eight = 
equal parts. These correspond 
to the decimeter divisions of the 
rod. With these points as cen- 
ters, and the local graduation 
corrections as radii (to scale) de- 
scribe arcs, each from its proper Fig. 73. 
center, above if positive and below if negative, and mark each 
with the decimeter division to which it belongs. The vertical 
distances from D to horizontal tangents to these arcs will give 
the total corrections for the corresponding divisions. 

If the rod expands so that A+ B= 136, the correction for each 
division will be increased at the rate of 1°™™ per 1™. Hence lay 
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off 2.8°™™ (to scale=0.42™™) above E to E’ and rotate the arm 
until F is on a horizontal through E’. The straight-line cor- 
rections will thus be increased in the proper ratio as projected 
by horizontal tangents on DE, while the local or graduation errors 
proper will not be affected, all tangents to a circle being at the 
same distance from the center. By repeating this process the 
A+B arc can be graduated as shown. A better method is by 
finding the different values of a=FDE from its cosines and laying 
them off with a protractor. For the assumed correction of 150¢™™, 


P 1 
a was taken =24°. Hence the radius DF, =—y = 164.2; 


24 
1 
164.2 
to A+B. Cos 24°=0.91355, so that the different values of A+B 
are readily found. 

The correction diagram for the other rod is placed on the same 
sheet with the center at G on the horizontal through D. A celluloid 
sheet is ruled with horizontal lines 54™™ apart (shown dotted in 
diagram) to the scale 15/1 and kept in position by the guide strip 
HI. 

Both rods are too short, giving plus corrections. Hence the 
correction for a set-up is plus when the rear rod correction is the 
greater, and vice versa. To take out a correction for a set-up: set 
each arm to the correct A+B reading; slide the celluloid sheet 
until the zero coincides with rod II reading and read the scale 
for rod I reading. Thus if (A+B),=1385, (A+B),,=118; the 
correction for a back-sight reading of 2.1™ on I and a front-sight 
reading of 1.5 on rod Il would= + 102¢mm, 

g2. Accuracy and Cost of Results.—The authors of Lever des 
Plans et Nivellement (Paris, 1889) estimate the probable error 
for a set-up with the French level for sights 75™ long as follows: 

1. Error of level. The eye can detect a difference of 4™™ in 
the readings of the ends of the bubble with the 3™™ divisions on 
the tube. This gives a probable inequality of about 24™™, or g 
probable out of level of 1¢™™. This would give the same un- 
certainty for a rod reading at a distance equal the radius of curva- 
ture, or 50™, or 1.59™™ at 75™.. 

2. Error of estimation. With a power of 25, the centimeters of 
the rod at 75™ appear of the same size as millimeters at 0.3™. 


= 0.00609, the increment to the cosine for each unit added 
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Under these conditions tenths can be easily estimated with a 
probable error of about 0.33¢™™m, giving 3.3¢mm when referred 
back to the rod. 

3. Errors due to temperature changes. Experience has shown 
these to be as great as those of (2). 

Combining, the total for a reading (see Part II), 


r=V (1.5)? + 8.8)? + 8.8)? = Samm, 
For a set-up, T.P. to T.P., 
NaV P+ P=rv 2. 
With 75™ sights there are 6% set-ups per 1*™, which with the 


four observed differences between each pair of T.P.’s would give 
the resulting probable error per 1™, 


2x6. 
- ral 6:68 _ gam, 


which agrees with the results found for the fundamental French 
lines. 

The above supposes all constant or systematic errors elimi- 
nated by the methods of observation or by applying computed 
corrections. 

The principal constant errors recognized are: 

1. The variation of gravity with latitude. This results in 
making the distance between two level surfaces vary inversely 
with g, the work required to raise a unit mass from one to the other, 
or hg, being constant. The observed difference in beight of two 
points would thus depend on the height of the line of levels run 
between them. Heights above sea level obtained by direct meas- 
urement are called orthometric; obtained on the basis of work 
done in raising a unit mass, dynamic; the differences are usually 
within the errors of observation, but in rugged country they may 
be greater. Tor a full discussion, see Helmert, Hoheren Geoddsie, 
or Lever des Plans... . 

2. Variations of refraction with height of line of sight, with 
character of ground surface over which the line passes, and with 
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the time of day. In ascending or descending long grades this 
becomes cumulative and may easily exceed the accidental errors 
unless short sights are taken. 

3. Change in height oj instrument or turning point due to 
settlement or springing up of ground. This has long been one of 
the reasons assigned for greater discrepancies between lines run 
in opposite directions as compared with those run in the same 
direction. 

4. Change in collimation and level error due to heating the end 
of the telescope nearest the sun. This is the principal reason 
assigned by the Coast Survey for the change in method intro- 
duced in 1899. 

In Proc. Am. Soc. Civ. Engrs., Vol. 26, p. 888, the probable 
error per kilometer is given for some 1200 miles of Coast Survey 
levels averaging 1.07™™, and for some 1500 miles of U. S. Engr. 
Corps levels averaging 0.69™™. These apparently are from circuit 
closures. 

In checking forward and backward between benches the limit 
is placed =4™™\/ kilometers, as already stated. 

The cost is estimated by Mr. Molitor (Proc. Am. Soc. Civ. 
Engrs., Vol. 26, p. 897) at $24 per mile for a double line with 
permanent bench marks about 0.6 mile apart. On p. 1160 it is 
stated by Mr. Hayford that the total cost of the 1899 work of 
the Coast Survey was $13.55 per mile. 

Seven minutes per station is given as about the average time 
for the 1899 work, with a record of 111 stations in 92 20™ on June 
20, with 40™ to 80™ sights, and of 10.3 miles July 14 in 7.4 hours, 
with 80™ to 110™ sights. Later he gives the cost during the 
period 1900-1904 (a total of 3900 miles) at $10 per completed 
mile, including salaries, transportation, and bench marks. The 
rate of progress was 64 miles of completed line per month for 
each observer. The error of closure from the Atlantic and Gulf 
to the Pacific, a length of 4800 miles of levels from the first and 
3500 from the second, was 0.615 foot. It is assumed that this. 
discrepancy is probable due to inaccuracy in leveling rather than 
to a difference in sea-level. 

93. Datum.—Mean sea-level is the ultimate datum to which 
all land levels should be referred. It can be obtained approxi- 
mately from the mean of two consecutive high tides and the 
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intermediate low tide. For more accurate results a permanent 
bench mark and a tide gage should be established and readings 
taken for a semi-lunation, or longer,—a year or more being neces- 
sary for a datum for precise levels. 

The zero of the tide gage should be occasionally referred to 
the bench mark to guard against disturbance. 

The total range in the six annual means taken by the Coast 
Survey at Sandy Hook, N. J., with a self-recording gage was 0.322 
foot, and in the annual means at Biloxi, Miss., was 0.100 foot. 


CHAPTER VI. 
FIGURE OF THE EARTH. 


94. Meridian Section, Coordinates of Point.—In reducing 
geodetic data the earth is usually assumed to be an ellipsoid of 
revolution. The dimensions given in Table I for the Clarke 
ellipsoid best satisfy the degree measurements which had been 
made at the time (1866) when they were derived. 

- In the meridian section, through M, Fig. 74, let MH, the normal 
extended to the axis of rotation, =N; MG, the normal extended 
to the major axis, =n; MGD, the geographic latitude, =¢; MCD, 


Fia. 74. 


the geocentric latitude, =~; R=radius of curvature of the meridian ; 
x and y=coordinates; a and b=semi-axes. 
The equation of the ellipse is 


g2 y? 
az b2 yO ° e, 0 .¢ ° . . (a) 
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or 


or 


or 


or 


Differentiating, ae - ae =0, 
dy. > 3072 
dz i azy . e e (b) 


From the differential triangle, Fig. 74, 


d 
= — cot p= —— ‘ at ee ee er (c) 


Equating (0) and (c), 


bx cos 
azy sin ¢’ 
xz_acos¢ 
y sing’ 
Satke: bea) a? cos? 
Multiplying, azy? = mare Sj) e Fe a Au ters eag be (d) 


If the eccentricity =e, form. 22], 
Gee 
a2 


b? = a?(1—e?). 


, 


Substituting in (a), 
Xie) Cea Ud Ktsod O Meet nd) be Cm mes MC) 
From (d), “(1 —e)? sine 6—7? cos? b=0. 6 eG) 
Multiplying (e) by cos? and adding to (f), 
x2(1—e?) (cos? 6+sin? d—e? sin? 6) =a?(1—e?) cos? d, 


a? cos? 


os a 
1-2 sin? p ) 
Multiplying (¢) by (1—e?) sin? ¢ and subtracting (f), 
eee sin? (54) 


1—e? sin? d 
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Putting 1—e? sin? d=7?, 


~ of p s _ a(1—e?) sin p (55) 
r r 
95. Principal Radii of Curvature.—Since arcs subtending the 
same angle are to each other as their radii, the radius of curva- 
ture of the meridian 


ds dix : ’ 
dx is negative because x decreases as # increases. 
Differentiating (55), 


dz .—ar sin d+ar_ le sin } cos* 


dd ry? 


Multiplying the second member by + and substituting the 


value of 7?, 
dx _a(1—e”) sing 
dp r3 } 
Sole) a(1—e?) 


Substituting, R 3 


(56) 


(1—é sin? p)? 


The section by a plane through the normal MH and perpen- 
dicular to the meridian is called the prime vertical. It is tan- 
gent to the parallel of latitude at M, and its center of motion, 
or of curvature, is on the axis at H as the point M moves past 
the meridian plane. Hence, if o=radius of curvature of prime 
vertical and N=the norraal ending at minor axis, we have, from 
Fig. 74 and (55), 


x a 
et Sonera ie oh ote oO) 
Dividing (57) by (56), 
as 
PRBIETPOStaA NL Pe eae cr (58) 
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“This ratio is often of value as indicating the deviation of the 
surface at any point from that of a sphere. Employing the Clarke 
ellipsoid of 1866, we have: 


For f= 0° = 1.0067 p=45° = 1.0034 
15° 1.0058 60° 1.0017 
30° 1.0050 90° 1.0000 


The geometrical mean of N and R is taken for the mean radius 
of curvature at the point, i.e., 
Mean radius of curvature, 


Rise NANT ms hae one. ett en (59) 


We also have the following: 
Radius of parallel, 


a cos d 
at ety =Ncosd. ...°. 


R 


(60) 


Normal ending at major axis, 


= )2 
na gt EEO en. ue GD) 


Geocentric latitude (Fig. 74), | 


tan g-4=(1-2) eNom ney Gk Men Pa, FOZ) 
o— varies from 0° at the equator to 11’ 40” in latitude 45° and 0° 
again at the pole. 

96. Radius of Curvature for a Given Azimuth.—A plane 
through the normal at any point of the ellipsoid will cut the sur- 
face in an ellipse. Its equation is found by taking a point on 
the curve and expressing its coordinates in the equation of the 
surface in terms of the coordinates of the curve. In Fig. 75 
the plane is passed through the normal MG in latitude ¢, and 
it cuts the surface in the curve PM. It makes an angle a 
with the meridian plane Z’X’. The coordinates for the surface 
are x’, y’, 2’, with origin at O’. Those for the plane curve are x 
and y, with origin at G and axes GX and GY. 
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The equation of the surface is 


a2z’2 + b2(2/2+y/2)=a7b*. . . . So eer he) 
Noting that 
O’G=(N—n) cos 


a 
eS esa g per 
= [1 (l—e )| cos b 
a 
=<¢ cos 
= Ne? cos ¢, 
we have for the point P, 


z'=0'/G+GS—NA=Ne? cos $+ y cos 6—x cosa sin ; 
oy = PN =2 sind; 
2=SQ+QA=y sin +2 cos a@ cos d: 


Fia. 75. 
Substituting in (a) and using for D?, 
a?(1—e?), 


x2[1 —e?(1—cos? a cos? h)*]+y? (1 —e? cos? f) + xy (2e? sin d cos d cosa) 
—2x(1—e?)Ne? cos d sin f cosa+y 2e?(1—e?)N cos? 
= (1—e?) (a? — N2e4 cos? ¢), 


* Form. 1] is employed in transforming the coefficient of 2”. 
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which is the equation of the oblique section through the normal 
with origin at G. For this we may write 
Az?+ By?+Cary+ Dz+ Ey=F. 
dy, 74% 
GG: Gr) | * 
By f la 35 y= : : 
y formula 35], Py 
dx? 


(0) 


Differentiating (0), 
dy 2Ar+Cy+D,. 
dx 2By+Cz+ EH’ 


dy 


24+2B (22) +20 
Pye (a3) dx 
dx? 2By+Ca+E# 


z=0, y=n=(1—e)N. 


For point M, 
Substituting, and restoring the values of A, B, C, D, and E, 
dys 
Cee 
dye 1—e?(1—cos? a cos? ¢) 
dx? (1—é? cos? o)(1—e?)N +e cos? d(1—e2)N 
(1—e?) (sin? a + cos? a) + e? cos? a (1—sin? d) R 
N(1—eé?) R 
_Rsin? a+N cos? a 


* NR 


or from 35], since Le 
dx 


NR 
tape ee Oo ee oS) 


If a=0, 
NR ; se 
R= Te =R, the radius of curvature of the meridian. 
li a=90°, 
NR : . ; 
R= pps N, the radius of curvature of the prime vertical. 


* Ry is taken negative, because the direction of bending as represented by 


d’y/dx* is negative. 
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The geometrical derivation of R, is simpler than the above. 
Thus in Fig. 76 draw a tangent plane at M and a parallel plane 
at the infinitesimal distance c from it. The latter will cut an 

ellipse as shown in plan. The three 

points 6b M B’ are consecutive points in 

j= the prime vertical or three points in the 

osculating circle with radius N. Simi- 

larly for the meridian with radius of 
curvature FR. 

Let a’ and b’ denote the semi-axes 
of the ellipse through BB’ and s the 
semi-diameter making the angle a with 
the meridian. From similar triangles 


26 , a/2 
a’ = N’ Obs ¢— ON’ 
ADR ghee 
Similarly, Cate 
x e 2k 2R, 


Equating the values of c, 


Rig. (6; 


2. Rae ase 
a2 ON’ b2 Rk . ' . . . . (a) 


The coordinates of C are z=s sina and y=s cos a. Sub- 
stituting in the equation of the ellipse, 


s2 sin? a 8? 


: R ss 
From (a), sin? a+ 3° cos? a=1, 


NR 


*~R sin? a+N cos? a’ 


or wee is BECOG) 


Table VI is computed from (64). 
97. Length of Meridional Arc.—The radius of curvature, R, 
changes slowly with #, so that for ares of less than one degree 


Usa Am Si ane acme eeceny een een 


where 4¢ is in seconds and R is for the middle latitude. 
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For long ares (65) must be integrated. Substituting the 
value of R from (56), 


ds=a(1—e?)df(1—e? sin? $)—#. 
Expanding by the binomial theorem, 


ds=a(1—e?) (1+ Ze? sin? 6+ 15 e4 sint 6 + $56 sin? d .. .)dd; 
ap Sie 15 64 aint b- SS e8sin® 
s== a(t e)* Ps (1+ $e? sin? 6+ 15 ef sint p+ 2he%sin'd .. dd. 


By formulas 11] and 12] 


sin? 6=4(1—cos 29). 
sint 6=4(3—4 cos 26+ cos 4¢). 


By formula 9], 
sin® d=sin? ¢ sint 6=4(10 —15 cos 26+6 cos 46 —cos 6¢). 


Substituting and putting, 


A=14 $24 45e44+ 17808. =1.005 1093 log=0.002 2133 
B= $e?+15¢44- $2508... =0.005 1202 ‘* =7.709 287 
C= dge4+ 19506... =0.0000108 ‘ =5.033 42 
D= ei pe8... = 2.326 


g” 
s=a(l—2) f, (A—B cos 26+C cos 46—D cos 6¢...)dd 

=a(1—&) (4g- $B sin 26+4C sin 46—4D sin 66 .. . as 
[) 


Substituting the limits, and putting $’—d¢’=y7, $”+¢’=0, 
we have, by formula 8], 


s= (1.489 5369)7” — (4.511 036) sin 7 cos 0+ (1.534 14) sin 27 cos 26 
— (8.651) sin 3y cos 30,..5. . . . (66) 


where s is in meters and the numbers in parentheses are the loga- 
rithms of the constant factors. 

Equation (66) is correct to seven decimal places. If more 
are desired, the next term for A is (11025/16384)e8; for B, 
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(2205/2048)e8; for C, (2205/4096)e8; for D, (315/2048)e8, while 
an EH term is added= (315/16384)é8. 

Ex. 1. Find the meridional distance between the parallels of latitude 
32° 15’ 40’.21 and 36° 44’ 12’’.62. 


Solution. 
By equation (66): 


s= (1.4895369) 7” — (4.511036) sin 7 cos 6 + (1.53414) sin 27 cos 20 
— (8.651) sin 37 cos 30. 
r= $"—¢'= 4° 28’ 32’.41=16112”.41. 
d= $+ ¢’=68° 59! 52/’.83. 


Py mn Roh Caf OL he 37— loo 
20=137° 59! 45”. 30= 206° 59’. 
(1.4895369) — (4.511036) 
log 7’/’=4.2071606 sin 7 =8.892293 
log (1) =5.6966975 cos 0=9.554369 
(1) = 497390. 57 log (II) =2.957698, 
(IV) = 0.01 (Il) = —907.190 
497390. 58 IlI=— 3.96 
911.15 —911.15 


s=496479.43 meters 


= 496km_ 4795 


+ (1.58414) — (8.651) 
sin 27=9.19200 sin 37=9.366 
cos 20=9.87104n cos 30=9 .949y 

log (III) =0.59718, log (LV) =7 .966 

(II) = —3.955 (IV) =0.0093 


Ex. 2. At Fuertes Observatory, Ithaca, N. Y., 6=42° 26’ 47.28. Find 
the meridional distance in miles from it to the parallel of the Naval Observa- 
tory at Washington, ¢=38° 55’ 17’7.03. 

98. Areas on the Ellipsoid.—The surface is divided into ele- 
mentary frustums of cones by parallels of latitude, of width Rd¢, 
and circumference 2zN cos ¢. 

Hence the differential area, 


dA=2zxNR cos $d¢. 


Substituting for N and R their values from (57) and (56) 
with b? for a?(1—e?), 


dA =2xb? cos ddd (1—e? sin? )-. 
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By form. 32], 
(1—e-sin? )-2=1 + 2c? sin? 6 + 3e4 sint f+ 4e6 sin’ G+5e8 sing d.... 
Substituting, the expression to be in- 


tegrated becomes Sy aah an 


| NEL REED ESET SE IO 
: 1 , 
cos sin” ddd Serine sinrt+1¢, ees 


which gives 
Af =2b?x (sin 6 + $e? sin’ ¢ 
+ $e sind G+ 4e8 sin? d+...)$7. Bie i, 


Substituting the limits, 
AG, = 2b?x [(sin $” —sin $’) + 3e2(sin? $” —sin3 ¢’) 
+ 8e4(sin5 g’’—sin® $’) + 4e8(sin? f’’—sin? $’)+...]. (67) 
To put in convenient form for computation, by forms. 12]and 8], 
sin? d=} sin d—}{ sin 3¢, 
sind d=} sin 6—7 sin 86+ 4 sin 5d, 
sin’ h= 34 sin d— # sin 846+ 44 sin 56— Ay sin 7d. 


Substituting in (67), we have by form. 8], with $”- -¢’=27’ 

and fp’ +g’ =20", 
Ag =4b?n(B sin 7’ cos 6’—C sin 37’ cos 30’+D sin 57’ cos 50’ 
SILL (j2 COS 70! 12.8), (OS) 


where B=1-+ 4e?+ $e#+4 75€6+ 3,8 = 1.003 4016 log =0.001 4748 
C= 42+ 84+ 8,€6+ 358 =0.001 1368 7.055 68 
D= get + zigeo + gre® =0.000 0017 4.2304 
f= zie’ + 72,e8 =0.000 0000 
F= x37 762 = 0.000 0000 


If (68) be divided by 360 and $”—¢’=27’=1°, the area 
for 1° square, 


2, 
G=(B sin 30/ cos 0’—C sin 1° 30’ cos 30’+D sin 2° 30’ cos 50’ 
See (COSCO ‘is Js. soe» « (69) 
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The values of B, C, etc., should be carried to more than seven 
places for accurate results with the Clarke ellipsoid, although 
the above values are carried as far as the data will warrant when 
applied to the earth. 

99. Spherical Excess.—By Legendre’s theorem in Spherical 

Geometry it is proved that in a spherical triangle whose sides are 
short compared with the radius # of the sphere and in a plane 
triangle with sides of equal length the corresponding angles differ 
by the same quantity which is one-third the spherical excess. 

Thus, let A, B, C=the angles of the spherical and A’, B’, C’ 
those of the plane triangle; a, b, ¢ (z-measure) and a’, b’, c’ the 
corresponding sides; aR=a’; bR=b’; cR=c’. 

Plane triangle. By form. 19], 

b?+c?—a? R? 


| Ree eine Be Mars rae 
cos A’= The Te oP ae (a) 


| By form. 1], 


4b2c2— (b2 + c2—a2)2_ R4 


sin? A’=1—cos? A’= 1522 RP 


or 


2a2b? + 2a2c?2 + 2b2c? — at —b4—c4 


ee Ares 
sin? A 22 eee es ee 


Spherical triangle. By form. 27], 


cos a—cos b cos ¢ 


cos A= - : 
sin b sin ¢ 


By forms. 13] and 14], omitting terms of higher power than 
the fourth, 


Me @ +P +0?) — Ay(b4+ 4 — at) — 1b%c2 
bc[1—4(0? +¢2)] 
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By form. 32], 


—[4(—a? +024 2) — (04+ c4— a4) — $2? 
24 


1+4(b? +c?) 
be 


Ceo tea ore ere ab? + b4+ 2b2c? — a2c?-+ c4 . 
2be 24be 12be ‘ 


b?+¢c?—a?  , 207b? + 2a2c? + 2b7c? —at— b*—c4 


cos A= Dbe t aie «3-0 A) 


From (a), (6), and (c), 
COssA = COS Al uci“ A! ee, (a) 


Since b and c are very small, the difference between A and A’ 
must be small. Putting this difference=z, 


COS Gail, Kui’ sia 1 
By form. 4], 


cos A=cos (A’+ 2) 


=cos A’—a#” sin 1” sin A’; 


by @), te Se eae 
bc sin A’ 
or gl = (aah ee . . ° . . . . ° . e (e) 


where b and c are in z-measure. If b and ¢ are in units of length 
on the sphere of radius R, 


prabe sinc A! 
GOR sin” 
area of triangle 
3h sin) 1” 


The same result can be found for B—B’ and C—C’. Conse- 
quently the spherical excess of the triangle must be the sum of 
the three equal excesses of its three angles, or 
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area of triangle 


s=327= R2 ain 1” See BLO) 
=4be sin ye 
em Ae 
or $= MDE SID Ae eas ee ee 
i 1 


by (59). It is given in Table 


where eae sinl” 2NRsin 1” 


VII in metric units. 


Ex. 1. In the triangle Vinton-Woodstock-Norwalk the following angles 
are observed and latitudes determined: 


Vinton, 71° 43’ 49’.66,... p=42° 30’ 
Norwalk, OY, 833 Ginn gy p=42 23 
Woodstock, 45 42 23 .00 o=41 59 


The length of the side, Norwalk to Vinton, is 45128m.45; its log = 4.6544504. 
What is the spherical excess of the triangle? 

Solution. By formula (71) the excess=s=mbc sin A’, where m is a 
factor depending upon the mean latitude of the triangle, and be sin A’= twice 
the area of the plane triangle, approximately the area of the spherical 
triangle. 

Now ¢m=mean latitude = 4[(42° 30’) + (42° 23’) + (41° 59’)]=42° 17’. 

For which, by Table VII, log m=1.40428. 

By considering the triangle plane with the side VV known as 45128™, 
and the angles given to seconds, we compute by the law of sines, log WV 
and log WN=4.74786 and 4.77722, respectively. 

Using two solutions to check the result we have 


log m= 1.40428 log m=1.40428 

log NV =4.65445 log VN =4.65445 

log NW =4.77722 log VW =4.74786 

sin N=9.94818 sin V=9.97754 

log s=0.78413 log s=0.78413 
S= 04.03 s= 6.08 


Ex. 2. In the triangle Milo-Clyde-Niles the length of side Clyde-Niles 
is 44884m,27 (log =4.6520942) and the following angles were observed and 
latitudes determined : 


Milo, 49° 24’ 22’".71 b= 42° 35 
Clyde, 66 19 09 .25 f=43 03° 
Niles, 64 16 31 .64 b=42 48 


Find the spherical excess. 
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100. Effect of Height upon Horizontal Angles.—The observer 
at A, Fig. 78, at sea level sights upon M at the height h above 
sea level at B. The vertical plane 
of collimation at A projects M to 
B on the line drawn to H, where 
the normal at A meets the 
earth’s axis, while the true pro- 
jection is at B’ on the normal 
MH’ to the surface at M. The 
angle between the normals is 0. 
This makes an error x in the 
horizontal angle at A due to 
the height h. 

First we find the angle between the two projecting lines at M. 
In Fig. 79 let C be the intersection of the normals at M, and Mz 
(M, is at the latitude of A and Mz at that 
of B), both in the same meridian. If 4s is 
small C will also be the center of curvature 
for the are M,Mo, and 


Ase AG ie Snorer ey oh) 


If M,C be produced to meet the axis at 
H, and the reduced difference in latitude 
M,HMz be called 4¢’,(M,H=N), 


Fic. 79. Ages Ags aise ep) 


From (a) and (0), 


But 
9= 46-49" = 49 ( - 75) =48(1-5). 


From the values of R and N, (56) and (57), 


=e) 


me 
N 1—é sin? ¢’ 
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Substituting, 
o=49(1 1-—é jas cos? 


—e@sin? f/ 1—é sin? df 


From Fig. 78, 
RAf=—s cos a, nearly, 
where a is counted clockwise from the south and s is the dis- 


tance between stations (latitude difference= distance into cosine of 
bearing). 


Hence, 
j= se? cos® db cos a se? cos® d cos a 
~  (1—e? sin? f)R (l—e?)N 
hse? cos? db cos 
ioe WANG 
BB’=ho (—2)N 


The corresponding horizontal angle error at A in z-measure, 


BB’ sina _ he? cos? ¢ sina cos a 


ie s (1—e?)N ‘ 
he? cos? f sin a cos a 
i 
HON ain 17 oS (72) 


This will be a maximum for a=45°. If ¢ also =45°, 


x’’=().000 055h, id el fe, ee eee) 


where / is in meters. 

For a height of 1000™ this would give 0’7.05. The probable 
error in the value of a primary angle is seldom less than 0/’.25, 
so that the above correction would be negligible except for very 
high altitudes. 

101. Triangle Side Computations.—The triangles of a trian- 
gulation net are strictly spheroidal, but by § 100 the three vertices 
of a triangle can be projected down to sea level by lines drawn 
to the center of a sphere tangent to the ellipsoid at the center 
of gravity of the triangle and having \/ NR for radius, without 
introducing horizontal angle errors as great as the errors of ob- 
servation. 

The sides of these projected triangles have the same lengths, 


within the errors of measurement, upon the tangent spheres as upon 
the ellipsoid. 
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The triangles can thus be considered spherical, and, by Legendre’s 
theorem, computed as plane by subtracting one-third the spherical 
excess from each spherical angle. 

In simple systems, and where the greatest accuracy is not 
desired, if the sum of the observed angles in any triangle does 
not equal 180°+ the spherical excess, or the sum of those about 
a point 360°, the error is distributed equally among the angles, 
or sometimes inversely as the number of repetitions. 

But in complicated systems, or where On 
extreme accuracy is desired, the errors 
are distributed by the method of least 


AwA,.=7275.66 


squares. The following is a convenient 
form for computation. A or 
Base O,,0,= 6410.66 ft. 
OF 0 Benes 3.8069028 
ST Rete es 99907935 We. 80. 
bce hi LSS TCD are ae ee eae es 3.8161093 
EOE soe, 9 8593280 Shc € Oe ae 9.9156182 
3.6754373 3.7317275 
A,0-= 4736.28 0,,4,=5391.72 
3.6754373 
aineA Sa 9.8135605 
BOOS UGS an aa otis we Oe iene 3.8618768 
SIO ee 9 .9999957 sin A,,? . 9.8819486 
3.8618725 3. 7438254 


O-A-= 5544.03 


The form of triangle computation employed by the Coast 
Survey is as follows, using for illustration the triangle of § 99, Ex. 1: 


é Cor- | Spher- | Spher- Plane Loga- 
Stations. Opler . d rec- ical ical |Anglesand| rithms, 
Bee. tions. | Angles. | Excess} Distances. 
(1) Norwalk to Vinton. .. uy ee As 45128.45 | 4.6544504 
(2) Woodstock.........- 45° 42’ 23’7.00|—0.70} 22.30 | 2.02 20’7.28 | 0.1452317 
(CS) Norwalk ter ences 62 33 55 .52|—0.70} 54.82 | 2.03 52 .79 | 9.9481837 
(4)P Vinton weeecetrece 71 43 49 .66|—0.70} 48.96 | 2.03 46 93 | 9.9775353 
(5) Woodstock to Vinton. 55958.47 | 4.7478658 
(6) Woodstock to Norwalk 59871.12 | 4.7772174 
180° 00’ 08’7.18 6.08 | 
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In the station column, after stating in line (1) the known side 
of the triangle, the station opposite this side is set down, and then 
the two other stations, proceeding around the triangle in the 
clockwise direction. In line (5) is placed the side from the station 
opposite the known side to the last-named _ station, viz., that in 
line (4). Finally, in line (6) isset down the remaining unknown 
side. 

The observed angles, summing up i80° 00’ 08’.18, are set in 
the second column. Since the spherical excess by § 99 is 6’’.08, 
the sum of the observed angles is too great by 180° 00’ 08’7.18— 
180° 00’ 06’.08=2’’.10. This discrepancy is commonly distributed 
among the angles by the method of least squares, but we here 
distribute the discrepancy evenly between the angles and obtain 
the spherical angles. By subtracting one-third the spherical excess 
from each triangle, the plane angles are obtained from which the 
triangle is solved. In the logarithm column, term (2) is the 
colog sin of the angle, while (8) and (4) are the log sines; (5) is the 
sum of (1), (2), and (3); and (6) is the sum of (1), (2), and (4). 

Ex. Compute according to the above form the triangle of Ex. 2, § 99, 
employing seven-place logarithms. 


CHAPTER VII. 


GEODETIC POSITIONS. 


102. Difference of Latitude.—lIt is usual to find the latitude 
and the longitude of one or more of the triangulation vertices by 


astronomical observation, as also the 
azimuth of one or more of the sides, 
and from these data to compute the 
positions of the other vertices and the 
azimuths of the other sides. The 
formulas for computation are obtained 
below. 


In Fig. 81, P’ is the pole of the{ §& 


\ 
\ 


ellipsoid and P that of a tangent 
sphere. The latitude ¢ of A and the 
azimuth @ (measured clockwise from 
the south), and distance s to B, are 
given. 

Since o, the subtending angle of s, 
is always small, being usually less than 


, 
7 


Fig 81. 


1°, we have by Maclaurin’s theorem, form. 33], 


$'=(0) = ($)o—0+ (=) a+ (28) 


In the differential triangle PAB’, 


ay 2 


Pe es) 38 
+(98) f+. 


form. 27], 


cos PB’=cos PA cos AB’+sin AP sin AB’ cos PAB’. 


Noting that PA =90°—¢ and PB’=90°— ($+d¢), this becomes 


sin (6+d@) =sin ¢ cos do—cos ¢ sin do cos a. 
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Expanding the first member, 
sin 6+d¢ cos.P=sin d—do cos $ cos a, 


since sin db=dd and cos df=1, etc., or 


dd _ 
ae cand cosa . 
Differentiating, 
ap = oo a—=sina sis 
do? da d ‘i d 


To find = from the differential triangle PAB’,:fo 
O 


Cote A 


sin PAB’ 


or 
do tan 6+cos a@ 


cot (a+da)= face 


By forms. 2], 3], and 4], 


sina (cos w@—da sin a) = (sina+da cos a) (do tan 
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(a) 


(0) 


rm. 29], 


sin AB’ cot PA—cos AB’ cos PAB 


+cos a), 


sin a cos a—da sin? a=de sina tan d+sina cos a+da cos? a 


(neglecting the term of higher order). 


da 
Wo Sn tan ¢. 


From (6), 


a 


x 
peas —sin?@ tan ¢. 


Differentiating, 


dh __d(—sin?a tan ¢) 
do® do 


P da 
=—2 sina cosa tan d6d—-—sin2 a sec? 
oe b 


(¢) 


(d) 


ad 
da 
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From (a) and (c), 
= 


—,= 2 sin? a cos a tan? 6+sin? w cosa (1+ tan? ¢) 
=sin? aw cos a(1+3 tan? ¢). 
Substituting now in Maclaurin’s theorem above, we have 


g’—d=—o cos a—}o? sin? a tan f 
+ $o% sin? a cosa (1+3 tan? g), (74) 


where ¢’—¢ and o are in z-measure. 


For sphere of radius N, = 5p where s is the distance in linear 
units. 
Substituting, 
Oe ; 
$’—¢ V 5N2 sin crathrieg eee sin? w cos a(1+3 tan? ¢). 


By 


If the center of the sphere is taken at H the sphere will be 
tangent to the ellipsoid along the parallel through A so that ¢ 
will be the same for both, as also s anda. The linear difference 
in latitude will be the same for each surface, ie., 


(¢’—$%)N=4¢R,, sin 1”, 
N 


sin 1/” 


or AEN se ea (e) 
where 4f=difference in latitude in seconds for the ellipsoid, 
and R,, is the radius of curvature of the meridian for the middle 
latitude. 


Substituting, 
} scosa  s?sint?atand s®sin?a cosa(1+8 tan? d) (75) 
ae Psi SON ig sine)” 6N2R,,, sin 1” s 


It is inconvenient to look out R,, for the middle latitude, which 
is at first unknown. If R for vertex A is used the resulting 
difference in latitude 0¢ will have to be changed in inverse ratio 
to the radius by (e); ie., 
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i.e., the true value can be found by subtracting 06 . eee 
approximate value. 
7 9 ale) 
From (56), R-a aa oF 
Tense qR—o —e?)3e? sin d cos d dh 


(1—e? sin? d)? 


Since dR is the change from the starting point to the middle 
latitude, 


dp _do¢ 
enn 3 
Hence, 
dk _3esingdcos¢sin i”... 
Ot. 2(1—e? sin? $) Sale 
aac a 4 
Pincre Ty de? sin ¢ cos ¢ sin 1 


2(1—e? sin? d) 
The corrective term=(0¢)?D. . . . . (76) 


For convenience in computation place 


1 } tan-o. 4, The Cosa : 
R sin 1” CC 2N RS chs. fh ARG Brat era Ot Dy, 
-1+3 tan? ¢ 


NP en EH. Substituting h and £ in the third term, it becomes 
yb 


hs? sin? al. 
Substituting in (75), 
—Ap=sB cos ats?C sin? a+ (0¢)?D—hs?E sin2a. . (77) 


B,C, D, and E are given in Table IJ, the unit being the meter. 


The fourth term is insensible for log s<4.23. The third 
term is insensible for log h< 2.31, while h? may be used for (0d)? 
for log s< 4.93. . 

are : : dtd at 

The fourth differential coefficient, dot ag’ < 9"".002, TOMe a= lc 
or s=100k™ and may be neglected. Its value may be found in 
App. 9, Coast Survey Report, 1894. 
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103. Difference of Longitude.—In the triangle PBA of Fig. 81, 
by form. 26], 
sin o sin @ 


sin 4A= See 


Referring to a sphere tangent at B since we are now dealing 
with ¢’, its center at H’, a, ¢’, and 42 are the same as for the 


ellipsoid, while ¢=~ 


N’ 
Substituting, 
2  & Sir 
sin 4iA=sin N’ cos ¢”" re en (78) 


It is more convenient to assume * 


Adm As sin @seC=g! <7 tie (79) 


where pera a), and correct for the difference between are 
N’ sin 1 

and sine for both 4A and a. 

Form. 13], 

sInt=— Eos =s(1-% ae; ») 
j a 
log sin x=log «+log ee 
Form. 37], 


y2 


6’ 


: Ee 
log «—log sin x= log (1 ~)=M 
where M is the modulus of the common system of logs. 


. g/!2 
log (log x—log sin x) = log Bs rans | 


= 8.2308 +2 log x”. 
Hence for 4A, 


log (log difference) =8.2308+4+2 log 41”. . . (80) 


* We wish a value of 4A in seconds of are directly. The arc is greater 
than the sine, so we must add a correction for 44 to the expression for the 
, : ; : 5 : s fare 
sine of 4A to give us the are. ‘Then if we use in this expression Nv (=) 

ra 
instead of sin o, we must subtract a correction for s. These corrections are 
in the form of factors given by logs. 
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For o, 
log (log difference) = 8.2308 + 2 log s +2 log A, 
Using an average value (8.5090) for log A, 
log (log difference) =5.2488+2 logs. . . . (81) 
For convenience in tabulating place 
8.2308 +2 log 4A=5.2488+ 2 log s, 
which gives 
log s—log 4A=1.4910 for the same log difference. . (82) 


The correction for log s is negative and for log 4 positive. 

The values are given in Table III. 

In using the table, take out the corrections with log s and 
log 4A as arguments and add their algebraic sum to log 42. 

104. Convergence of Meridians.—In the triangle PBA of Fig. 
81, by form. 28], 


cos $(a—b) 
cos $(a+b)’ 


— 1 = 1 cos 3(p— ?’) 
or cot 44a=cot 44d Sr VCaCr ss 


tan $ (A+B)=cot $42 


where —4qa is the change in azimuth from A to B due to the 
convergence of the meridians. 


Inverting, —tan }da=tan} i oh. eet 


Expressing 44a in terms of the tangent and tan 444 in terms 
of the arc, by forms. 17] and 15], and denoting the middle latitude 


by dm 


¥ sin hm 3( singdm sin? d,», 
Aon’ cos 44g 2? 144) cos SE 
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Placing cos 34f=1 in the corrective terms, 


SIN Pip : ; 
dal” = Az" +,(424"")3 sin dy» cos? db» sin? 1” 
cos 44h 12 ) ¢ o) (84) 


= 42" sin $m sec b4G + (41")9F | 


where f=, sin d» cos? dy» sin?1’”’, tabulated in Table II. 

The last term is only 0.01 for log 47/’=3.386 and need never 
be used for secondary triangulation. 

The inverse azimuth, 


dade Kiba Alc stoe ae eer clears eora(cti} 


For computing 4, 41, and 4a the adjusted spherical angles 
must be taken and not the plane ones used in computing the 
triangle sides. For each triangle, starting from the known side, 
the latitude and longitude of the required point must be the same 
computed from each of the two sides, while the inverse azimuths 
of these two sides must differ by the third angle, thus checking 
the work. 

105. Form of Computation.—As shown in the three preceding 
sections the equations for computing geodetic positions in primary 
triangulation are: 


—Ap=sB cosats?C sinta + (0¢)?D—hs?E sin? a, 
AA=As sin a sec ¢’, 
— da=ddsin 3(p+¢’) sec 446+ (4)3F. 


A convenient method of performing this computation is that 
adopted by the Coast Survey, an example of which is shown on 
page 180. The geographic position of Station Mount Blue is 
known and the distance and azimuth at Mount Blue of the line 
joining it to Ragged Mountain are given by the triangulation. It 
is desired to find ¢’ and X, the geographic coordinates of Ragged 
Mountain and a’, the back azimuth of the connecting line. 

4 must be computed first. B, C, D, and EF are taken from 

Table II with ¢ as argument, and the first and second terms of 
‘ the formula are computed. The sum of these two is the 0¢ in- 
volved in the third term, while h in the last term is the value of 
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the first term alone. These terms are combined in a manner 
readily followed in the form. 


w Mount Blue to Mount Pleasant. 26° 19/ 28'7.69 
ZL és Ragged Mountain and Mount Pleasant. —85 35 25.78 
a Mount Blue to Ragged Mountain. 300 44 02 .91 
4a +50 03 .88 
180 
a’ Ragged Mountain to Mount Blue. 121 34 06 .79 
¢ 44° 43 41/’.437 Mount Blue. A 70° 20’ 33/7157 
Ad — 30 56 .052 s=110,743.7 metres. 4) -—1 1127 .830 
$ 44 12 45 .385 Ragged Mountain. a 69 09 05 .327 
FIRST. SECOND. THIRD. FOURTH. 
8 5.0443191 5 GE 10.08864 sy 6.5372 h 3.2633 
COS @ 9.7084678 | sin? a 9.86854 2.3926) s? sin? a 9.9572 
B 8.5104887 C 1.39991 E 6.2069 
———— aa 8.9298 —— 
h 3.2632756 1.35709 9.4274 
1st term | +1833’’.478 | 3d term | +0’.0851 (4258 10.897, 
2d term | + 22 .756|4th term| —O .2675 F 7.844 
3d (+4th)} +1856 .234 —0 .1824 8.741, 
terms = 0 .182 


—4p | +1856 .052 


8 5.0443191 
sin « 9.9342701,| Arg. 4d 3.632237 
4(h+¢’) |44° 28’ 13’7.4 A 8.5090107 s — 218 |sin ete) 9.845433 
td 0 15 28 .0} sec. ¢/ 0.1446280 4d, | +3814] sec 4(4¢) 0.000004 
3.6322375,, + 96 3.477674, 


= 0 .06 


4} — 4287’’.830 | — 3003” .82 


— Ag — 3003 .88 


With 4 determined, ¢’ is known and 4A may be computed, 
A being taken from Table II with ¢’ as argument. The result 
obtained by the formula must be corrected for the difference 
between are and sine as shown in § 103. By referring to Table III 
the corrections for log s and log 44 may be found by: using these 
numbers as arguments. The algebraic sum of the two correc- 
tions is in this case 0.000 0096 and is included in the final value 
of 4A. 

Having determined 4/, 4a is found last, F being taken from 
Table II with ¢,=3(f+¢’) as argument. 

In secondary triangulation the fourth term of the 4 formula 
may generally be omitted, as may also the two corrections to the 
longitude and azimuth differences, while sec }4f=1. 
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106. Polyconic Map Projection.—This projection is the one 
most generally used in platting geodetic and topographic surveys. 
It supposes each parallel of latitude to be developed upon its 
own cone, the vertex of which is on the axis at its intersection 
with the tangent to the meridian at the parallel. 

In Fig. 82 the side of the tangent cone, or radius of the devel- 
oped parallel, 

fe IVUCO UC ee HS 1g a neta (86) 


If an are of the parallel subtend the angle 44 before develop- 
ment, and @ after development, 


SU lige aN COS P 
0=A) : Bae 


or 


OE A ALB oan a) Sarees UST) 


x 


HiGs 82: 


The radii of the developed parallels are so great that the parallels 
are plotted by coordinates. 


z=rsin 0=N cot ¢ sin (4Asin ¢), } - 
ee rican) ie pete (SS) 


In platting, a central meridian is drawn as a straight line upon 
the map, and the true distances between parallels are laid off 
from Table IX. Perpendiculars, by describing arcs with a beam 
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compass, are carefully drawn through these points for the x co- 
ordinate axes of the parallels. The x coordinates are then laid 
off on each for the different longitudes from the table. Per- 
pendiculars are drawn through these points and the y coordinates 
laid off from the table. The meridians join the points of the 
same longitude and the parallels those of the same latitude. 

A glance at Fig. 82 will show that, starting from the pole where 
the radius of the developed parallel is zero, the radius increases 
more rapidly than the distance from the pole, becoming infinity 
at the equator; the developed parallels will then not be con- 
centric circles but the distances between them will increase with 
the longitude from the central meridian; distances in latitude 
will then be stretched out as we leave the central meridian, dis- 
torting the map since the longitude scale is constant. 

The triangulation stations must then be plotted by latitude 
and longitude, interpolating between the nearest meridians and 
parallels and using the triangle sides for checks only. 

107. Mercator’s Map Projection.—This projection is used by 
navigators on account of the facility in obtaining directions for 
constant bearing or rhumb-line sailing. A tangent cylinder is 
drawn at the equator; the meridional planes are produced to 
meet the cylinder in elements, and the cylinder is then developed. 
The meridians thus become parallel straight lines at distances 
apart equal to the true distances at the equator. This enlarges 
the scale in longitude in the ratio a/R,. 

To preserve local bearings the latitude scale is increased in the 
same ratio; the loxodrome or curve of constant bearing at sea thus 
becomes a straight line with the same bearing on the map. 

To find a sailing course between any two points, the navi- 
gator joins them on the map with a straight line, measures the 
angle made by this line with a meridian and allows for the mag- 
netic variation. 

In the differential triangles LCP, Icp, Fig. 83, 

dm LP ee a 
ds Ip ip Rp 
Substituting for ds= Rdg and for Ry= N cos ¢, 


aRdd (89): 
Wo: Rea 


dm= 
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Substituting the values of R and Nand integrating between 
the limits ¢, and ¢2 will give the distance on the map between 
the corresponding parallels. 


Fig. 83. 


108. Location of Great Arcs.—If the two extremities of the 
line are given, the latitude and longitude of each is accurately 
determined by astronomical observation. The azimuth and 
length of the line can then be found by (77) and (79). 

Thus, 

: 4) cos $’ 
A leery 


$CcosSa=2= ~F[4o + CP +D(49)?— Bp yy? 
whence 


tana=~ and s=xseca=ycoseca. . . . (90) 


If the distance is great it may be necessary to employ several 
triangles in locating the arc, or to test the direction by an observed 
azimuth at an intermediate point. 

A lack of agreement of a few seconds in the astronomical deter- 
mination of the difference of latitude or of longitude, due to “ sta- 
tion error,” which is not uncommon in rough country for fairly 
moderate distances, would affect the relative positions by at 
least that number of hundreds of feet. The line run would thus 
correspond to a random line which would probably require a 
small correction in azimuth and distance to reach the required 
point. 
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109. Location of Parallels.—Great arcs and parallels of lati- 
tude are both used as boundary lines between countries and states. 
First to find any point A of the parallel, a station A’ as near as 
may be is occupied and its latitude determined by observation; 
the difference between it and that of the required parallel will 
give the arc 4f to move either north or south on the meridian to 
reach the parallel, or, in distance at sea level, 


ss RAS Sin se ee as OD 


If 4¢ is large the latitude of A should be determined by a 
new set of observations on account of the danger of station error. 
Having one point A, the parallel can 
be determined by offsets from the prime 
vertical AB. 
In the right triangle PAB, form. 31], 
tan o =tan 4A cos ¢. 
Expressing o in terms of the value 
of its tangent and tan 4, in terms of 
the angle, forms. 17] and 15], as in 
§ 104, 
o=4A cos 6+4(4A cos $)3 tan? ¢, 
or 
s=oN=N sin 142" cos d 
Fra. 84. +4N(44” cos ¢ sin 1’) tan? g. (92) 


Placing a= 90° in (75) for the prime vertical, 


s? tan d 


ap 2N RFR sin 1’: 


Hence the offset from the prime vertical to the parallel, for 
any distance s from the tangent point, 


P=—dd"R sin ee A wie COGS, 


Since P varies as s?, if s be divided into n equal parts, the 
ordinates to the parallel will be 


(=) P, he (2)'p. geese cep ate 
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The direction angle 
EBA OOP Ads Os. ss ce ee er (95) 


while those of the n—1 ordinates, assuming s to increase propor- 
tionately to 4A, will be 


90° 42, ae je med CCG) 
n n ‘a 


If the parallel to be located is long 44 should be divided into 
sections and each one located from a new prime vertical to avoid 
long offsets. 

Errors of direction may be prevented from accumulating, and 
station errors may be detected, by observations for azimuth and 
latitude at the beginning of each new prime vertical. 

In locating the 49th parallel west of the Lake of the Woods 
(U.S. Northern Boundary Survey, Washington, 1878) astronomical 
observations for latitude and azimuth were taken at points about 
twenty miles apart. At first four of the stations were observed 
jointly by the United States and British commissions, afterward 
each commission occupied alternate stations. The uncertainty 
in latitude is estimated at about 7 feet. 

For azimuth a bull’s-eye lantern was set up near the prime 
vertical at a distance of from 1 to 3 miles and its azimuth deter- 
mined by observations on pole stars near elongation; the differ- 
ence between the observed azimuth and 90° was converted into 
distance for the offset from the lantern to the prime vertical. In 
ranging out the prime vertical the hubs were double pointed to 
eliminate error of collimation. At the end of the line the inverse 
azimuth was observed. The average azimuth error was 20’ in 
18 miles; when less than this the line was considered correct, if 
greater it was adjusted in computing the offsets to the parallel. 

The difference between the computed offsets irom the tan- 
gent to the parallel and the measured distance to the astronomical 
mound or monument was taken to be the station error. The 
station error between two adjacent stations was over 7” in one 
case and about 4” in several others, corresponding to about 700 
feet and 400 feet respectively. The astronomical parallel was 
the one located on the ground and monumented. The total off- 
set from the tangent to the parallel was made up of the computed 
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offset from the prime vertical to the parallel, increasing as the 
square of the distance,+the proportional part of the station error, 
+the error of the initial point north or south of 49°,+the correc- 
tion due to azimuth error. | 


Ex. Required the data for locating the 42d parallel between New York 
and Pennsylvania from the Delaware River (approx. longitude 1° 30’ E.) 
to the west end of the state (approx. longitude 2° 54’ W.), total distance 
4° 24’ in longitude. 

Dividing into three equal parts, we have 44=1° 28’. Apply form. (92), 


5280” = 42 p=42°, 
log sin 1” 4.685 5749 log (sin 1” 4A cos ¢)3 4.83785 
Ah 3.722 6339 N 6.80536 
cos 9.871 0735 1/3 9.52288 
8.279 2823 tan? ¢ 9.90887 
N 6.805 3577 2d term=11.9 1.07496 
Ist term =121517.8 5.084 6400 121517.8 
S= 121529.7 meters 
From (84), since cos }(4¢)=1, we have 
se 10.169 3648 4h 3.72263 
tan d 9.954 4374 sin 9.82551 
10.123 8022 — 4a=3533”.0 3.54814 
2N 7.106 3877 — 58’ 53” 
CB=1040.9™ 3.017 4145 90° 


V=" 89s OM0M = ACBA 


The ordinates and direction angles for intermediate points can be found 
by (94) and (96). 


110. Parallels by Solar Compass.—From (84), the conver- 
gence of the meridians for short lengths of the parallel, 


—fa"=AX" sin ¢. 
From (79), since sina=1, nearly, 


As 
Au=—. . ... : 
A cone Peng 3 
Substituting, ; 
Aa" SAStEN Abe oe ee ee) oe 


The first instrument point being upon the parallel, the solar 
will give the meridian, from which to turn 90—34q@ from the south 
to reach the parallel. In our latitude, 42° 30’, the convergence 
for the width of a township (6 miles) is 4? minutes. This would 
give 90° 24’ for 90—434a. 
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The difference in length, d, between the north and south lines 
of a township will be the distance s’ between them into the con- 
vergence in seconds times tan 1”. 


est A La ioe | oe fe eg ee CIO) 


For long distances the difference should be found by computing 
the are of the parallel for each latitude and subtracting. 

111. Rectangular Spherical Coordinates.*—In Europe the posi- 
tions of triangulation points have been found more convenient 
for use by local surveyors when expressed as coordinates than as 
latitudes and longitudes. In the rectangular system the x coor- 
dinates are measured on the meridian through the origin O, Fig. 85, 


Fic. 85. 


and the y coordinates on great circles through the poles QQ’ of 
the meridian. Thus the coordinates of A are x and y, and of B, 
x’ and y’, positive to the north and east. 

The bearing or direction angle @ is the angle made, not with 
the meridian through A, but with the parallel AP through A 
having the same poles QQ’ as the meridian. 

To find the coordinates and direction angle at B from those at A. 
In the triangle ABQ, the three sides are known, as also the angles at 


Q E @’—2)p | and at A [=90°—{]. 


* See Jordan, Handbuch der Vermessungskunde, Vol. III. 
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Hence for y’, form. 27], 


cos BQ=cos AB cos peas AB sin AQ cos A. 
cary 8 Dies 
sin = COS BS np Yt sin = RSP sin £. ce A100) 
For 2’, form. 26], 
= gam AB sin A 
sin BQ.” 
eee a! 
sin —p—=SI cos £ sec Fie ke dee (101) 


For §’, form. 28], 
tan $(A+B)= ee eer sec $(AQ+ BQ), 
1 / 
cot 4(G—’) =cot sae —2) cos au’) cosec apy FY); 


tan 4(G—f’)=tan one —x) sin pty sec av’ —y). (102) 


Replacing the functions of the small angles by the develop- 
ments in series (100) becomes (see Table I) 


y’3 s? \ / re) ose gees 
y— Eee (1 sm) (v- tis) + (s— an) (1-3) sin 6 
ey Gk oe ai a 

Y (1 oR fia) tssin a(1 (1 BR? tm). 


Since y’3 has a large divisor, the approximate value, y+s sin £, 


: es 1 
found by neglecting all terms containing pe can be used for y’, 
giving 


2 2 2 
Samim oR? ae ssin (5-25), 


=y+ssin B— oar (3s°y — 3sy sin? 2+ s3 sin @—s3 sin’ 8), 


1 2 
y’=yt+s sin P— sp08°Y cos? bain? sin 6 cos?@. . . (108) 
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From (101), 


(2’—2)3 ( 88 Nes 
[see a i 4 
Ce tana oS ae) cos (1-2) 


3 Staay 2) 
=s 005 0(1- 55+ 4). 


For a first approximation, 


x’—x=s cos Bf. 
Substituting, 


g’—zr= s7a(8 605 B)8-+8 cos B—ahas8 C08 B+ sry? cos 7, 


or 
x’ =2X+8 COS B+ saps? cos B— aa COs B sin? @. . . (104) 
From (102), 
/ 1 / / 
B-8 = spat —x)(y +y). 2 Sree: Tetemesicue—<o (105) 


Substituting for y’, y+ssin £, 


p— p= pyle! - = 2) +yro(0! —z)ssin Bf. . . (106) 


If ssin =n, and s cos B=m, (103), (104), and (106) become 


all 1 
a a Ny oleae ae 
y’=ytn mys r3 mn) 
a =a2-+-m ee - pee 
2R? 6R2 
my mn 5 atte Sea ays) 


— foes Des eee —E—E————— 
p—8 R2sin 1” 2R2sin 1/’’ 
also, 
p—B 2R2 sin 1’” 
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The terms containing 1/R? in the values of y’ and 2’ are the 
small corrections to the values which would be found for plane 
coordinates. For the ellipsoid 1/ ss : pina by 1/RN as in § 95. 

Table XI gives the values of gee (the form of each corrective 
term for the coordinates) and tie ibs ES =, (the form of each cor- 

RN sin 1 
rective term for the convergence) for values of m and n from 10k™ 
to 100 for latitude 40°. The variation with latitude is small. 
Thus the values for m=100k™ and n=100™ change from 12™.31 
and 50’’.8 at 40° to 12™.28 and 50’’.6 for latitude 50° and to 12™.30 
and 50’’.9 for latitude 30°. 

Mental interpolation can be used for small distances, but slide 
rule interpolation would be more convenient for large ones. The 
values in the columns of the first part of the table increase as m2, 
and in the second part as m, while the values for the horizontal 


and 


2 
lines for both parts increase with n. For the terms en 
mn 
2RN sin 1” 

respectively in recording. 

112. Mapping Spherical Coordinates.—In mapping, the y coor- 
dinates are laid off perpendicular to the central meridian. This 
enlarges the latitude scale as the distance from the central meridian 
increases. 

From (103), replacing s cos 8 and s sin @ by their approximate 
values, x’—2, and y’—y, 


the tabular quantities can be divided by 3 and 2 


s sin B= (y’ —9) +5 pa(e! = 2)2y t+ gal! —2x)?(y’—y). 
Similarly from (104), 

s cos B= (a’ = 0) aaa" =a)? + al! =a) a). 
Squaring and adding, 


ie 2)2y-+ gro (a! —2)2(y'—y)P 


+[@’—2)—5 ee — 2) yf? + rola! a) (ya) ye 
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Placing the distance for plane coordinates, or the map dis- 
tance= So, 


il 9 / 
peer ee wut gpote! —2)*(y’—y)? 


1 
Se eres Fae” —2)2(y/ —y)? 


= so? + ae — x)"[3y(y’—y) +2(y'—y)? —3y?] 
= 89? — ae —2)2(y?+yy' +y?) 
= So ae — a cost 8G yy 4-97 |; 
or 
s=%| 1—x5 pe Be +y 
Expanding by the binomial theorem, 
8=89| 1—z — 2955 6087 _B(y? + yy’ +y)]. . (108) 


Putting the map magnification=G, and expanding by the 
binomial theorem, 


So cos? 3 
at bie 6R2 (y2tyy’+y’). . . . (109) 
For short lines y=y’, nearly, giving 


G= Lt av? CORO GS M,C) 


This becomes unity for @=90°, the map giving true differ- 
ences of longitude, and a maximum of 


G= 1+ 2 for B= 0. 


CHAPTER VIII. 


DETERMINATION OF THE DIMENSIONS OF THE ELLIPSOID. 


113. The Meridian from Two Latitude-degree Measurements. 
These arcs may be on the same meridian, or on different ones if 


the earth is assumed to be an ellipsoid of rotation. The are s 


Fig. 86. 


is measured, as also the latitudes of its extremities for each case. 
Placing 


ho—d1=49, t(p2tb1)=¢, $4—fh3=44', 2(h4td3)=¢’, 
s=dpRsin1", s'=4¢'R’ sin 1”. (111) 


Dividing and substituting the value of R from (56), 


2 + le sino. 
vas) —il-é@sin?d *° 
Solving for e?, 


Fe Wg sta rs a ey RD 
sin? d’ —q? sin? d ; 
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Substituting the value of R from (56) in (111), 


_ s(l—e*sin? d)? _ s’(1—eé sin? ¢’)3 
4d(1—e?) sin 1” dd’(1—e?) sin 1” 


a 


(113) 


Having the semi-major axis, 
semi-minor axis, b=aV1—e. . . . . (114) 


The entire quadrant can be found from (66) if desired. 

114. Reduction of a Measured Arc to the Meridian.—The arc 
is supposed to make only a small angle with the meridian. 

From (75), MN (Fig. 87) or P 


K=49R sin 1” 


1 
_— — — 92 gjn2 
§ COS @ N° sin? aw tan p 


+ ays sin? a cos@ (1+3 tan? ¢). (115) 

The second and third terms of the last member 
are so small that an approximate value can be 
used for N. 

With two oblique arcs this case can thus be 
reduced to the preceding, or with a chain of Fig. 87. 
triangles side after side can be projected for the whole length of 
the chain. 

115. The Meridian from Several Latitude-degree Measure- 
ments.*—This involves the formation of observation equations 
between the observed latitudes and the projected, or directly 
measured, meridional arcs. The simplest relation is (111), which 
can be used for a 4¢ of several degrees on account of the large 
probable error of a latitude determination, some 0.04” or 4 feet, 
aside from the station error. 

For longer ares a correction for (111) will be required. 

From the formula just above (66), Chap. VI, with the values of 
A and B restored, 


s=a(1—e?)[(1+ $e?) (f”’ — f’) — $e? (sin 26” —sin 24’) .. .] 


* This article and the next should be omitted until Part II has been 
studied. 
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Eliminating sin 2$’—sin 2¢’ by form. 8], - 
s=a(1—e?)[(1+ $e?) 4p — Ze? sin 4d cos 26... .] 
Replacing sin 4h by 4f—4(4¢4)?, 
s=add(1—e) (1+ 3e2— 302 cos 26 + 4e2(4h)? cos 26...) (116) 
Expanding the value of R from (56), form 32], 
R=a(1—e?)(1+ ge? sin? d) 
=a(1—e?)(1+ $e? — Ze? cos 2¢). 
Hence the approximate value (111) for s, 
s, = 4¢R=as4h—e*) (14 36 — 3? cos 2¢). 


Subtracting this value from the true value (116) will give 
the correction ds to apply to the approximate value, or 


s—s,=0s=adp(1—e?) ke? (4)? cos 2¢, 
or, with 4¢ in seconds, 
Os= ae? (46” sin 1”)? cos2d. . . . « (117) 
The correction for 4$=1° reduces to —O0™.028 in latitude 0°; 
+0™,014 for 6=30°; 0.7000 for 6=45°; +0™.014 for 6=60°; 
+0™,028 for = 90°. 
Jordan gives the following data: * 


Latitude Degree Measures in Europe. 
= A 


Station. Cz —— Meridian Are a, 
Latitude ¢. 4g. 

Formentera $1 =38° 39’ 56.1” 
Barcelona $, =41 22 47.9 2° 42/ 51.8” 301 354 
French { Carcassonne $, =43 12 54.3 4 32 58.2 505 137 
Pantheon og, =48 50 49.4 10 10 538.38 1181050 
Dunkirk ¢, =51 02 08.8 12 22 12.7 1374572 

Dunnose go, =50 37 07.6 
Baglish | Greenwich ¢, =51 28° 39.0 OFS! S14 95 620 
pens Arburyhill d, =52 138 28.0 1 36 20.4 178 720 
Clifton On Oana olel 25 00 8230 315 892 

Hanover { Gottingen $y=51 13 47.8 
‘ Altona gu=53 32 45.3 2 00 57.5 224 458 

Trunz Opp e salss NAS ; 

Prussian { Koénigsberg $,¢= 04.242 50.5 0 29 39.0 54 985 
Memel ‘ $,,=55 43 40.4 1 30 28.9 167 962 

Belin diz—vd2 02 40.9 
: | Jakobstadt @e—oo 30) C456 4 272350 496 114 
Russian 4 Dorpat $,=58 22 47.3 6 20 06.4 705209 
Hochland $,5=60 05 09.8 8 02 28.9 895 315 

Maloérn O5—00- aL 30.3 
Swedish | Pahtawara $o)=67 O8 49.8 137, 1925 180 828 


* Vermessungskunde, Vol. III, 1890, p. 507. 
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From the first two latitudes, 


S Os 
$2— 91 Rain” Resin 


where 


te sin? ®)? 


R a(1—e?) 


195 


(a) 


(0) 


Since a and e? are unknown or required quantities, we sub- 


stitute for them approximate values with corrections. 


a=do+0a, e? =e? + de?, and Ro=the value of R resulting from 


the approximate do and @?. 


Expanding by Taylor’s theorem (see § 122 for extension to a 


function of two variables), 


11 ,4a) 


ROR da °° de 


But 


(a) _ Ge sin? g)! 


da (l—e?)a2 ’ 


= -3 by neglecting all terms containing ¢?. 


if 
(z) — (1—e?)3(1—e? sin? )! sin? 6 + (1—e? sin? f)? 


de2 ale 


=< —3sin? d), by neglecting e? terms. 


Substituting in (c), 


tesa el 
Ro ae? 


da is (1—2 sin? $)de?. 
Ao 


=e) ae 


(c) 
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Hence (a) becomes 


1 Peco Oe2 os 
p2= 91 + tale 20+ (1 §sin Diet eee (d) 


The value of os is given in (117). 

The measured meridional ares are considered accurate or 
perfect in comparison with the observed latitudes. The observed 
latitudes require corrections v1, v2, so that (d) becomes, with the 
last term omitted, 


i Ow de? 
= se — sin? ¢)— 
got v2= $1 hy ae ae are gras sin ae —): (e) 


In the coefficients of da and de? all terms containing e? were 


omitted. This is equivalent to placing R=a, and — =p2—- 1. 
Substituting in (e), 
UD SU tie ey 
+ (1—}sin? f)(p2—¢)de + antes (2-91). 
For convenience place 
0a . 
== THA" = O00 eee otc enka 


Substituting in (f), 
agrt+bytl=ve—-2, 
where 


Ass p2—P1 _ g2-f1 3 ain? 
Oi 1000 Qa” b= 1000 (l—# sin d), 


Sy 


eB ni a 
For ap and eo? the Bessel ellipsoid is taken, for which 


ag =6 377 397.155™, e?=0.006 674 372. 
Then 
ao (1 — ep”) 
(1 —e¢? sin? )?’ 
These values give 
a, = — 1.53, b= +3.71, l= —0'.2. 


Ro= 


log Ro= 6.803 5358 for the first arc. 
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Similarly the coefficients and absolute terms for the other 
equations are found. 

These do not correspond to observation equations, as there 
are two residuals or corrections in the second members. This 
is due to a correction for the initial latitude as well as for each 
of the others, and corresponds to the case of direction observations, 
where for each new position of the circle a correction is required 
for the initial reading as well as for each of the others. 

Adding an observation equation for each initial latitude and 
placing the v for each in the first member as a correction will 
give twenty observation equations as follows: 


OBSERVATION EQUATIONS. 


V1 =U; 
Vy —1.5382+ 3.7ly—0.2” =v, 
VY —2.57xz+ 5.838y—1.4 =, 
On —5.75x+10.36y—2.1 =v, 
Vy —6.98%-+11.3ly+1.2 =v, 
V6 = V6 
V5 —0.48%+ 0.29y+3.2 =v, 
OF —0.91z7+ 0.48y+3.2 =», 
U5 —1.607+ 0.69y—1.9 =v, 
Vi9 =V,9 (h) 
Ons —1.14¢7+ 0.40y+5.0 =v [°* ° ° 
Vie Sp 
Vio —0.28%+ 0.0ly—0.5 =v,, 
Vip —0.85r— 0.038y+3.3 =v,, 
V5 = U5 
Ve = —2.022-— 0. 1893.6 =95, 
V5 —3.08t— 0.27y4+0.7 =v, 
v,, —4.54%— 0.94y1+2.3 =v, 
Vi9 = 
Vo—0.9°@— 1.5ly—1.1 =v) 
The normal equations are formed as usual. 
NORMAL EQUATIONS. 
£5 —16.83x+ 31.2ly— 2.50=0 
+40, — 2.99x+ 1.46y+ 4.50=0 
20,6 — 1.14%+ 0.40y+ 5.00=0 
+304, — 1l.lez~— 0.02y+ 2.80=0 
+40, —10.64%— 1.03y+ 6.60=0 
+2v,,— 0.92x— 1.5ly— 1.10=0 


— 16.830; — 2.990, —1.140,)— 1.13,,— 10.64,,—0.922, 9 
+ 137.072 —155.11y—23.18=0 
+31.21v; +1.46v;+ 0.40v,)—0.020,,— 1.03v-;—1.512 49 
: —155.11x + 287.21y—14.08=0 
Expressing the v in each of the first six equations in terms of 


x and y and substituting in the last two, we find 
x= +0.4023, y= +0.2347. 
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Substituting in (g), 


da= 1000x= + 402™.3,  de?=0.001ly= +0.000 2347, 
a=ao + 0a=6 377 397.2 + 402.3=6 377 800, 
e2 = ey? + de? = 0.006 6744 + 0.000 2347 = 0.006 9091. 


Substituting the values of x and y in the first six normal equa- 
tions will give v1, V, Vio, Vi2, V15, Vig. These values together 
with those for x and y substituted in the observation equations 
(h) will give the other v’s. 

Squaring each v and adding, 


[e2]=52. 
2 ce 52 ” 
Tero fsa ge eee = 


for the mean square error of a latitude determination referred 
to the ellipsoid. This is very much greater than the m.s.e. of a 
latitude determination, showing that an ellipsoid of revolution 
will not fit the data without large station errors or local devia- 
tions of the plumb line. 

The v’s for each group, i.e., French, English, etc., foot up zero 
within 0.01. 

116. The Ellipsoid from a Degree Measurement Oblique to 
the Meridian.—The observed data are the latitude and azimuth 
at each end of the line, the difference in longitude, and the linear 
distance. 

Each observation will give an equation of the form 


[Ba YZ5s ch dy mei, ee 


where the required quantities X, Y, Z,.. . are the most probable 
values for the observed quantities, 6;, $2, @1, @2, 42, s, and for 
the dimensions of the ellipsoid, @ and e?. The corrections for 
the observed or assumed values are denoted by 0. 

For 4, 


f1(¢1 +0¢1) -—$,=%, or 66,+0=%,. . . . (b) 
For ¢2, 
fo(¢1 +0¢1, do +04, eo? + de?) —po= vo, 
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or, expanding by Taylor’s theorem, 
dfs ee dfa. 2» 
iby do, + aoe ay BOE 


/2(¢4, ao; ee g2t~ de2 
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(c) 


The quantity /2($1, do, €o2), the computed value of ¢2, can be 
found by (75). Place this computed value less dg=l2. For the 
differential coefficients only the first term of the second member 


of (75) need be used, i.e., 


f2(p1 +01, 40 + 0a, eo? +002) = 1-58 cos @ 


where r= (1—e? sin?d)}. 


Differentiating, 
Gigi Gig C0 
PER pie Phas apices ada, 
Sees than? 
dha 9 fire Uw Ss cos ade?. 
de To: 


Substituting in (c), 


— 2 — 3(1—e 9?) sin? 
6, — = se08 ada + FE) a ee 
0 


TO 


For 44. By (79), 
ssina, _7’ssinay 


2 Pray ae aaa a pe a eee Dae 
f3(@o + 0a, €0 +0e ) N’ cos eo a cos 2 5) 


/ 


2 if 
since ={4=-. 
NOS@ 
Differentiating, 
LD oe UNE I pit 
da, ag? COS 2’ de? 2agr’6 cos pe 


Substituting in (f), 


rosSina,, sin? dos sin ay 


— = de? +13 =. 
ao” cos do 2agr’o COS fo Beier? 


; aos cos Ade? +1g= V9. 


@) 


(¢) 


) 


(9) 
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For a, 

ja(Qy t+0a1)—A,=v4, or O0a,+0=4. 
For Qa, 

f5(ay +0ay, do +da, o? + de”) —a2= U5. 


By (84) and (85), 
Q2=/5=180°+a,—4Asin dm 


ssin@,sin dm 


= 180° +a,— 
: N’ cos $2 
/ ~ = 
r’s sin a, sin 
Ee gE 
a cos dz 
dfs dfs. ro’ SiN ay sin pms 
—Ja,=0a,;, —-da=+ 
day da ao? cos de 
2 
IIS es MU EL BLO ZF) 
dee” 2agro’ cos do 


Substituting in (2), 
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(h) 
() 


, 


day +785 sin ay tan De dats ——— sin a, sin? ¢ tan d. de? +15= 5. (7) 
oro 


Collecting equations (b), (e), (g), (A), and (J), 
the coefficients of da and e? by a and 8, 
Opi th =, 
Ody 20a + bode? +1g= Vo, 
— a30a — b30e? +13= v3, 
Oay +l4= 4, 
Ja, +a50a+b50e? +15 = vs. 


Weights can be introduced if desired. 


and denoting 


(118) 


If s is large or poorly measured so that its m.s.e. is appre- 
ciable in comparison with those for ¢, 44, and a, another equa- 


tion should be added, viz., 


J6(@o + 0a, eo? + de?) —s= Ug. 
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From (90), 
j _N’4i cos $, _ add cos $y 
S sini) | or’ Siniay 
ae 
dee Ae a oF a, ele = ce es) 
das ro sina, de? 2ro° sin ay 
giving 
' in2 
SIs SE UE ey ee 
ro sina, 2ro° Sin @, 
Hence 


aga + bgde? +16 = v¢6 


is the equation to be added to (118). 

If a second line starts from the initial station and its azimuth 
is computed from the observations which gave a,, there would 
be added to (118) 


Oy —a70a + b7de? +17= U7 from 3, 
—agda — bgde? +lg=vg tt 4),- 3) 
0a, + agda + bgde? + lg = vg Q3, 
a490a + b190e?+1,9=049 if s1—3 is considered. 


The distance s can be greater than a triangle side by solving 
for an approximate a by (90); computing through the chain of 
triangles with two angles and the included side given each time 
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to find the third angle and the second side; calling the change 
in direction of s at each intersection 180°. Then a,, ag, and s 
as found for the total distance can be corrected for the error 
in closure at B by adding xz to s and dividing y by s sin 1” for the 
correction to @. 

For the more general treatment for an astronomical geodetic 
net, taking into account station error in its effect upon latitude, 
longitude, and azimuth, see Helmert’s Hoheren Geodasie. 
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117. Results of Degree Measures.—The actual shape of the 
earth as compared with a spheroid of revolution can best be appre- 
ciated by comparing the dimensions obtained for the spheroid 
from the measurements of different arcs. The following are 
taken from the Coast Survey Special Publications No. 4 and No. 7. 


SPHEROIDS OF REVOLUTION FROM DIFFERENT DEGREE 
MIASURES. 


No. of - 2 
Spheroid of— Amplitude. astronomic Soe bebteoks a—b. 

Bessel, 1841 PRS Bay A! 38 ¢'s 6377397 63856079 21318 
Clarke,* 1858 75 6 378 494 6355746 22748 
Clarke, 1866 DEH) is 0 40 ¢’s 63878206 6356584 21 622 
Clarke,* 1880 ra =88 59.8 ; 6 378 249 6356515 21 734 
U.S. parallel 39° {48°16.8cos f 281s a 

L. Superior merid. | 9 23.8 10 ¢’s 6 377 912 6 356 309 21 603 
U.S. parallel 39° 48 16.8cos f 28 1's = 4 and 
Peruvian meridian { 3m Otel 2 ¢’s f 6 378 027 6 356 819 21 208 
U.S. oblique are DVS IB Sule 84 6 378 157 6357210 20 947 
Harkness, 1891 6 377 972 6356727 21 245 


* For converting English feet to meters, Clarke’s value for 1866 was used, viz., 1 ft.= 
0.304 797 27m. 
+ From The Solar Parallax and Related Constants, Washington, 1891, p, 138. 


The Clarke 1858 spheroid is a special one for “Great Britain 
and Ireland. It contains a range of 12° in latitude and the same 
in longitude. If this is omitted, the range in values for the semi- 
major axis is 852™ or about 1/7500, and for the semi-minor 1131™ 
or about 1/5600. 

In the United States and connected by continuous triangu- 
lation there are 265 astronomical determinations of latitude, 
79 of longitude, and 163 of azimuth. This gave an excellent 
opportunity to study the distribution and amount of the deflec- 
tions of the plumb line and to eliminate or largely reduce their effect 
in computing the geodetic positions and azimuths for use in find- 
ing the figure of the earth. 

The geodetic positions and azimuths are obtained by com- 
puting the positions and directions of the astronomical stations 
and observed azimuths from assumed but nearly correct data. 
The differences, astronomical minus geodetic (4—G@), are taken 
for latitude, for longitude, and for azimuth. A correction is 
then found for the initial data so that 2(A—G)=0, or nearly 
so, for latitude, longitude, and azimuth. The correction due 
to placing 2(A—G)=0 will depend upon the distribution of the 
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astronomical stations over the area; groups of stations affected 
by the same local or general station error should be replaced by 
a single representative one. The extension over new territory 
or a change of the reference ellipsoid will also affect this correc- 
tion. Hence geodetic positions and azimuths must always be 
regarded as more or less tentative. 

In view of the statements made in § 102 about the equality 
of distances and azimuths on the spheroid and tangent sphere 
it may be interesting to note that the shortest line between Wash- 
ington, D. C., and Eastport, Me., is about 1/1000 inch shorter 
than a plane curve joining the points.* 

The Coast Survey recently traced the boundary between Cali- 
fornia and Nevada running from a point in Lake Tahoe, about 
45° east of south, to Fort Mohave, a distance of 404.5 miles. The 
difference between the shortest line and the plane curve is about 
1/6000 inch. The angle at either end between the sight lines 
between the two stations, the one with the instrument at Lake 
Tahoe and the other with the instrument at Fort Mohave, due 
to the normals not intersecting the axis at the same point, is about 
2S: 

118. Local Deflections of the Vertical.—Local deflections of 
the plumb line are explained by the attraction of mountains or 
elevated plateaus and by variations in the density of the earth’s 
crust. The attraction of two small masses m, and mz at the 
M,Ms 

d2 

For a point on the surface of the earth, if regarded as a sphere, 
the attraction is the same as if the mass were concentrated at - 
the center. If a small mass is horizontally distant d from this 
point, the relative attractions of the earth and the small mass 
upon the point are M/R? and m/d?. Hence if 6=the deflection 
of the plumb line due to m, 


distance apart d is proportional to 


mR? 
tan = Maz’ 


The volume of the earth=4zR?, and its mean density is 


* Recent Progress in Geodesy, by E. D. Preston. Phil. Soc. of Wash. Bul. 
Vol. XIII. 
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about 5.63 (as compared with 2.3 for rock), while in round num- 
bers R =6 370 000. 
Denoting the volume of the mass m by v and its density by 0, 
m=v0. 
Substituting, 
vd 


G1 0.001 318+ ee <a 


The effect of elevated masses can thus be computed if the 
topography is known. If the mass is large in proportion to dis- 
tance, it should be divided up and »3/d? found for each part and 
added, or a more general expression found by calculus.* 

After correcting for the topography, deflections still remain, 
and these are accounted for by variations in density. Inves- 
tigations under way by the Coast Survey, taking into accovn: 
the deflections of the vertical due to topography, and the con- 
trary deflections due to defects and excesses of density below 
the surface, lead to the conclusion that the elevated masses are 
in the main supported by material of deficient density and that 
this deficiency compensates within a depth of about 70 miles. 

Thus “The United States is not maintained in its position 
above sea level by the rigidity of the earth, but is, in the main, 
buoyed up, floated, upon underlying material of deficient density. 
... It is certain that for the United States and adjacent regions, 
including oceans, this compensation is more than two-thirds com- 
plete—perhaps much more.”’ + 


* See Coast Survey Special Publication No. 4, p. 848. 
tJ. F. Hayford, Proc. Wash. Acad. Sciences, Vol. VIII, p. 32. 


PART WIE. 


LEAST SQUARES. 


CHAPTER IX. 
THE METHOD OF LEAST SQUARES. 


119. Introduction.—The methods of observing for geodetic 
work have been quite fully described in Part I. Attention is 
called to the care and skill required to secure good results and the 
tendency to check results by additional observations. In many 
cases these check observations are additional measurements of 
the same quantity. In this case the arithmetic mean is taken 
unless the observations are not considered equally reliable. 

In other cases the check observations are indirect, that is, 
taken on some function of the first observed quantity or on some 
other function of the required quantity or quantities. In this 
case the propagation of error through the function from the meas- 
ured to the required quantity or quantities will vary and the 
method of least squares is necessary to obtain the best values for 
the unknowns. Thus the distance across a stream may be meas- 
ured directly and the measurements repeated as a check and to 
increase accuracy, or the check may be obtained by measuring a 
base line and triangulating. Again, the angles required at a trian- 
gulation station may be measured directly and each repeated as 
many times as necessary, or they may be measured indirectly as 
described in § 51. If in either case the horizon is closed, an ad- 
ditional check is secured and a modification of the adjustment, 
will be required. 

Again, even if the angles at the station are directly observed, 


on entering the triangulation algebraic equations due to geometric 
205 
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conditions are found to exist between them and a least squares 
adjustment is necessary for the best results. 

Such conditions are: that the sum of the angles in a triangle 
shall have a fixed value, that the length of a triangle side when 
computed from the same initial side through different triangles 
shall have the same value, etc. 

The method of least squares thus has for its object the finding 
of the best or most probable values which can be obtained from a 
given series of observations for a set of unknown quantities de- 
pending upon physical measurement. It also has for its object 
the determination of the degree of confidence which can be placed 
in the results as determined from the agreement of the observa- 
tions among themselves and from the propagation of error through 
a function or equation from observed to required quantities. 

120. Classes of Errors.—Observations are subject to several 
classes of errors, as follows: 

Ist. Constant errors, or those which under the same circum- 
stances, and in the measures of the same quantity, have the same 
value; or those in which the value can be made to depend upon 
the circumstances by some definite law. They are usually sub- 
divided into: theoretical, such as refraction and curvature in level- 
ing, whose effects, when their causes are once thoroughly under- 
stood, can be computed in advance, and hence they cease to exist 
as errors; instrumental, such as the line of collimation of a level 
not being horizontal when the bubble is in the center, which are 
discovered by an examination of the instruments, or of the obser- 
vations made with them, and may be removed, when their causes 
are understood, either by a proper method of using the instru- 
ments or by subsequent computation; personal, such as always 
setting a target a little too high, and which depend upon the pecu- 
liarities of the observer. These latter are often the subject of 
special investigation under the name of ‘‘personal equation”’; 
while not strictly constant, they are nearly so with trained observers. 

These are frequently separated into two classes, using the term 
systematic errors for those which vary in accordance with more or 
less definite laws. 

2d. Mistakes or abnormal errors, such as reading a circle a 
degree out of the way, the slipping of a clamp, the sighting at a 
wrong object, etc. 
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3d. Accidental errors, or the necessary inaccuracies which can- 
not be computed in advance from the circumstances of the obser- 
vations and eliminated. 

The limit of the first class is fixed by the limit of knowledge of 
instruments and of physical phenomena. 

The limit of the second class can only be approximately fixed, 
as there are no means of distinguishing between inaccuracies and 
small mistakes. 

In what follows the third class alone should be understood, 
unless otherwise stated. 

The following may be assumed as axioms: 

1. Small errors occur more frequently, or are more probable, 
than large ones. 

2. Positive and negative errors of the same magnitude are 
equally probable, and in a large number of observations are equally 
frequent. 

3. Very large errors do not occur. 

121. Mean-square Error.—The square root of the average 
square of the errors is called the mean-square error. It is denoted 
by m.s.e. or ¢, and is used in comparing the accuracy of different 
sets of observations. 

Thus if 4), 4o,..., 4» are the true errors committed in a series 
of n equally good observations, 


\ 


(120) 


edge ort del 
n i 


62 


Ex. In Bessel’s Gradmessung in Ostpreussen the excess over 180° plus the 
spherical excess, is given in seconds for the measured angles in 22 triangles 
as follows: 


No 4 Ae alINO: 4 A2ie NO: 4 42 |No. 4 4? 


Forward, 6.249} Foiward, 10.855] Forward, 24.411 
1 +0.36 +0.130) 7 +1.76 3.09813 —1.36 1.850/19 +1.67 2.789 
2 +0.93 0.865) 8 +0.92 0.846)14 +1.86 3.46020 —0.72 0.518 
8 —0.51 0.260) 9 +0.56 0.381415 —0.42 0.176/21 —1.35 1.822 
4 1.46 2.132110 90.00 0:000/16 +1.68 2.822122 —0.98 0.960 
5 —0.95 0.902/11 —0.59 0.348]/17 +1.62 2.624 

6 —1.40 1.960/12 0.00 0.000)18 +1.62 2.624 


6.249 10.855 24.411 30.500 


“* The square brackets are used to denote summation. 
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Hence 
The m.s.e., e=V30.500/22 =1.18. 


If the triangle closures were larger the m.s.e. would be larger, so that ¢ 
increases with the inaccuracy of the observations. 


122. Law of Propagation of Error.—(a) Let 
g=ta,M,t+aeMot...anMn, . . . . (2i) 
where a,;, @g,..., Qn are constants unaffected by error, and M,, 


Moz, ..., Mn are observed independent quantities with m.s.e.’s 
&€j, 2, -++y, En. 

T4556 Ji ai pe a ee Ag bere 
errors for different observed values of M,, Mo, ..., My, the errors. 
in the corresponding values of x will be 


+4 =+014,’ +4240’ +... an4,’, 
+4," =+0,4," +4040” +... 0,47”, 
+4,/"= +0443/" tad oe!’ +. ne ad ee 


(a) 


Squaring both members of each equation and adding, 
[4 27) = a,7[417)] + ae*[4 07] . . .+0,2[4,7] +20, as[4;4e] ... 
+2a,a,[4,4 nl + 2a20,[4 24 »] OQ (b) 


Positive and negative errors of the same magnitude being 
equally liable to occur, by Axiom 2, the products 


+2a,a2[4,40]...+2a,0,[414n]+2a9a,[4o4,]... 


will tend to foot up zero (approaching it more nearly the greater 
the number of observed values) and may be neglected.. 
Hence, dividing (b) by n, and remembering the definition of 
m.8.€., 
Sf = Oy2by* Fe POs » (122) 


In the general case, 


z= f(M,, Mo, seme ys ot 6) ey neh tes (123), 


where / denotes any function. 
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If the different observed values be substituted for the true 
values of the observed quantities, we shall have 


GEA, =f(M, +47’ , Mot’, ...4 Mntd,’), | 
tt4_"=f{(M,+4,", Mzt49",...,Mnt4,”). 


Expanding the second members by Taylor’s theorem, and sup- 
posing the observations accurate enough so that the squares, 
products, and higher powers of the 4’s may be neglected,* 


dj df, dj 
pre / / 
Ap wer aM? -+ Loy, de 
Gf yn, 4eoan df 
= ton," aM; ——A» he dM, 


These correspond to (a); hence, from (122), 


i 2 af dis 

a 

6,2= (air .) fe dM ) ve ae dM, ze -VCL24) 
Ex. 1. Find the m.s.e. in the length of a city block 500 ft. long measured 

with a 100-ft. tape having a m.s.e. in its length of 0.01 ft. Ans. 0.05 ft. 


* Tf w=](«, y), and x be increased by h, 


du h au We 
dx 1 are Le 


where = =}’(y), which we may place =z. 


If y be increased by k, 


du 
3 dae 
ey, = _dek de ke t ge ue 
Z=f'y+k) oa yh dyt 1D" da a ; 
Hence 
du 
1 1 2 
tath, y+k)=f(2, yy ny Eiht ot 
But 
du kau kh? 
(@,yth)=1@, +E Ttae Tat 
Substituting, 1 
fe+h, y+k)=f(@, +o et age 


Similarly we may extend to three or more variables, as assumed above. 
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Ex. 2. Find the m.s.e. in the length of a city block 500 ft. long measured 
with five 100-ft. tapes, each with a m.s.e. of 0.01 ft. Ans. 0.02 ft. 

Ex. 3. In the triangle ABC, Fig. 89, AC or M,=1060 ft. with ¢,=0.1 ft.; 

the angle A or M,=50° with e,=10” (in are 

=10sin 1’); the angle B or M;=64° with e;=10”. 

Find the m.s.e. for BC or X. 

b a Solution.—Hq. (123) reduces to 

= sin M, 

a : c=]}(M,, M,, M3;)=M, ate 

dj, sina 


Fic. 89. dM, snM,; M, 2) 


df _M, cos M, _ %, 
dM, =e ive =2 cot M,=758, 

dj"_ __ ,,sin M, cos M, 
dM; 1 sin? My 


Cc. 


=903.44 ft. 


=-—xcot M,= —441. 


6,2? =—5¢,?+ 2? cot? M,e,?+2? cot? M,¢,? 


= (0.85 X 0.1)? + (758 X 10 X 0.000 004 85)? + (441 X10 0.000 004 85)? 
=0.0072 + 0.0013 +0.0005 =0.009, 
€z=0.095 ft. 


Ex. 4. The weight of a piece of paving-brick in air, 1/,=1.67 oz. The 
weight of the same piece in water, 7,=0.96 oz. Find the specific gravity 
and its m.s.e. for ¢,=¢,=0.01 oz. 

Ne re ee ee 
Specific gravity, 777M, 

Ex. 5. The diameter of a steel test-piece which broke under a load of 
30 000 lbs. is 0.6846 inch+0.0012. What is the unit strength of the steel 
and its m.s.e.? 

Ex. 6. A line 1km, long was measured first with a —m line measure bar, 
whose m.s.e. was 2.5". It was then measured with two end measure bars, 
whose m.s.e.’s were also 2.5". Find in each case the m.s.e. of the measured 
kilometer due to this source of error. 


123. Law of Propagation of Error.—(b) In (b) of §°122 it may 
be noted that in summing the products of the 4’s one of the fac- 
tors, 4, may contain constant error, or otherwise differ from the 
accidental errors of observation included in Class 3, § 120, and 
the sum of the products will still approximate zero, so that the 
value of ¢,? will be given by (122) or (124). 

Ex. If the m.s.e. in placing a 50-ft. tape length is 0.02 ft., and the m.s.e. 


in the length is 0.01 ft., find that in a 1500-ft. line measured with the tape, 
due to both causes. 
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From the first cause, by (122), 
€z/? = (0.02)+ (0.02)?+... for 1500/50 =30 terms 
(each measurement giving an M). Or 
ex’ =.02V'30=0.11 ft. 
From the second cause, by (122), 


» .1500X0.01 
Ex => 


50 =0.30 ft. 


From both together, 
ex=*V (0.11)? + (0.30)? =0.32 ft. 


Reducing the m.s.e. from the first source to one-half its value would only 
reduce the final m.s.e. to 0.30 ft., while reducing that from the second source 
to one-half would reduce the final m.s.e. to 0.19 ft. 

It is thus seen that but little is gained in accuracy by reducing the errors 
from one source when larger ones from another remain unnoticed; the great 
gain comes from reducing the larger ones. 


124. The Simple Arithmetic Mean.—When a number of equally 
good, direct, and independent observations are taken for the 
value of an unknown quantity, the arithmetic mean is always 
taken for the best or most probable value, there being no reason 
for giving more influence to one than to another of the observations. 

Thus if the observed values are M,, Mo, ..., My, the most 
probable value 


La rite Ch ware Gil. anos Peace) (125) 


This can be written 


1 1 1 
zo= —My,+—Ma+—Mp..., ° 


so that if e=m.s.e. for an observed M and e9=the m.s.e. for x, 
we have, from (122), 


ON eae e\? 
a= () +(£) aaa ai to n terms=n(<) ; 


or 


e2 ‘ 
ee ee 12 
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i.e., the m.s.e. of the arithmetic mean decreases as the square root o} 
the number of observations increases. 

The difference between the arithmetic mean and the different 
observed values are called residuals. 

If they are denoted by 2, v2,..., and the error of the arith- 
metic mean by 0, we shall have: 

Residuals, 

V,=%0—-M,, ve=x—Me... 
True errors, 


4,=(to£0)—M,, 4o=(tot0)—Mz,..., 
i 44=%,;40, Ag=vetd... 
Squaring and adding, 
[4?]=[v?]+ 20[v] + ne?. 
Eq. (125) can be written 
| (xo — M1) + (wo—Mz) + (to—_M) - . .=0, 


OF; 
Pe aOs, cleat aca, ees eer 


Substituting and dividing by n, 


The most probable value of 0, the error of 2, is usually as- 
sumed to be the m.s.e. of the mean itself, or 0=eg=¢/Vn. Sub- 
stituting, 


Real 
TR 
youl 
Bi Pra Ree ot wk), 
From (126), 
9 [v?] 


£0 ~ n(n—1)° ere ty Se (129) 


Ex. 1, The following values are given in Pri, Tri. U. S. Lake Survey, 
p. 895, for the observed difference in longitude between Detroit and Cam- 
bridge: 
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—v +0 v2 
June 21 0» 47™ 418.154 .040 .0016 
Le Dy 41 .171 .057 .0032 
JOS DR 41 .138 .024 .0006 
ne we: 41 .110 .004 .0000 
ee 48) 40 .995 LOM Oe 
Totalainnere toxortyc oe needs Tealiie JAIL PRS see 


Mean 2)= OLE ONES CEA NTR! 


Each v is found by subtracting its M from x. If the mean were exact, 
{v]=0 instead of +0.002. In any case [v]=n2, —[M]. 


=) [v*| See 
*0 (es 20 Vee 


Ex. 2. From the following determinations of the length of an iron bar, 
find the most probable value of the length and its m.s.e. 


645™™ 67 CO EN, (cs 


.69 19 
78 2 
81 .68 
65 .70 Ans. 645.72 +0.02. 


125. The Weighted Arithmetic Mean.—An observation is said 
to have the weight w, when its m.s.e. is equal to that of the mean 
of w observations of weight unity. If then <’ is the m.s.e. of an 
observation of weight unity, and ¢,, ¢2,... are the m.s.e.’s for 
weights w ,, We,..., we have from (126) 


— e/2 an /2 
Ey , &9 ’ 
Wy, W2 
or 
Wy E92 
— oy) . . * . ° ° . (130) 
Ws ey 


i.e., the weights are inversely as the squares of the m.s.e.’s. 

If the different values of a quantity, ,, Ms, M3, ..., have 
the weights w,, We, w3,..., each value being supposed to be the 
mean of w values of weight unity, the sum of the original values 
can be found by multiplying each mean by its number of obser- 
vations and adding; the average can then be found by dividing 
by the total number; i.e., the arithmetic mean 


— (Myw,+Mow2+M3u;3...) [Mv] 


: 1 
(wy + W2+ Ws Hen ) [w] ( 31) 


v0 
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ee ra ° ° . e . . > (132) 
Eq. (131) can be written 
(0 = Mwy + (eo Mo) 02+ (x9 —Mg)ws = 0; 


that is, 
al Oss ck OM. ad fay, ee ee eee 
As in § 124, 
Ay=vy +06, Ag=vetd, Azs=vetd.... 


If each equation be squared, then multiplied by its correspond- 
ing w, and added, 
[w4?]=[wv?] + 2d[wr] + 02[v]. oe or ees tealig fies Ree 


The observations with weights w give errors 4; the correspond- 
ing errors for weight unity would most probably be AV w, from 
the relation (130) between weights and m.s.e.’s. Therefore [w4?] is 
the sum of the squares of the errors for weight unity, =ne’? by 
(120). 

By § 124, 


¢! 


N= SS s——= oy CEE 
0 Vw] y (132) 


Substituting in (a), 


or 
> [wv?] 
(Sp 
a Se te es ane ngeced aee (134) 
[wr?] 
oS 
(CES Gea Ao tele (135) 


Ex. 1. The following values are given in Pri. Tri. U. S. Lake Survey, 
p. 895, for the observed difference in longitude between Detroit, Mich., and 
Cambridge, Mass. 


w wM v wr wr? 
May 13 Ob 47m 418.168 0.5 0.581 —.117 —.059 .00684 
23 40 .966 0.5 0.483 +.080 +.040 .00320 
24 41 .038 1.0 1.038 4.008 +.008 .00006 
26 41 .0380 1.0 1.080 +.016 +.016 .00026 
June 4 41 .084 1.0 1.084 —.0388 —.038 .00144 
11 41 .012 1.0 1.012 4.0384 +.034 .00116 


AMOMWES 5 cits Oeipeacnciars nto a Sere 5.0 5.228 +.001 .01296 
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Mean =0 47™ 415.046. 
€)=V 0.01296 /25 =08.023. 


The mean is exact only to the third decimal place, but [wv]=[w]z,—[wM] 
checking 2p. 

Ex. 2. From the following measurements of a base line deduce the most 
probable value of the line and its m.s.e. Employ also the method of eontrol 
of $126. 

3456’ .378 40.002 
.369 +0 .008 
.365+0.010 
.372+0.006 

3456 .374+0.005 


126. Controls.—Simple Arithmetic Mean. Since 
Vy=Xo—My, vo=xXo— Moe, v3=X%o—Msz,..., and nxzp=[M], 


[v2] = nxp? — 2ro M]+ [M2], 
or 
2 
pe— py] AE Deets ec teton Lar CLO) 
Also, from (127), 


[v]=0. 
Weighted Arithmetic Mean. Since 


V=Xo—-M,, ve=%o—-Mo, v3=%)—Mz,..., and by (131), 
[w]zo=[WM],  [wv?]= x0?[w] — 22o[wM]+[wM?], 


[wMP 


or [wv?]=[wM?]— [w] 


Also from (133), 


(137) 


[vwl=0. 


It may be noted that the left-hand places as far as they agree 
may be left off from the values of M, or any constant subtracted, 
whenever it will simplify the numerical computation for (136) or 
(137). 

Ex. 1. In Ex. 1 of § 124 we have for the different values of M, subtract- 
ing 41 from each: 0.154, 0.171, 0.138, 0.110, —0.005. 


Squaring and adding 
[2] =0.0843. 
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Adding and squaring, 
2 
ee = 0.0647. 
[ar] — “iw Beh 0196, 
checking [v7]. 
The mean 2%), when multiplied by 5 is 0.002 greater than [MJ], so that[v] 
0 


should = + 0.002 instead of 0. 
Ex. 2. In Ex. 1 of § 125, subtracting 40 from each M, 


[wM?] =5.48041 


lwM J" _ 5.46744 
[w] 


0.01297, checking [wv’]. 


127. Closeness of Computation.—If the most probable value x 
as computed by a rigorous method have the errors 4;, 42, 43,..., 
the value «+c, computed by an approximate method, will have the 
errors 4,;+c¢, 4g+c, dgtec,.... Hence 


2 (4; +c)? + (4o+c)?+... 
Ex+te —__—. 


= The 


= 2 aL e, 
or 


2 
Exic= eo(1+3 of <) (approximately). 


If we allow the difference between ¢,+, and ¢, to be 0.0le,, 
i.e., allow the m.s.e. to be increased 1% by inaccuracy in compu- 
tation, which would appear safe, then 


0.01 =c2/2e,2, 
or 
eQ. [he a A ar ees 


., the error of computation can be 14% of the m.s.e. without sensibly 
increasing the inaccuracy of the result. 


Ix. 1. In a 7-place log table the error in the last place will vary from 0 to 
5, all values cine these limits occurring with equal frequency. The m.s.e. 
this method of distribution of error is a/V 3, where a=the greatest error. 
This would give m.s.e,=0.5/V 3 =0.29 in the 7th place. An interpolated 
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value, expressed as M, + (M,—M,)m (where Mand M,are the adjacent tabular 
quantities and m the percentage interval between the corresponding num- 
bers), would have the following m.s.e.’s for different values of m, the 7th 
place only being retained in the interpolation (Annals of Mathematics, I1, 
pp. 54-59; or Smithsonian Geographical Tables, p. \xxxvi). 


1 | 1/2 | WS iy 4/5 1/6 (1/71 1/84) 1/90) 1/10 
29 a 35 oo Ese SS 2zSRN ip BO, be One 90 


The average m.s.e. will thus be well within 0.4, or c=0.4. In geodetic 
work a m.s.e. of 0.3 second is about the minimum value for horizontal angles. 
A triangulation will be most exact, or the test most severe, when the angles 
of each triangle=60°. The change in log sin 60° for a change of 1’ is 12.2 
in the 7th place, so that the m.s.e. due to inaccuracy of measurement = 
0.3X12.2=3.7=ex. Substituting, c/e,=0.4/3.7 =11%, instead of the 14% 
allowed by (138). 

Again a m.s.e. of 1/1 000000 is excellent base line work. The log of 
1 000 000 is changed 4.3 in the 7th place by a change of unity in the number, 
so that c/ex=0.4/4.3=9%, instead of the 14 allowed by (138). 

Seven-place logs are thus ample for the best geodetic work. 

For six-place logs, 


c=0.4 with units in the 6th place; 

ex =c/0.14 =2.86 in log units 
=2.86/1.22 =2’’.3 in angle 
=2.86/4.3 =7 in 1 000 000 in distance. 


This is ample for the best city work. 
Five-place logs are ample for 


23” in angle, 
7 in 100 000 in distance, 


or for the best railroad, or ordinary first-class field work. 
Four-place logs are ample for 


230’’, or say 4’, in angle, 
7 in 10000 in distance, 


or for the best chain and compass work, and much of the stadia work. 

With suitable tables, like Vega’s 7-place, Bremiker’s 6-place, and Gauss’ 
5-place, Encke says the times required for the same computation are as 3, 
2, 1, respectively. He also says 4 places are sufficient for minutes and 
1/4 000 in sides, 5 places for 5’’ and 1/40 000, 6 places for 1/2’’, and 7 places 
for 1/20’, limits not as conservative as the above. 
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Ex. 2. In Ex. 1 of § 125 find the number of decimal places to use in ex- 
pressing the value of 2p. 


128. Independent Observations upon Independent Quantities. 
—In the general case of indirect observations let the observation 
equations be of the form 


i(k, bs. Lp D0 .)—-M,=0, wt. ws] 
fol Xy Vo Da ae) lO Wine Pe 


| 


in which the number n of the observed quantities M,, Mo,... is 
greater than m, that of the required ones, X, Y, Z,.... 

The observations being imperfect, no set of values can be found 
for the unknowns which will not leave residuals, so that (139) 
would be more correctly written 


h(x, Y, 7p a )—-Mi=%, | 
NC. Gen er ae ee | ts ye. MEEOY 
which are sometimes called error or residual equations. 
We first find approximate values, by partial solution or other- 
wise, for X, Y, Z,...,8so that X=Xo+2, Y=Yo+y,..., (2, Porc 
being so small that terms containing the squares, products, and 


higher powers may be neglected without sensible error), then ex- 
pand by Taylor’s theorem, as in § 122. Thus 


h (Xo, Yo, Zo, as .)—-M,+ dh Cote dh yt ee +=U, 


dXg aYy adZy 
or 
act+bytcqe+...+4=% 
Similarly atS 
Agr + boy +ege+...t+lo= vo, (141) 
agx+bsy+c3¢+...+1l3=v3, 
where . i 


ee eRe 
dX, dv,’ (Same ...,=constants. 


l=f(Xo, Yo,...)—M, 
the index following the equation. 


Eq. 144.) OBSERVATIONS UPON INDEPENDENT QUANTITIES. 219 


As will be shown later, the most probable values for the correc- 


tions x, y, z,... will be those which will make [wv?]= minimum. 
Hence, since 2, y, 2, .. . are independent, 
diwv?]__, d[wv?] d[wv] | 
dx dy », dz Br 
or 


dv, dvs 
WT +. W202 +...=0, 


dv v2 . e e e . 
W1? Ti+ wane +...=0; (a) 


Substituting the values of v from (141), 
[waa]x + [wab]y + [waclze + ... +[wal] = 0 
[wab]x + [wbb]y + [wbc]ze +... (ane 0 I . (142) 
ee + fepbely-- [weelz 4... “F [wel] = of 
These are called normal equations, or better, final equations. 
They can be more briefly written by substituting in (a) the 
values of the differential coefficients from (141): 
bs [wva]=0, [wvb]=0, [wve]=0, .... . « « (148) 
Jf the weights are equal or unity, w will disappear as a factor, 
giving 
{aa]x + [ably + [acle + ... + [al] = | 
[ab]x + [bb]y + [bc]lze +... + [bl] = 0 A 7 (144) 
lacs = loca cele... + [ell = 0 


The solution of (142), (148), or (144) will give definite values 
for x, y, 2,..., which applied to the approximate values Xo, Yo, 
Zo,.-.- will give the most probable ones which can be found 
from the given equations or observations. 

Linear equations can be arranged in the form of (141) without 
approximate values whenever it will lessen the numerical work, 
the loss of higher powers occurring in the reduction to linear form, 
and not in the later work. Usually, however, the advantage of 
solving for the small corrections rather than the large unknowns 
will more than compensate for the preliminary work of substitut- 
ing approximate values. 
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129. Control, Normal Equations.—If in (141) we place 


a, +b, +¢, = 
@g+be+cet+. > 


1 =8), ] 
° lg= Soa, 

ate 
and treat’s similarly to J, i.e., multiply each by its wa, and add 
the products, each by its wb and add, etc., the terms of the 
first members will be the coefficieuts of the normal equations and 
the second members check terms for them, as below: 


[waa] + [wab] + [wac] + ... + [wal] = [was] | | 
[wab] + [wbb] + [whe] +... + [whl] = [ws] . (145) 
ss oe came ees 1 


[wac] + [wbe] + [wee] + . 


Ex. 1. Find the normal equations from the following observation equa- 
tions: 

3a + 2y—z2—-10=2, 

2z+ yt+z—16=vr, 

z+ yt+z—11=2; 

xr— y—z+ 6=%, 

x+y — 6=0; 


RK wWrhDOrRE 


Since the equations are linear and the values of the unknowns small, the nor- 
mal equations will be found directly without assuming approximate values 
and deriving corrections as in the general case. 


TABLE FOR FORMING THE NORMAL EQUATIONS. 


No. w a b c l 8 waa wab wac 
1 1 +3 2 —1 —10/ —6] +9 +6 —3 
2 2 +2 +1 +1 —16} —12/} 4+ 8 +4 +4 
3 1 +1 +1 +1 —ll} —8}4+1 +1 +1 
4 3 oo a (eeees Oise ea Slee a eke eee 
5 1 = sl 0) — 6); —4/ 41 +1 0 
+22 | So |. —J 
| 

No. wal was whb whe whl whs wee wel wes 
1 —30 | —18/] 4+ 4 —2 —20 | —12 +1 +10] + 6 
2 = 64) | S48 40) a 89) od eo te seal riod 
3 11 8 1 +1 —ll;} —-8 eal —11 — 8 
4 +18 | +15] 4+ 3 +3 —18 | —15 +3 —18 | —15 
5 —6/]—-—4/]+1 0 — 6) -4 0 0 0 
—93 | —63 | 411 +4 —87 | —63 +7 —51 —41 
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NorRMAL EQUATIONS. 
Substituting in (142), 


Check, 
222+ 9y— z2—93=0 —63 
9x+lly+4z—87=0 —63 
—2+ 4y+7z—51=0 — Al! 


From the solution of these equations. given in the example of § 132, 
c= +3.23, y=+3.09, z=+5.99. 


These values are to hundredths. If approximate values had been as- 
sumed and corrections found, the same number of figures would give the 
unknowns to four or to five decimal places. 

Ex. 2. Jordan, Vermessungskunde, Vol. I, p. 46, gives as the means of 
meteorological observations extending over twelve years barometer readings 
at nine stations, as follows: 


1. Bruchsal, h=120™.2 B=751™™.18 6. Heiden, h=492™.4 B=718™™.16 
2; Cannstatt, 225.1 742 «4.37 ~=7._Isnv, 708 .1 700 ~.48 
3. Stuttgart, 270 .6 738 .50 8. Freuden, TSY fs 697  .64 
4. Calw, 347 6 731 .27 9. Schop, 768 .9 695 .23 


5. Freidrich, 406 .7 (20 oo 


Plotting these values with height h above sea jevel and barometer reading 
B as coordinates, the curve will be nearly or quite a straight line. 

Assuming with Jordan a straight line, the equation would be of the form 
(the theoretical equation is a logarithmic one) 


xh — B=, 


where X is the reading at sea level, Y the coefficient of increase with eleva- 
tion, h the elevation known accurately enough to be considered a constant, 
and B the observed barometer reading. 


7}(X,Y)—-M =v 
becomes 
X+hY—M =v. 
Differentiating, 
dj : : 
ax Le), =) d,— 1) «65 
Hn, Ped py ny erp 


Assume X,=760™™, Y,=—0.08,* and to equalize coefficients, put 


h Easy AIRE 


* X, and Y, may be found, for instance, by plotting the points and tak- 
ing these values from the curve. 
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This will give 


1, =760 —0.08 X 120.2 —751.18 = —0.80, } 
1, =760 —0.08 X 225.1 —742.37 = —0.38, j 


ee 


_ TABLE FOR FORMING THE NORMAL EQUATIONS. 
No. a b l 8 b2 bl bs 
1 iI 120 —0.80 1.40 1.44 —0.96 1.68 
2 1 Zao —0.38 Poort 5.06 | —0.85 6.46 
3 1 Pe Tal —0.15 3.90 7.34 —0.41 9.65 
4 1 3.48 +0.92 5.40 E2eE1 +3.20 18.79 
5 1 4.07 +0.47 5.54 16.56 +1.91 22755 
6 1 4.92 +2.45 8.37 24.21 |+12.05 41.18 
7 1 7.08 +2.87 10.95 50.13 |+20.32 CSS 
8 1 7.34 +3.68 12202 53.88 |+27.01 88 . 23 
9 1 7.69 +3.26 11.95 59.14 |+25.07 91.90 
9 40.74 +12.32 62.06 | 229.87 |+87.34 | 357.97 


9x+ 40.74y’4+12.32=0. Check= 62.06 
40.74% + 229.87y’ + 87.34 =0. ff  =357.97 


Solving, 2=1.78; y’=—0.695; y=—0.00695; X—=X,+x2=761.78; 
Y=Y,+y=—0.08695. 
Substituting, the required equation becomes 


Bum —761.78™™ —0.08695h™. 


The check terms do not check the entries in the a, 6, and 7 columns, but 
they do check the numerical work of the table. The coefficients and abso- 
lute term of each equation foot up equal to the check term as required by 
(145). 

Equalizing coefficients, as in this example, will reduce the numerical 
work of forming and solving the normal equations, if the coefficients differ 
greatly in magnitude. 

Ex. 3. Given the following observation equations: 


e+ 2y+3z2=24 
3u+4y+ 2=40 
6x — 2=44 

sy +4z2=21 
L+2y+ z2=19 


Derive the normal equations from which the most probable values of 2, y, 
and z may be obtained, employing both the method of approximation and the 
direct method used in Ex. 1. 


130. Mean Square Errors of the Unknowns.—If in solving (144) 
the elimination were fully carried out, each unknown would be 
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finally expressed as a linear function of /,, J2,..., and the m.s.e.’s 
of the latter being the same as those of M,, Mo,..., and known, 
those of the former would follow from § 122. To effect this elim- 
ination, indeterminate multipliers are used, i.e., the first equation 
of (144) is multiplied by Q’, the second by Q”,..., and the prod- 
ucts added. Then to find x, such values are given to Q’, Q”,..., 
that in the sum or final equation the cofficients of the unknowns, 
Xx, y, 2,..., Shall be zero, except those of x, which shall be unity. 
This gives * for the assumed coefficients: 


Coeff. of  =[aa]Q’ + [ab]Q” + [ac]Q’’ +...= 1 
(«y= [ab]Q! + [bb]Q" + [be]Q’” +... = 0, 
ce €* 2 =[aclQ’ + [be]Q” + [cc]Q’”’ +...=0 

so that the sum equation reduces to 

eal’ [00 eley = 05 ar (0) 
(i.e., the sum of (144) with absolute terms of 1, 0,0, ...=2+ const. 
terms = 0). 

The coefficients of the unknowns in (144) and (a) are the same. 
Hence if the values z, y, z,... are found from (144) in terms of 
li, l2,..., those of Q’, Q’”’,... would result from them by putting 
{a7]= —1, [bl]=[cl]...=0. This is also evident from (b). We 
now wish to show that if e=m.s.e. of an observation of weight 


* The method of indeterminate multipliers may be more readily followed 
as applied to ordinary algebraic equations; thus, 


62+ y— z=10. Multiply by Q’. 
App y == 6c cog, 
3a +4y—42= 4. a9 Gt OW 
Sum equation, 
x(6Q’ +4Q” +3Q’”) +y(Q’ —Q” +4Q’’’) —2(Q’ +4Q/’’) — 10Q’ +6Q” +4Q””. 
Placing the coefficient of x=1 and that of y and of z each =0, gives by in- 
spection Q” =0, Q’” = 50, (6 -; Kay al, wr ==. The second mem- 


1 36 
ber foots up (0-7 X4)Q’=57 
If y had been required its coefficient would have been placed =1 in the 
sum equation, while those of x and z would =0. 
The method is frequently very convenient. 


=the value of 2. 
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unity, and ¢,=m.s.e. of the value of x found from the normal 
equations, then 
€,7=Q! é?. 


In (6), x being a linear function of l;, J2,..., we may place 
x+a,l, + Aglg+azl3+ oe .=0, oye Rey tee he (c) 


in which, by comparing coefficients with (6), 


= 0,0’ +0,Q" +0,Q'" +... | 
a= AQ’ + b2Q” + 62Q/" +... (d) 
Q3 = a3Q’ + b3Q” +¢3Q’" +... 


If each of these equations be multiplied by its a and added. 
each by its b, etc., then by (a), 


[gajl=1, ba}=0 feal=0,.2055 es Oe ee 


The number of these equations is m, the number of unknown quan- 
tities. Multiply each of (d) by its a and add, then by (e), 


fazleeO Va Oe eae oe see 
From the value of x in (c) we have, by § 122, 


622 =Ay2 627 +a—7% 62 +3262 4+. ey 
or 


alae Oe an ie Uae eure) 


Hence to find the m.s.e. of 2 in terms of that of an observation 
write —1, 0, 0,... for the absolute terms of the normal equa- 
tions and solve for 2; the value thus found multiplied by the square 
of the m.s.e. of an observation will give the square of the m.s.e. 
required. 

In the same way it may be shown that the m.s.e. of y can 
be found by using 0, —1, 0,... for the absolute terms, etc. 

If the observations have different weights, w,, wo, w3,..., the 
multiplication of each by its V w will reduce the m.s.e.’s, ¢1, €2, €3; 
..., to ¢’, the m.s.e. for weight unity by (130). All the observa- 
tions now having the m.s.e. «’, (146) will apply to (142), or to the 
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normal equations with weights, ¢ being replaced by «’. (146) 
could also have been derived directly from (142). 

131. Mean Square Error of an Observation.—The most proba- 
ble values of the unknowns substituted back in (141) will give the 
residuals, v’, v’’,..., while the true values, x+dz, y+dy,..., if 
known, would give the true errors, 


ad; (x+dax) +b, (y+dy) +a @t+dz)+...+h=41, 
da(v+dzx) + be(ytdy) +ex(e+dz)+...+h=42,| 47) 
a3(x+dx) +b3(y+dy) +e3(2+dz)+...+l3=43, 


and we should at once have 
e?=[4?]/n, 
nm being the number of observations. 


If the first equation be multiplied by a;, the second by dg, etc., 
then by b,, bg, ete., we will have, by (144), 


[aa]dx + [abldy + [ac]dz +... —[a4] = 0, 
[ab]ldx + [bb]dy + [bc]ldz +... —[b4] = 0, 


[ac]dx + [bc]ldy + [cc]ldz +... —[c4] = 0, 


These being the same form as (144), the value of dx can be 
found from that of x, by substituting —4 for J in (c), § 130, giving 


dx—a14,—24g—0343—...=0. . . . . (a) 


If we multiply (147) by 2, ve, v3,..., respectively, the sum 
of the products will be, by (143), 


[vl] = [v4]. 
Similarly, from (141), 

[vl] = [v*]. 
Hence 


[od j—(v?]=[W]n a ee se ~648) 
Again, multiply (141) by 4), 49, 43,..., respectively, and add, 
[a4 ]a+[b4]y+[c4Je+...+[l4J=[v4]= [vr]. 
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Multiply (147) similarly, 
fad]x+[b4]y+[c4]z... +[l4]4+[ad]dx+[b4]dy+[cd4]dz... =[4?]. 
From these two equations, 
[42] =[v2] 4 [as ]de+t [bs ]Jdy+[cd]det+ ... . . (149) 
The value of [a4]dz can be found by multiplying 


[a4]=a,4; +4242 +a343+... and @), 
dx=a14, +049 +03434+. aay 


giving, since the sum of the products, a@,@24;4o,..., @2a,4;40, 
. » 30,4143,..., will approximate zero, 


[ad |dx = ay 44 1? + 294 9? +.30343? + eee 


If we substitute the average value of 42, which is <2, for 4,?, 
42,..., this reduces to (e), § 130, 


[ad ]dx= <?. 


Similarly, the mean value of the other terms, [b4]dy, [c4]dz,..., 
will be <2. Substituting in (149), 


[42] = ne? =[v2] + me?, 
or 


v2 
Gores 
n—m 


(150) 


If the observations have different weights, they can be reduced 
to the same weight by multiplying by V w, as in § 130, giving 


[we 


n-—m 


[eae 


/2=— 


(151) 


Having the m.s.e. of an observation from (150) or (151), that 
for each of the required quantities can be found from § 130. 

132. Solution of Normal Equations.—The ordinary algebraic 
methods are convenient with few unknowns, but when the num- 
ber is great, say four or more, the method of substitution, due to 
Gauss, will generally be found preferable. It can be made very 
mechanical and the work checked step by step. 
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NorMau EqQuatTIons. 
Check. 
[aa]x + [ably + [ac]lz + ... + [al] = 0, [as] | 
[abla + [bbly + [bc]z + ... + [bl] = 0, [bs] | 
[acl + [bcly + [cele +... -+ [el] = 0. [cs] 
From the first equation, 


_ _[ab} _ [ac] _ [al] [as] 


(aa}” [aa] Pa lool [aa] 
Substituting in the other equations of (a), 

[66 1yy + [be . Mz +... + (62. 1)=0, [bs . 1] 

foes Ty + [ce Le +. + [eb Y=, [cseA) «+ (0) 


OF) Cols nb ee 8 Et Oe Le Fe 


where 

= [ab] 
[bb . 1] = [bb] — Fae: 
[bc . 1] = [be] — fac 

* [ab] 
[bl. 1] = [bl] — Foe 
[bs . 1] = [bs] — ma 
[cc . 1] = [ce] — ohac}, 
fel 1] = [el] — eokaa 
[cs .1] = [cs] — rectasl 


From the first of (0), 


- et os 
(bb. 1] fbb 1 [5 A 


228 LEAST SQUARES. (§ 182, Fig. 89, 


Substituting, 
[cc. 2je+... +[cl. 2]=0, ak Seri} 
where 
(oop teee= Ae “be mu: 
= [be . 1] 
[ol 2) = [a1 — pe 


[bs . 1] 
o (ape ] 


[es . 2] =Jes . Ty 


The value of z from (c) substituted in (6) will give y; the values 
of y and z in (a) will give z. 

The check terms carried through as indicated will check the 
equations (b) and (c). The value of y can be checked from the 
second of (b), while 2, y, z, ..., can be checked by satisfying all 
of (a). 

Bringing down the first equation of each group, we have the 


Derived Normal Equations. 


Check. 
[aa]x + [ably + [ac]z .+ [a] =0, [as], 


ey 
[bb. lly+ [be. Ie +... +[b2.17=0, [Bs 1], 


(152) 
[eo 21a ie be [Oh ate [es . 2]. | 


Experience has shown the form of solution on page 229 to be 
convenient in carrying out this elimination. This form is illus- 
trated numerically in the solution of the normal equations of 
Ex. 1, § 129, as shown in solution A on page 230. 

Solution A may be modified as shown in solution B. The 
derived normal equations I, VI, and XI of the first solution 
are equations I, II, and III of the second. The procedure to 
find equation III, for instance, illustrates the method of obtain- 
ing any derived equation. In the first place, the normal equations 
are written without the duplication of any numbers, and in the 
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FORM OF SOLUTION. 


No. z y F Ab. Term. Check. Remarks, 
I | [aa] [ab] [ac] [al] [as] 
Ir] [ad] [bb] [bc] [bd] [bs] 
TW | [ac] [bc] [ec] [cl] [es] 
Solution. 
[ab] [ac] [al] [as] 1 
Bs elietoal | alee [aa] taal | faa) 
[ab] [ac] fal] [as] 
Vv labial eee heal [ oT aal IV x[ab] 
rat [bd] [bc] [bd] [bs] Ir 
VI [ob ty one dbes 1) [bl . 1] bs. 1] | 1-V 
[ab] (ac] [al] [as] 
VII ar al [ace Ler aa leer al IV X<[ac] 
Il [be] [cc] [cl] [es] II 
VIII [be . 1] Ne 5 Ul [el . 1] es. | III-VII 
[be . 1] (bl. 1] [bs . 1] 
oe : Pe silet [ooe 1 Tare ey ij 
x [be . Se be . Nee 57) [be . a 7 IX xX[be . 1] 
VIII iccealt [cl . 1] leseet| 
a [co . 2] [cl . 2] fone | VilIEx 
P| [ese] 1 
oo : lccen2t [ec 2] at [ec . 2] 


solution all sets of numbers which it is known will sum up to 
zero are omitted. In finding equation III, which has z for its 
first unknown, I is multiplied by minus the quotient of the coeffi- 
cients of its z- and x-terms. Likewise II is multiplied by minus 
the quotient of its z- and y-terms To these equations is added 
the normal equation which in the tabulation at. the beginning 
of the solution apparently begins with a z-term. In making the 
addition the x- and y-terms which must sum up to zero are omitted. 
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SOLUTION A. 
No. fe y Zz Ab. Term. Check. Remarks, 
I +22. ap —1. | =—93. —63. 
II ae. +11 +4. —87. —63. 
GOL — i. ae ae —5l1. —4i. 
IV ike + 0.409 —0.045 —4.227 — 2.864 ees 
Vv + 3.682 —0.409 —388.045 | —25.773 |IVx9 
Il +11. +4. —87. —63. 
VI + 7.318 +4.409 —48.955 | —37.227 | II-V 
VII — 0.409 +0.045 + 4.227 | + 2.864 | IVx(—1) 
OM + 4 +7. —51. —41. 
VIII + 4.409 +6.955 —55.227 | —43.864 | III-VII 
IX Cian +0.603 — 6.689 | — 5.087 VIXeaig 
+2. — —22.42 = 
x 656 29.495 429 IX < 4.409 
Vill +6.955 —55.227 | —43.864 
XI +4,.299 —25.732 | —21.435 | VIJI-X 
- i 
ibe — 5. — 4.986 |) — 
XII Si 5.986 4.986 XIX F599 


Whence z= +5.99, and by substitution in equations VIII and III we have: 
y= +3.09 and z= + 3.23. 


SOLUTION B. 
No. nD y z Const. Check. Remarks. 
it +22 + 9. —1. —93. —63. 
P +11. +4, —87. —63. 
3 +7. —5l1. —41. 
— 3.682 +0.409 +38.045 | +25.773 |Ix eae 
2 +11 +4, —87. —63. 
II + 7.318 +4,409 —48.955 | —37.227 -4+2 
5 —0.045 — 4,227 — 2.864 |I[x (4) 
4.409 
6 2.656 | +29.4 eS 
+ 95 | +22.429 |IIx 7318 
3 +7. —5l1. —4l1. 
Il +4.299 —25.7382 | —21.485 154643 
+1 — 5.986 | — 4.986 


Eq. 152.) INDIRECT OBSERVATIONS, PROBLEM. 231 


Further modifications of Gauss’ solution along lines similar 
to the above have been developed in the method of Mr. M. H. 
Doolittle, which is employed in the Coast Survey, and is advan- 
tageous when a very large number of equations are to be solved. 
See Coast Survey Report, 1878, p. 115, and Wright and Hayford, 
Adjustment of Observations, § 91. 

133. Indirect Observations, Problem.—A problem in astronomy 
is taken to illustrate the method of reducing a set of time transits 
for clock error, azimuth error, and collimation error. The observed 
time of transit ¢,; requires: * 

Correction for azimuth error, z, 


=e sin (h-=0) seC O=10.. 2 50.2. 1 O@) 
Correction for inclination of telescope axis, 1, 

=7.00s (b—0) sec OS... ses CD) 
Correction for collimation error, y, 

SCC == 05m MR ae oo gy sas ts dled afte) 


where (=the latitude of the place and 0 the declination of the star. 
The true clock face time of transit will thus be 


t=t,+ax+11 +by. 


If t2=true time of transit (computed from the right ascension 
of the star), 
Clock correction, 


At=to—t, 
or At=t2—(t, +ax+2I+by). pa ae, ed: 


If the clock correction at the time fo is 4tg and the rate r, 


At=Ato Ets (t—to)r 
= Ato +e+ (t—to)r, 


where z is a correction to the assumed value Jép’. 


* Campbell’s Astronomy, § 92 et seq. 


232 LEAST SQUARES. (§ 133, Fig. 89, 


Substituting in (d), 
Ato’ + (t—to)r +t, —to +i] +ax+by+z2=0. 
The observation equation thus becomes 


az--by-2tl=v, ~ aE re es 
where [= Ato’ G~iar beens eA Pn et 3 (f) 


Each observed transit gives an equation (€) in which a and b 
can be computed from (a) and (c). / can be computed from the 
transit data and clock rate after assuming 4p’, while the most 
‘probable values of the corrections z, y, z are required. 

The following data were obtained by the class in astronomy 
at the University, Oct. 2, 1895, from the transits of ten time stars 
over the five wires of the transit instrument used without reversal. 
Required the clock correction at 7 p.M., the azimuth correction. 
and the collimation correction, with their m.s.e.’s. 


t—te i a b 
7™ 528.33 +08.32 —0: 07 +1.41 
nole.O8 +0 .14 +0.68 +1.00 
7 51 .70 +0 .17 +0.52 +1.02 
7 48 .38 —0 .34 +2.51 —2.67 
7 53 .46 +0 .42 —0.73 +2.13 
7 51 .84 +0 .14 +0.75 OL 
«ol {69 +0 .18 +0.53 +1.02 
7 51 .33 +0 ,23 +0.68 +1.00 
7 651 .55 +0 .16 +0.81 +1.02 
7 52 .43 +0 .33 +0.09 +1.27 


The clock rate is small. Assume r=0, 4tp’= —7™ 528 at 7 P.M. 
Substituting in (f), 


l= —7™ 5284+0+7™ 528,33 +08.32= +05.65, 
b=—7 624047 51.68+0.14=—0 18, 


(See table, page 233.) 


NorMAL Equations. 


9.541¢— 4.226y+ 5.77z—12.098=0 — 1.013 check 
—4.226%-+21.407y+ 8.212+15.257=0 +40.648 ‘ 
5.77 + 8.2ly +10.00z— 1.86 =0 +22.12 as 


Since the m.s.e. is required for x, y, and z, the Q’ of § 130 will 
be necessary for x, for y, and for z. To find Q, the absolute terms 
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TABLE FOR FORMING THE NORMAL EQUATIONS. 


a=ac b=be c=cc l=cl 8=cs aa 

, —0.07 +1.41 1 +0.65 + 2.99 0.005 
+0.68 +1.00 1 —0.18 + 2.50 0.463 
+0.52 +1.02 1 —0.13 + 2.41 0.270 
+2.51 —2.67 1 —3.96 — 3.12 6.300 
—0.73 +2.13 il +1.88 + 4,28 0.533 
+0.75 +1.01 1 —0.02 + 2.74 0.563 
+0.53 +1.02 1 —0.13 + 2.42 0.281 
+0.68 +1.00 1 —0.44 + 2.24 0.462 
+0.81 +1.02 1 —0.29 + 2.54 0.656 
+0.09 +1.27 1 +0.76 + 3.12 0.008 
+5.77 +8.21 10 —1.86 +22.12 +9.541 

ab al as bb bl bs 

—0.099 — 0.045 —0.209 1.988 + 0.917 + 4.216 
+0.680 — 0.122 +1.700 1.000 — 0.180 + 2.500 
+0.531 — 0.068 +1.253 1.040 — 0.133 + 2.458 
—6.702 — 9.940 —7.831 7.129 +10.573 + 8.330 
—1.555 = Bye —3.125 4.537 + 4.004 + 9.116 
+0.758 — 0.015 +2.055 1.020 — 0.020 +. 2.767 
+0.541 — 0.070 +1.283 1.040 — 0.133 + 2.468 
+0.680 — 0.299 +1.523 1.000 — 0.440 + 2.240 
+0.826 — 0.235 +2.057 1.040 — 0.296 +_2.591 
+0.114 + 0.068 +0.281 TAoLSs + 0.965 + 3.962 
—4 226 —12.098 —1.013 +21.407 +15.257 +40.648 


are placed equal to zero except for the first or x equation, for which 
it is unity and the corresponding value of x found. This is done 
by adding a Q, column and carrying it through the same as the 
absolute term column. (See table, page 234.) Similarly a Q, and 
a Q; column are added. The check terms are changed to include 
the new absolute terms. 

Substituting the value of z in V will give y= —0.5058. 

Substituting the value of 2’ (—0.9516) from the Q, column 
will give the corresponding value of y, or Qy=+0.58. The value 
of 2’ (— 1.4646) from the Q; column will give the corresponding 
value of y’=+0.8290. The values of z and y substituted in I 
will give r=+1.045. The values of 2’ and 7 will give Q,= +1.36. 

Collecting results, c= +1.04, y= —0.51, z=0.00, Q,= 11.36, 
Q,= +0.58, Q,= +1.78. 
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“woUnpoy 
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Substituting back in the observation equations (as inferred 
from the table for forming the normal equations) : 


—v +v vy? —v +v vy? 
0.14 RK: 0.020 , Rear 0.24 0.058 
as 0.02 0.000 0.10 kor 0.010 
0.11 A eoe 0.012 0.24 ma 0.058 
2 0.01 0.000 nes 0.03 0.001 
EAs 0.03 0.001 es 0.20 0.040 
0.25 0.06 0.033 0.34 0.47 0.167 
On25 0.06 0.033 


[v]= —0.59+0.53= — 0.06 instead of 0. 
[v2] _ 0.200 

n—m 10-3 

6:=V Q,2=V 1.36 X0.029=0.20, 

ey=V 0.58X0.029=0.13,  ¢,=V1.73X0.029=0.22. 


e2= 


= 0.029, 


Hence at 7 p.m., Oct. 2, 1895: 


Clock correction = —7m 52s 408.22, 
Azimuth correction =+ 18.04+ 08.20, 
Collimation correction= — 08.51+08.13. 


134. Methods of Solution.—The most common method of per- 
forming the arithmetic work for a large number of equations is 
with a computing machine. The Thomas, Grant, Burckhardt, and 
Brunsviga computing machines are in use; while the Thatcher 
slide rule giving five places will usually be accurate enough. The 
Crelle multiplication table will give about as good speed as a 
machine if the number of figures required in the product is so 
small that little or no interpolation is required in the table. 

The forms already given are convenient for these methods. 

Logarithms are also used in forming the products for the 
normal equations and in their solution. A table is formed of the 
log coefficients or log factors, while the log of the constant factor 
(or its arithmetic complement if of a constant divisor) is written 
at the bottom of a slip of paper and carried along just above 
the log coefficients and added, forming the log products. From 
these the products are found and recorded. 
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A table of squares is also used for forming the products, and 
it is considered preferable to a log table. Thus, 
ab=4{ (a+b)? —a?—6?}, 
and therefore 
[ab] =4 {[(a+b)?]—[aa]—[bb]}}. . . . . (153) 
Hence form the square sums 


[aa], [(2+b)?], [(a+e)?], ... [(a+l)?], [(a+s)?], 
[bb], [G+], ... [+27], [(6+s)?], 


[1], [@+s)?], 
and perform the necessary subtractions.* 
The squares aa, bb,...can be taken directly from the table 
and added. For the sum squares, write a, on a slip of paper 


and move it over bj, (1, ..., @2 for bg, co, ..., forming the sums 
@, +b, a +c, ...3 Ggt+be, agtes, ... Take out the squares 
and sum them. Similarly for 6, ba, ... Substitute in (158). 


_ In solving the normal equations it is considered preferable 
to multiply by a reciprocal of a number rather than to divide, 
and to change the sign of the reciprocal and add rather than 
subtract. The operations are thus reduced to two, multiplication 
and addition. 

Attention is called to the equality of the side coefficients 
both in the normal equations and in the derived normal equations, 
as shown in § 132, so that in the solution it is unnecessary to 
compute these equal terms more than once. : 

The desirability of equalizing coefficients was noted in Ex. 2, 
§ 129. During the solution closer results will be obtained by divid- 
ing by the larger coefficients and multiplying by the smaller, 
rather than the reverse, but the equality of coefficients in equa- 
tions to be added should be kept in mind so that the same number 
of decimal places will represent about the same degree of precision 
in each. 

In substituting back after one or more unknowns have been 
found, always take an equation in which the coefficient of the 
required quantity is large and the coefficients of the known quan- 
tities are small in order to reduce the cumulative effects due to 
omitted decimal places. 


* See Barlow’s Tables o/ Squares, Cubes, etc, 
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135. Independent Observations upon Dependent Quantities. 
—In the observation equations of § 128 care is taken not to in- 
troduce more unknown quantities than are independent. Thus 
if x and y represent two adjacent angles, X+Y and not Z would 
be used in expressing their sum in an observation equation. The 
last angle in closing the horizon would be expressed as 360° less 
the sum of the others, rather than by another letter. 

But there are many cases where it is more convenient to con- 
sider each observed quantity as an unknown, giving direct ob- 
servations, and then by the method of indeterminate multipliers 
eliminate an unknown for each rigid condition connecting them. 
This leaves the remaining unknowns independent so that § 128 
will apply, but it leads to special formulas. These conditions or 
equations are called rigid because they must be exactly satisfied, 
in distinction from observation equations which can be only 
approximately satisfied. 

Let the m’ rigorous equations be 


AM, Vo, V3, oa ae 


f2(Vi1, Vo, V3,-..)=0, . (154) 
where V,, Vo, Vz, ... are the most probable values of the un- 
knowns. fg 

For each V substitute the observed value M plus a correction 
v, ie, Vy=My4+01, Vo=Mo+ v2, V3=M3+3, ...; expand by 
Taylor’s theorem as in § 122, and put 
djfy dfs _ dfs _ 
dM =), dM bi, dM, C1, 
d df: dj: 
Aho 2) UE wie 


_— 


hy, Mo, Mz, ..:)=1, f2(Mi, Mo, Mz, ...)=G2,... 
This gives, by substitution in (154), 
A101 +Agvg+a3V3+ ... +qi1=0, ) 
byv, + dove t+ b3v3+ ... +q2=9, [ eg OR 
CyVy Hegvet+c3v3+ ... +q3=0. | 
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These equations must be rigorously satisfied by v1, v2, V3, . 
The observation equations are 
V,—M,=%, V2—M2=2, ..-, a 
or (Vi —M1)V ws = 1V w, (Vo—Mo)V w2= v2 V Wo. aoe 
By Chapter X the most probable corrections, v1, v2, ..., will 


be those which make 


W102 + Wede? + W303? +... A Minimum, 


or Wy vi dv + Wededve+w3v3dv3+...=0. . . . (156) 
This minimum is conditioned by (155). 
Differentiating, 
aydv,+aegdvg+azdv3+ ... =0, | 
by, dv, + bodve + bgdv3 + sree =0, 
ee Oa 


cd, +cedvo+c3dv3 + 
which must be satisfied at the same time with (156). 
_ The number of these equations is m’; the number of terms 
in (156) is m, and as m >m’, we can find the values of m’ differen- 
tials in terms of the m—m’ others and substitute in (156). The 
remaining differentials being independent, their coefficients will 
separately equal zero. This elimination is effected by indeter- 
minate multipliers, i.e., the first equation is multiplied by A, 
the second by B, ete., and (156) by —1; the products are then 
added and A, B, C, ... given such values that m’ coefficients 
of dv shall equal zero. The other (m—m/’) differentials being 
independent, their coefficients must = 0. 
Placing each of these coefficients equal zero gives 
Coefficient of dv; = Aa, + Bb, +Cey +. . .— wv, =0, 
a ne dvg= Aadg+ Bbo+Ceot+. . .— W22=0, (157) 
‘“ dv3=Aa3+ Bb3+Cc3+. ..—w3v3=0, 


oe 


Multiply the first by = the second by =, ..., then multiply 
2 


b, b c 
the same equations by = a tees a = ..., and add the 
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products in each case. This will give by comparison with (155) 
m’ normal equations containing m’ unknowns. 


[s+  |B+ “\e+ Peer 
W WwW WwW 
2 [=] | ~ | 
Be aC a bat site, 
E rer ae a ge | . (158) 
[< Ja+|% |a+[<Je+ Per y= 0: 
_ Ae WwW W | 
in which for equal weights w=1. 


A, B, C,... are called correlatives of the equations of con- 
dition. Their values from (158) substituted in (157) will give 


01= (aA +b,B+e,C+ ene a | 
1 


1 
=(agA +boB+e.C+ ...)—, 
V2 (de + beB+ C20 + JB (159) 

1 
03 == (a3A +b63B+¢3C + ss \—, 

W3 

+ $2 
from which 
Vi=M, +1, Ve2=Me2+, V3=M3+123, . 

Since there were m observations and m observed quantities, 
while m’ quantities have been eliminated, the difference between 


the number of observations and that of the unknowns is m’, so 
that (150) and (151) become 


pele) aia) See me = ELOU) 


m”’ m 


136. Control.—If in (157) we place 


a,+b;+¢,+ oe» =S81, 
dotbetcet ... =S8e, 
a3+b3+¢3+ SQ SRY 


7. 


and treat s the same as one of the other terms in deriving (158), 
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the following checks will result. It should be noted that they 
do not contain the absolute terms as in (145). 


(eRe) =f) 
ee ee 
fH HE) = Tz 


I 


To check [wv?] multiply (159) by Vw, square, and add. 
_ [M]a2+2[@ Janse acs ae 
Ea gees ae 
Sk + 


Substituting the values of q from (158), 
[wv?]= — Aq, — Bqz—Cq3-—.- Sioa a iowa are (162) : 
Similarly for independent observations upon independent quan- 


tities, § 128, multiply (141) by Vw, square, and add. 


[wv?]=[waa]x? + 2[wab]xry + 2[wac]xz. . . + 2[(wal]z, 
[wbb]y? +2[whe]yz ... +2[wbl]y, 
[we2]e2 ... +2[wel]e, 


+ [will]. 
Substituting the values of [wad], [wb/], ..., from (142), : 
[wv?]=a[wal]+ y[wbl]+ e[wel]... +[wll]. . (163) 
Applying (163) to the problem of § 133, 


[v2] = — 12.582 — 7.781 + 20.560 =0.197, 
nearly!checking [v?] as found at the end of the paragraph. ° 
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137. Example.—In the Coast Survey Report, 1880, App. 6, 
are given the following differences of longitude: * 


Year. Observed Differences. Cor. 
1851 Cambridge—Bangor.... 02 9™ 238.080 +0.043 
1857 Bangor—Calais........ 6 00.316 40.015 w 
1866 Calais-Hts. Content. . . 55 37 .973 +0.066 v3 
1866 Hts. Cont.—Foilh...... 2 51 56.356 +0.029 », 
1866 Foilhommer.-Green. .. . 4133; 336) 7 =50..049>— 9; 
1872 Brest—Greenwich. ..... I ty SUR S02 ods 
1872 IBrest—Parigse nc siss saa 2 WW.512 +0.027_- 2, 
1872 Greenwich—Paris. ..... D2 i OOOM SE OR038)) a0, 
1872 St. Pierre—Brest....... 3 26 44 810 +0.027 » 
1872 Camb.—St. Pierre. ..... 59 48 .608 +0.021 vv, 
1869-70 Camb.—Duxbury...... I EO) 1 SU 
1870 Duxbury—Brest. ...... 4 24 43 .276 +0.047 wv, 


1867-72 Washington—Cambridge 23 41 .041 +0.018 », 
1872 Washington—-St. Pierre. 1. 23 29 .553 +0.027 »v 


14 


Number of conditions (154) or (155) f=l—p+1=14-—114+1=4 
(L= No. of observed differences of longitude, p= No. of stations). 

A glance at Fig. 90 shows a triangle, Brest, Greenwich, Paris; 
a polygon, Cambridge, Bangor, Calais, H. Content, Foilhommer., 


Heath Contont Foilhommerum 


Calais Greenwich 


Bangor 


Cambridge y 


Washington 


Fig. 90. 


Greenwich, Brest, St. Pierre; a polygon, St. Pierre, Brest, Dux- 
bury, Cambridge; and a triangle, Cambridge, St. Pierre, Washing- 
ton; each giving a check or rigid condition. 


* The Pacific arcs from San Francisco to Manila were observed in 1903-4, 
completing the circuit of the earth. (Coast Survey Report, 1904, p. 263.) 

+ With / lines and p points, 1 must equal p for a closed figure and this 
will give one check. All extra lines after the figure is closed must be check 
lines. Hence 

No. of checks=/—p+1. 
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These give linear equations. 


(§ 137, Fig. 90, 


Substituting in (155), 


—v6 +07 —vg — 0.086 =0; 

~V,—Vg—V3—V4—15 +06 + V9 +010 — 0.045 = 0; 

—Vg9—V10 +11 + v12+0.049=0; 
0190 +013 — 014 + 0.096 =0; 


with weights inversely as the squares of the uncertainties. 


TABLE FOR NORMAL EQUATIONS. 


= 
v |V> joa) a b c d 8 fo * 
VY OFOSS ORL Sis | ecrtas ell BU cevevekss al Ree —1 }+0.18 ] +0.18 
Vy OPO) ORO 2s eer ce ea peere anew fee rre ns —1 }+0.02 |} +0.02 
V3 02066) SON4e ee. oe me ge sahigsgs'| ernie: —1 |+0.44 } +0.44 
On OAD O23 loos cos sl Til! Aceie ses oer ae —1 | -+-0.08: |" -- 0:08 
V5 O2049)| 0024 hee oot ees eal eee etce —1 |+0.24 | +0.24 
V5 0.022; 0.05 =I pe es Ferrell oo Bac OF 005m eae. 
Dy | 0. O27) MOOT Af oe Eel Se eae teens coe eee oe x mit een te > 
er O88 jes) 14 | eal oy nee tal eae =a ra Patties rath 
Derm O02 Oe nena e at eee Orel 0. OF Heese 
Deon OL O21u On Os ieee +1} -1 jal +1 |+0.04 | +0.04 
NTO, O22 A) 08 21 eon ene piles Sh hemes ee ae 
$58 02047 | Osoe? eae Wee. Bee Le ae see res Weal Bodoni fe meta 
V13 0.018 0.03 OPC CGH (outa hits nol Acme eer ecets =f +1 Petey Kerli Cafes Orc 
Ver O02 Aine Oates cll eer eee eae tae hay enti Wie 
+ i2)) = 00 

Normat Equations. Check 

+0.264 —0.05B —0.086=0, +0.21 

-0.05A +4+1.12B —0.11C +0.04D —0.045=0, +1.00 

—0.11B +0.38C -—0.04D_ +0.049=0, +0.23 

+0.04B —0.04C +4+0.14D +0.096=0, 40.14 


From which A= +0.342; B= +0.063; C=—0.191; D=- —0.763. 
Substituting in (159), 


v, = .18(— .063) =—08.011 
v,= .02(— .063) =—0 .001 
amt ddl 2003) =—0 .028 
», = .08(— .063) =—0 .005 
0, = .24(— .063) =—0 .015 
04 = .05(— .342+ .063) =—0 .014 
are 07(-842) =+0 .024 


.14(=.342) 


V1, = .05(— .191) 
Y= .22(—.191) 
0,3 = .03(— .763) 
V4 = .07(. 763) 


.07(.063 + .191) 
.04(.063 + .191—.763) = —0 


= —08.048 
=+0 .018 
.020 
.010 
.042 
.023 
.053 


=—0 
=—0 
=—0 
=+0 


Adding each v to the corresponding observed value will give 
the most probable value for the difference in longitude between 
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two adjacent points, while the same difference will be found be- 
tween any two distant points by any circuit. 
If we square each v, multiply by w’, and add, 


[w’v?] =0.1148. 
Computing by (162), 
[w’v?] = 0.1149. 


v= ae eee 08.170. 


By (160), 


The ¢ for each observed value can be found by multiplying ¢ 


Thus for the first 
€;=0.170 X10 0.043 = 08.07. * 


Ex. 2. The following differences of level were determined between points 
along a small lake; points A, D, and F being at the mean surface of the 
lake: 

AtoB +12.61 
BSC _ =¢24.07 
CD —86.38 
CLE 22530 
ESF —14.55 
Find the most probable values of the elevations of B, C, and E above 


mean lake level. 
Ex. 3. The angles A, B, and C of a spherical triangle are measured with 
the weights w,, w,, and ws; required their adjusted values. 


138. M.S.E of a Function of the Required Quantities for In- 
direct Observations.—Let the function be 
Feyx VY, 2,21.) 
=f(Xo+2, Yot+ty, Zo+z,...) 


- Eee ue 
=](Xo, Yo, Zo; eee .) GN dV die sce 


expanded to the linear form. 
This may be written 


F=H+Gx +Goy +Gsz+. ee 
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Since z, y, z,... are not independent, being connected by the 
normal equations, they had best be expressed in terms of the ob- 
served quantities. As in § 130, (), 


x= —[al], y= —[6l], z=—Iyl],.--,. a BLE (a) 


where a, 8, y,..-.are functions of a, b, c,...of the normal equa- 
tions. 
Substituting, 
F=H— (Gay +G fi SES 6 aya >= (Gi Qe + Go ara )lg-. . 


Hence, by § 122, 
ere = (Gray +Gof; ae Ore Per + (Gide +Gofo Hees ELT ae (164) 


Reducing the observations to weight unity by multiplying by 
/w=e'/e (see § 125), 


= (Gya, tG@o81+...)? +(Gra2+Go8o+...)?4..., 


or 


ee: =G[aa]+2G,G.[af]+... 


+ G/[@b]+... 
‘Tove ee Oop 


To find the values of [aa], [a]. ..., assume, as in § 130, 


z=—[al]l, y=—[6, z2z=—[yll, 


Substituting in the normal equations, 


[aa][al] + [ad][Gl] + — [al] = 0, 
labll [al] gee 130 - a — [bl] = 0, 
Arranging according to l;, lo, ..., 
([aala, + [ab]fi +... —ay)ly } 
(laa les—tatablag we ote erase net 
({ablay + [bb] 31 “foo glare —b,)l | 
+ ({abla2 + [bb]o2 +... — ba)le +... =0. | 


The undetermined quantities a1, @2,... may be so deter- 
mined that the coefficients of J, l2,... shall each equal zero, ice., 
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[aala, + [ab], ae — A, = 0) 

[aa]az + [ab]f2 +...— ag = 0, | 

able, + [bd]9, +... — b, =0, eerie 
[ablag + [bb]@2 +... — bo = 0, 

. . . . . . J 


Multiply the first equation of the first set by a,, the second by 
@2,..., and add; then since the equation must hold whatever the 
Palen of terms laa], [ab],..., their coefficients must each equal 
zero, giving 


faal=1> [as|=0, fa7]=0,...°. 5 . ~ (166) 


Again, multiply the second set by b,, be,..., the third by c,, 
€2,..., and add as above. 


[ba]=0, [b6]=1, [by]=0, tee 
era, i= 0 Siete ae tn Coeclen 


Again, multiply each set by a1, @2,..., each by fj, Bo,..., each 
by 71, 72,---, and add. 


[aal[aa]+ bllag|+ ... =[aa]=1, 

[abllaa]+[bb]laZ]+ ... =[ba]=0, 
aalap) +{ab][9g]+... Lago, f° * » (68) 

y 


ao lel + LOSS] + --. =[b6]= 


The coefficients of these equations are the same as for the nor- 
mal equations, so that the values of [aa], [af], ... of (165) can be 
found from them by substituting —1,0,0,...; 0, —1,0,...; 
for the absolute terms and carrying out the Sanitian as in the Ex. of 
§ 133, the quantities being the same as Q,, Q,, Q, of that example. 

Ex. 1. In the Ex. of § 133 it is required to find the m.s.e, of the angle 
between the line of collimation and the meridian. 

B= V=XLY. 


GPa </ 
moo) ay ene 
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Substituting in (165), 
5 =[(aa]+ 2[a2]+[66] 
=Q:1+2y'+Qz 


of § 133, where y’ is the value of y used in finding Qz and coming from the 
absolute terms —1, 0, 0. 


Ao} 
ni a= 1.36+ 2 0.83+0.58=3.60, 
ep=V €’?X3.60 =0.32. 


Ex. 2. Show that the average value of the ratio of the weight of the observed 
value of a quantity to that of its adjusted value is the ratio of the number of 
independent unknowns to the number of observed quantities (m/n). 

The m.s.e. of an adjusted value M,+ 1, is the same as that for —1,+%. 
But 

—1,+v,=a,c+by+... 


Placing —[al]forz, —[Sl]fory,..., 


—1L+%,=—G@a,+0,8,+...)l,—GaotbPot..Jb+... 
pny = aut abt. Pert Gat bBot...)e?+... 
=A, (Lawe Ja, +[aBe"]o,+...)+b,(aGe*Ja,+[08e7]b,+...), 


The normal equations with weights are (eq. 142) 
[waa]x+[wably+ ... +[wal]=0, 
[wab]z+[wbb]yt+ ...+[wbl]=0,f - «© »- »- . . () 


If these had been used in deriving (6), each term would contain w. In 


af 
deriving (166) (167), and (168), a would be used as a part of the multiplier, 


[waa] [“<] +[wab] [ of +. 


bles aE ca aoe, « J) 


giving for (168) 


Solving (c) for a, y,..., and (d) for ES} [2]... ep we tind 
—e=[al]= [* ]fwan+ [8 wore... 


—y=6=[“" }rwant [| ]twon.. 


. ° . . . e 5 


Eq. 170.) M.S.E. OF A FUNCTION, 247 


Equating the coefficients of J, in the two members of the equations, 
[** Ja eae 2b os at | 
W, 
Ue + Us fine 
Ww, 


tore 
(-ht+n) WwW,’ 


| 
| 
f d) 
| 

Substituting in the value of ¢? 


W. =(a,a,+6,8,+...). 


ee Ww 
larl Se oY te 
Similarly for >> We 


Adding ae =[aa]+[b6]+... 


=m by (166) and (167). 


Hence the average value of Se |-2 , aS assumed. 


139. M.S.E of a Function of Dependent Quantities.—Let 


Fafa Y tn cytes) 

ss dh df, 

=fi(My, Mo,.. oar,” tay” Vorbis ti ma, ee CLOS) 
=H,+ 910; +geve+..., iy hate) ce er oe lar (a) 


where the v’s are connected by (155), Le., 


UO GPCI aR 3 6 0 +O = 0, 
bv, + bave + ae a= 0, OF te a (170) 


with [wv?]=a minimum. 
Multiply the first equation of (170) by ky, the second by ko, 
etc., then add to (a), giving 


FH=H,+ (gi tayk)+bykot+.. .)vit 
+ (gg+agk;+boke+. . vot... +k +qokot+. Beeb) 


If now proper values be given to the correlatives k1, ko, . 
we can treat v;, V2,... as if independent as in § 135, giving, § 122, 
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ex =(g: taki +bikot+.. .)e? 
+ (gotaok, +bokot+. . eo? +. oe (171) 
or, using weights, 
eer an ot 
ie ka Ji FA1K1 TOyKg+... 
(172) 


1 
+7 (92 taki + bake +. Ba eee 
2 


. 
(Ceo NY 
. 


’ 


If the most probable values of the v’s are substituted in the 
value of F,, this function will have its most probable value. Hence 
by the principle of Least Squares, to be proved in the following 
chapter, ¢, will be a minimum. This condition will determine 
ky, ko,... by differentiating (171) with respect to them as inde- 
pendent variables. Hence 


dey _ dey _ 
Tp eae eae 
giving 

[<?aa]k, +[<?ab]ke .. .+[<?ag]=0, 


th +e = re (IES) 


or, using weights, 


Hig $ Bie lee [| Ag 
W W W 
- e e 74 
Hae + He ae Ea are Bates 
W W WwW 


These equations have the same coefficients as the normal equa- 
tions (158), so that the values of k can be easily found by adding a 
column of absolute terms in the solution as in § 134. 


Ex. 1. Find the m.s.e. in a triangle side due to the m.s.e.’s of the measured 
angles. 
The function equation (169) is 


sin (M,+,) _ 


F=f,(V,, V j=) aire) 
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Differentiating, 


hy 
dM, 


df, 


=g,=a cot M,, aM, 


=g,=—a cot M,. 


The rigorous equation to be satisfied in closing the triangle is 
V,+V,.+V3—(180+s) =0, 
giving a,=a,=a3;=1, and for (170) 
V,+2,+%3+q,=0. 


There being only one condition, we have only one correlative, k,. 
Substituting in (173), 


[e’9] —<¢,2a cot M,+<,?a cot M, 
[=] eb eit es! 


k=— 
Substituting in (171), 


2 
er* =a’ sin? ve) (1 ae iy) cot M, sah oe M 2} a 


le 7 


2 2 e 2 
+a? sin? 1” { cot M,+ ba) cot u,} by 


+a? sin? 1” (5 cot M,— i zi eat M a eae 


Making use of the value of [e?] (= ¢,?+ ¢,?+ ¢3”) and reducing, 


ep? =a’ sin? ra (« 1) cot?M,+ (< =) cot? M, ae 


[22] 2] aeob M. cot M,| 


[ i 


If ¢,=e,=63, 
er’ =4a? sin? 1’’(cot? M,-+ cot? M,+cot M, cot M,)e?. 
If the triangle is equilateral, 
ena—4a- sine ce. 
If the base has the m.s.e. <9, er? would be increased (§ 122) by oe 


Ex. 2. Find the m.s.e. of the adjusted angles of a triangle ¢a in terms of 
those of the measured ones ¢. “Ans. eq? =%e?. 


CHAPTER X. 
THEORY. 


140. Principles of Probability—The mathematical probability 
of the occurrence of an event is defined as the ratio of the number 
of ways it may happen to the total number of ways in which it 
may either happen or fail; each being supposed independent and 
equally liable to occur. 

Thus if an urn contain a white balls, b black, and ¢ red ones, 
the probability in a single draw 


s ° a 
Of drawing a white ball = aaa 
Of failing to draw a white ball a clus tie 
4 a+b+e 
The sum of the two probabilities =e ie 
(175) 
Of drawing ethers whiteums piven 
Ce a doa 
Of drawing a black, white, or red bales 
at+b+e 
: 0 
Of drawing a ball ee ee 
wing a green ba Eu mee 0. 


We thus see that the probability is an abstract number which 
varies with the degree of confidence which can be placed in the 
occurrence of an event, zero denoting impossibility and unity cer- 
tainty; that the probability of occurrence plus that of failure 
must always equal unity; and that the probability of the occur- 

250 
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rence of an event which can happen in several independent ways 
is the sum of the separate probabilities. 

If a second urn contain a’ white balls, b’ black, and c’ red ones, 
the number of possible combinations or cases in a single draw 
from each urn 

=(a+b+c)(a’ +b’ +e’), 
while the number of favorable cases for two white balls 


SIG 


Hence in two successive draws, one from each urn, 


Probability of drawing aa’ 


two white balls i (@aos c)(a’ +6! +e’) 


(176) 


This, by (175), equals the product of the separate probabilities. 
The same could be proved for any number of events. 

We thus see that the probability of a compound event, pro- 
duced by the occurrence of several simple and independent events, 
equals the product of the separate probabilities. 

141. Probability Curve.—In connection with the accidental 
errors of observation, the following axioms, derived from experi- 
ence, were stated in § 120. 

1. Small errors occur more frequently, or are more probabie, 

than large ones. 

2. Positive and negative errors of the same magnitude are 
equally probable, and in a large number of observations 
are equally frequent. 

3. Very large errors do not occur. 

From the first axiom it may be assumed that the probability 

p, of an error 4, is some function of the error, or 


DCA oms 1 aay ee sw he te) 


Practically there is a limit to the graduation and use of instru- 
- ments by which 4 can have only definite numerical values differing 
by the finest reading, d4, so that the probability of an error 4 is 
the probability that the error lies between 4 and 4+d4d, a value 
which will vary with d4; hence (a) would be more correctly written 


UU Ne, eee meres 


Mathematically we have to treat 4 as a continuous variable. 
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Taking p as a continuous function of 4, (177) represents a 
curve of the general form shown in Fig. 91, for, by the first axiom 
above, small values of 4 must have the largest probabilities, p; 
by the second, the curve must be symmetrical about the axis of P; 
and by the third, p must be zero for all values of 4 greater than a 


Fia. 91. 


given limit +/, an impossibility except for /=o, although it can 
be closely approximated. 

142. Form of f(4).—Observations may be direct or indirect, 
ie., the observed quantities may be the required ones or they may 
be functions of them. As the first is but a special case of the 
second, only the latter need be considered. 

Let us take the observation equations of § 128, 


Rix VA, §. eae 
7(X, ea aaa ree ah 


there being n equations or observed values M, and m unknowns 
with n>m. 

The probability of the occurrence of a given series of errors, 
Ay, do, ..-, in My, Mo,... will be, by G76)and G7); 


p=f(4,)dd4,f(4o)ddo... eee OEE 
But the true values of X, Y,... are unknown; and since 4, 
4o,... are found from them by substituting in (178), their true 


values are also unknown. The most probable values of the errors, 
which, if the number of observations is great, may be taken as the 
true ones, and hence also of the unknowns, will be those which 
make pa maximum; or, since log p varies with p, and the unknowns 
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are independent except as connected by the observations them- 
selves, the derivatives of log p with reference to X, Y,... must 
equal zero. 
This gives, since 
log p=log f(41) +log f(42) +log d4,+log d4g+..., 
dd, ddo 


i dae xy tl day 0: 
(180) 

jani +i da)Ga?. ..=0, 

in which a 
a) see sh 


[a)= jid)ad 


The number of these equations being the same as that of the 
unknowns, they will serve to determine them when /’(4) is known. 
Furthermore, /(4) and /’(4) being general, they must hold what- 
ever the number of unknowns. 

When the number is one, and the unknown is directly observed, 
the errors will be 

4,=X-M,, Ag=X—Mzo, oeey 
from which 
dy _d4p_ 
7, ar Baten 
and (180) reduces to 
(41) +f’(2) +... .=0, 
or 


= are Eee BOs eee pees eo) 
1 


It is usually assumed that a arithmetic mean is the best or 
most probable value that can be found for a single quantity from 
a set of direct observations all equally good. Making this assump- 
tion, and also that the number of observations is great, it may be 
called the true value, or 

X=(M,+Mo+Mo+.. 5 
transposing, 
(X—M)+(X—M2)+(X—-Ms)+...= 
i.e., 
4,+429+43+...=0. 
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Comparing this with (182), and remembering that each equa- 
tion must hold whatever the value of n, 


Pd) =a constant=k. 
4 
Hence, from (181), 
dj (4) 
—/ —kAdd, 
i (4) 


Integrating, 
log f(4) =43k4? +log C. 


Passing to numbers, 
kd? 


j(4)=Ce*, 


in which e is the base of the Naperian system of logarithms. 

Since as /(4) increases 4 diminishes, # must be essentially neg~ 
ative. As its value is unknown we may replace it by another 
unknown constant, i.e., place k= —1/¢?, giving 


42 
i (4) = Ce. 2, 
whence 
42 


p=f(4)dd=Ce 2#d4. . . , (183) 


143. Constant C.—In deriving (177), the probability of an error 
between 4 and 4+d4, it was assumed that p increased directly 
with d4, which would be true for small intervals. For larger in- 
tervals the probability varies with 4, so that the sum of the sepa- 
rate probabilities would have to be taken, giving 


rb Cay eg le 
pi=f fdds=-C fe ad... . (a) 


Since all errors are included between +0 and —o, the prob- 
ability of an error between these limits =1, and of an error be- 
tween 0 and (plus and minus errors being equally probable) =. 
Hence 


oe 
oy e 26dd. 
“0 
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If we place the exponent of e, or 


=P, dd=e/2dt. 


For 4=o, t will also=oo, so that the limits will be the same. 
Substituting, 

ye.) 

0 


y=0eV2f es2dt. 


Since the definite integral is independent of the variable, we 
may also put 


400 
4-002. f e- “du, 
0 


giving 
oe) ee) 
ya078 ff 4) ial Vee me Phaser. a. a) 
OO 
To integrate, take a surface of i 


revolution generated by a curve 
with equation z=e~—® in the ZT 
plane, or z=e—™ in the ZU plane. 
Its equation will be i. 


pao 8! or ese", 


Its differential volume above the 
plane TU, as found by dividing 
into elementary prisms, whose 
base is dt-du, will be 


dV =zdtdu=e-”-Wdtdu, 


vas ff e-# wd ii herecrety ate (a) 


(Note that the integral represents only one-fourth of the vol- 
ume.). - 


Its differential volume, as found by dividing the plane 7'U into 


giving 
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elementary rings of area=2zrdr, and erecting hollow cylinders of 
heights z, will be 


dV =2zxrzedr = 2zre-"dr. 


wo 
Van fo e-? 2rdr, 
0 


VAR ee tee ec ee) 
By (c) it is seen that the required integral=4V, which by (d) 


Integrating,* 


or 


=+. Substituting this value in (6), 
due iC2e27, or C= : 
8 4 ) 27 
Hence (183) becomes 
42 
=} (4)d4 =———e 22. Mom aed © Ee | 
Hcl ab ee aR (184) 


144. Value of Probability Integral by Series.—Substituting 
the value of C in § 143 (a) with the limits changed to —a and +a, 


a v/s =e 


eng — hier : ie 
or, with ae and d4= «V 2dt as in § 148, with the limits changed 


4 
to —t= — ——= and +t=+ oe 
eV 2 eV 2 


1 +t 2 /t 
p= Ona etd = | e~"dt. 
NATE ae 2 Vaio 


Expanding e* by Maclaurin’s theorem, 


Fig tie! 


x x3 
tit at Are h 


3! 


TC 


* d(a*) =a*ladx, where la is the Naperian log. Hence for the base e, 


d(e*) =e%dx. 
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Hence 
et eal eal 
Sie 
Substituting, 
2 (3 5 {7 ‘9 
(p)e S-('-son tyro -), 


which converges rapidly for small values of t. 


(185) 


For large values of t a more rapidly converging series may be 
obtained by transforming according to the foot-note upon the pre- 


vious page and integrating by parts,* thus: 


Hence 


% ae iss hae as es 
—t+ pa ee 
joe dt=— mae opt OBE amet , 


the terms for the limit % being all zero. 


But 
t (o.0) r1°,0) 
fete) OG — i; e~ "dt 
0 0 es 
va_ fr 
= = e- "dt. 
2 t 
Substituting, 


—2 


e oS Wp ahs & 
Sarees ( 22 BPP QP)3 +). 


(186) 


From (185) and (186) Table XIII has a constructed, from 


which (p), can be found for any value of ¢ or — et 


* [ ray=a2y— f yar. 
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(§ 144, Fig. 92, 


In a given set of observations errors of different magnitude 
should occur in proportion to their probabilities as found from 


Table XIII. 


This gives a method of testing theory by practice, 


as below in the eighteen independently observed values for the 
angle Modnicken-Fuchsberg at station Trenk, given in Grad- 
messung in Ostpreussen, p. 78. 


Angle. —v +» wy Angle. —v +v v2 
S32 OU SBO4 Ole 3oS 1.90 || For’d 49/7.36, 8.50 7.84 | 40.74 
7008205 6.92 
600) 118 128 iGo: 200 85078 LO diya 2.92 
ALP ODOM AOFOL 4 57 0.30 0.09 
Se 1S 25 4 75 O22 0.01 
0 .25 4.62 |21.34 6-250) Ae 635) 2.66 
33 a TAD DE WG de oei Se OO Oaks 0.02 
By peel ile a7 1.61 4205 O72 0.01 
4 .04 0.83 | 0.69 4 .25 | 0.62 0.38 
6 .96| 2.09 4.37 SZ! LOnoS 0.14 
Sums 49.36) 8.50 | 7.84 40.74 87” .59) 10.64 | 10.71 | 46.97 


Mean =83° 30’ 34’’.87; [v?]=46.97; 


= 1.66. 


For probability of error <1’, 


A 


: == 0.426. 


e/2 1.66V/2 


Hence (p); from Table XIIT= 45%. 
Number of errors <1’”’=n(p);=0.45 X18=8. 
Similarly as below: 


o. of Errors, 


PA 3453 


np 


e is found (by a method shown later) 


Theory, Actual, 

70 >< 0) 4260) 213 24% 4.3 6 
1.0X0.426=0.426 45 8.1 8 
2.0X0.426=0.852 77 Lees 14 
3.0X0.426=1.278 93 16.8 ily 
4.0X0.426=1.704 99 17.8 17 
haat eh ee 0.01 0.2 i 


With a larger number of observations a closer agreement would 


be expected. 
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145. Degree of Precision.—It should be noted that the value 
of pin § 144 for a given value of 4 depends not on 4 but on t= PE 
so that in two sets of observations the probability of an error less 
than 0 in the first will be equal that of an error less than 0’ in the 
second, if d/e=0"’/e’; e.g., if e’=2e, the probability of an error 
less than 0 in the first will be the same as that of one less than 
0’/2 in the second, or the probability of an error less than, say, 1’ 
in the first will be as great as that of one less than 2” in the second, 
or the degree oj precision of the second is said to be only one-half 
as great as that of the first. 

The degree of precision is then inversely as ¢, and observations 
can be reduced to the same degree of precision, and their errors 
directly compared by dividing them by their corresponding ¢’s. 

f2 


These quotients must in fact be abstract numbers, since 32 is 


the exponent of e in (184). 

146. Constant «. —In a large number of observations errors of 
different values will appear in proportion to their probabilities (as 
found to be nearly the case for a small number of observations in 
§ 144, so that in n observations, or errors, there should be by (184) 


df’ 2 
n——e 2 errors of value J’, 
eV 2r 
” 42 
n dd @ Qe ce oe Ge A” 
) 
eV 2x 


Squaring each error and adding, we have for the total the sum 
of a series of terms of the form 
CP ela be 
42n — CMe ene 
eV 27 


2 = 
Placing one and d4=«*/2dt as before, with the limits of 


+o for 4, 
i 2 ey Oy ed 
verage square = — = —= e © t*dt 
se Sq ane mh 
4¢ ” oH. 


yok 
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Integrating by parts, 


ogee by § 143. 


Substituting, 
el el gts 


which by comparison with (120) shows that the constant ¢ of § 142 


is the m.s.e. of § 121. 
147. Average Error.—As in § 146, we have the mean value of 


the errors taken without regard to sign: 


whence a 

y= Y= = 0.7979, | 
a ; (188) 
1 
rv 


1.2533[ +4] 


= 1.25337= 


148. Probable Error r. —If a series of errors are arranged in 
order of magnitude, the central one is called the probable error. 
There thus being as many errors with less values as with greater, 
the probability that any error taken at random will be less than r 
will be the same as that it is greater, and each equals one-half. 
Its value is found by placing (p);=} in § 144, and solving for 


4 
lame by Table XIII 
giving 
A’ ip 
or = 0.4769, 


c 


En/Q’ eV 2 
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from which 
Rox U, Ome mile san Wa sack (189) 


The p.e. and m.s.e. are both used in expressing the precision of 
observations. The p.e. is almost exclusively used in this country. 
It should be remembered that this is not a limit for the actual 
error, which will be greater as often as less. 


149. Graphic Representation.—lIf in (184) =e which re- 


duces 4 to ¢, 


Cae 


Vr 
from which the curve /(t) of Fig. 93 can be plotted by assuming 


Dx 13 
a) = 


Fig. 93. 


values for ¢ and solving for f(t), as below. Its general form was 
shown in Fig. 91. 


t i®) t, i®) t i® 


0.0 0.564 0.6 0.394 1.5 0.079 
0.2 0.542 0.8 0.297 2.0 0.010 
0.4 0.481 1.0 0.208 3.0 0.000 


Since p/dt is an ordinate, p, the probability of an error t, will 
be an area=/(t)dt; while (p); of § 144, the probability of an error 
between 0 and #, will be the area from 0 to t below the f(é) curve. 
Laying these values of (p); off as ordinates for given values of ¢ 
by Table XIII, we have the curve (p)é. 

If 4=¢, t/=1/\/2=0.707, corresponding to the ms.e. If 
4=0.6745e, t”=0.6745/\/2=0.477, corresponding to the p.e. 
These ordinates are laid off at ab and cd. The latter, cd, will 
bisect. the area between the f(f) curve and the axes, and cut the 
(p), curve at the height 0.5, from the definition of p.e. 
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The former, ab, will give the point of inflection of the /() curve, 
for, placing the second differential coefficient equal zero, 


aj(t) 4? BR core 
CAS ac ee ce 


or 
t=1/\/2=0’, as above. 


150. Principle of Least Squares.—In § 142 we saw that with 
nm unknowns dependent upon observation, their most probable 
values were those which made 

p=1(41)d41-{(42)dd2-f(43)d43... 


a maximum, or substituting the values of /(41),/(42), ... from (184), 


Re As Pg a eee 


n 
Bic og eae 


a maximum which, since d4;, d4o,..., €1, €2,... are constants, or 
are known from the observations, will be a maximum when 


[2] 
21 & 


is a minimum; i.e., each error being divided by its m.s.e., or re- 
duced to a standard degree of precision, § 145, the most prob- 
able values of the unknowns will be those which make the sum 
of the squares of the quotients a minimum. Hence the name 
Least Squares. 

If the degrees of precision are equal, « can be factored out, 
leaving [42] a minimum. When [42] is ‘a minimum [v7] will also be 
a minimum. 

For, § 124, 


ne*, or [4?]=[v?]+n0?. 
But 
2 
no? = e2 = Fal 
n 
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Substituting, 
|="). ee (100) 


Hence we may also say that each residual being divided by its 
m.s.e., or reduced to a standard degree of precision, the most prob- 
able values of the unknowns will be those which make the sum of 
the squares a minimum. 

We may also note that, since it was assumed as an axiom that 
the arithmetic mean of a number of equally good observations is 
the most probable value, the arithmetic mean must make the sum 
of the squares of the residuals a minimum. 

To test this, take some other value of the unknown as 2+0. 
The residuals will be v,;’=v,; +0, vo’ =v2+0. 

Squaring and adding, 


[v’2]=[v?] 2 20[v] + no?, 


which, since [v]=0 and nd? is positive, will always be greater than 
[v?]. 

151. Relation between Average, Mean Square, and Probable 
Errors.—To find the average error of § 147 in terms of the resid- 
uals v, with one unknown, directly observed, we have from (190), 


eee 
id cree 


Hence it may be concluded that on the average 


2 
ansheue and 4 xf 


wm n—lL ji 


or, if vy and 4 are 92a witnout regard to sign, 


[44]=.|—" {+0} 


Hence the average error, 


ee eee 
OFT SORA aay 
pent, Sarees, NGL) 
Hie Dane [£2] | 
Vn nV/n—1 
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Substituting these values of 7 and 7 in (188), 


[+2] 
= 1.2533 —2==— 
y Sage) 


Moreen (ah) 


which are known as Peter’s formulas. 
From (128) and (129), 


ines AC aw 
NG, oJ | 
From (189) | (193) 
S ital a cae 
r= 0.6745. |, ro = 0.67454 - nD | 


which are known as Bessel’s formulas. 
For the general case of indirect observations we have (150) 


[2 
= , while ans. 

n 
Hence as above, 


4 n [$4]. [on 
Pa Ae Eaicseess 


n—m 


or 


[e—1esss— tel 
V/ n(n—my)’ = ° he e . (194) 


r= 0.9454 _L22 


——— 


Vn(n—m) 


which are known as Lueroth’s formulas. 


For the case of direct observations upon dependent quantities 
m’ takes the place of n—m as in (160), giving 
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= 1.253312] p= o.gapqltel, 
nm’ / nm 


(150) and (160) being . . (195) 


ee oc 
n—m m 

The values of ¢ and r derived from the first powers of the resid- 
uals are often used because they are slightly more easy to com- 
pute; they are not, however, as accurate as those derived from 
the second powers. Weights are readily introduced if desired. 

152. Limit of Accuracy.—In deriving the preceding formulas 
it has been assumed: (a) That the number of observations is 
great. (b) That 4 can be regarded as a continuous variable. 
(c) That all constant errors have been eliminated. With but few 
observations, (a) and (b) are only partially satisfied, still if (c) is 
satisfied, the computed m.s.e. will, on the average, be the true one, 
although in an individual case it may be somewhat in error. 

But as constant error is usually present, the computed m.s.e. 
may be very misleading, unless the circumstances under which the 
observations were taken, or the reputation of the observer, are 
known. Again, when the number of observations is great, an 
increase in the number does not reduce the m.s.e. as rapidly as 
theory would indicate (e9=¢/Wn), and finally there is in every 
species of observations an ultimate limit of accuracy beyond which 
no mass of accumulated observations can ever penetrate. 

For example, Chauvenet (Astronomy, Vol. I, p. 370) states that 
the ultimate limit of accuracy in finding longitude from moon cul- 
minations with a sextant is about one second of time, and that 
this result can be reached by taking advantage of the available 
clear nights for some two to three years. Professor Rogers found 
the p.e. of a single complete determination of the declination of a 
star with the meridian circle to be 0’’.36 and of the right ascension 
of an equatorial star 0°.026. He says: “If therefore the p.e. can be 
taken as a measure of the accuracy of the observations, there ought 
to be no difficulty in obtaining from a moderate number of observa- 
tions the right ascension within 08.02 and the declination within 
0.2. Yet it is doubtful, after continuous observations in all parts 
of the world for more than a century, if there is a single star in the 
heavens whose absolute coordinates are known within these limits.” 
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The reason is that the observations are not arranged so that con- 
stant error is eliminated, but only the accidental errors. 

Even the theoretical gain in accuracy by increasing the number 
of observations is small after a fairly large number have been taken, 
so that if it is possible to improve in instruments or in methods, it 
is a waste of time to push the repetition of observations to any- 
thing like the ultimate limit of accuracy. The improvement in 
method is mainly in the arrangement of the observations so as to 
eliminate constant error. A study of the methods of observing 
which have been developed and of the instruments employed, as 
described in Part I, is of interest in this connection. 

153. Rejection of Doubtful Observations.—This is one of the 
most difficult points in connection with the adjustment of observa- 
tions. An observer is at liberty to arrange the observations and 
choose the conditions under which he will observe as his experience 
and best judgment may dictate. Having begun the observations, 
if he finds the conditions unfavorable he is at liberty to stop, reject 
the work already done, and begin again under more favorable 
auspices. When it comes to individual results in a set, if there is 
reason to suspect that an observation is poor before obtaining the 
result, a note should be made to that effect and a line drawn through 
the value. If the only reason for suspecting it is because it differs 
from the others, the young observer should hesitate about rejec- 
tion unless the discrepancy is so great that a mistake is certain. 
The attitude of an observer should be that of perfect honesty and 
fairness, directing his effort each time to obtaining the best pos- 
sible value of the quantity sought without being biased by the pre- 
ceding results, and without regard to them except to know in a 
general way that no mistakes are being made. 

_ Having the different results together, and being familiar with 
the circumstances under which the observations were made, the 
observer can decide which, if any, he will leave out in making up 
the mean. 

The computer in revising the work usually assumes the right 
to revise the rejection of observations. For this purpose he, if not 
the observer, will usually require a criterion. Several have been 
proposed. Peirce’s is perhaps in most common use, but the follow- 
ing, based upon Table XIII, has able advocates and is simple. 

If d=8e, t=3/V 2=2.12, giving, by Table XIII, (p),=0.997;i.e., 
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only 3 errors in 1000 should exceed 3 times the m.s.e. On this 
account the criterion calls for rejecting errors greater than 
3¢ in limited series of observations. Many object to any criterion 
and leave the matter to the Judgment of the observer, or to the 
computer in cases where more data are obtained by subsequent 
observations or by an advance in theoretical knowledge. 

See on this subject Wright and Hayford’s Adjustment of Obser- 
vations, pp. 87-93. 


CHAPTER XI. 
APPLICATION TO TRIANGULATION. 


154. Triangulation.—In adjusting the horizontal angles of a 
triangulation there are two classes of errors or discrepancies which 
are to be considered, one in the adjustment of the observed angles 
or directions at a station, the other in their adjustment in the 


Fig. 94. Fig. 95. 


triangulation. Strictly, both should be considered together, but 
much labor can be saved by making a station adjustment first and 
with the adjusted values thus obtained entering the triangulation 
and making a second adjustment without reference to the first. 
The discrepancies in the first adjustment are small in compari- 
son with those in the second, as the effects of eccentricity, phase, 
etc., are not wholly eliminated by the method of observing, but 
enter more or less as constant errors which appear in the second 
adjustment. On this account there is but little loss in accuracy 
and the method of separation is usually adopted to-save labor. 
155. Station Adjustment.—The station adjustment can be 
avoided by measuring the angles at a station independently and 
without checks. This can be done by measuring the angles between 
adjacent stations, as in Fig. 94, or by measuring the angle from a 
reference line around to the right to each station, as in Fig. 95. In 
268 


Kq. 195.) _STATION ADJUSTMENT. 269 


the latter case each measured angle would correspond to a bearing 
or direction for the line to its right. They are sometimes used as 
directions in the figure adjustment and sometimes the differences 
are taken and treated as angles. In the first case (Fig. 94) a con- 
siderable gain in accuracy can be secured by closing the horizon. 
This would reduce the station adjustment to simply dividing the 
discrepancy equally among the angles if of equal weight, or 
inversely as the weights if the weights are unequal. If instead of 
closing the horizon the sum angle is measured the discrepancy 
wou.d be divided equally among the angles, including the sum, if 
of equal weight, or inversely as the weights if unequal. 

If the signals are tied together as in Fig. 96, either with a direc- 
tion instrument or a repeating instrument, as described in §$51 and 
52, a station adjustment will be required. If treated as angles the 
angle between each two adjacent lines would be considered an 
unknown, X, Y, Z,..., while each observed value would furnish 
an observation equation. Thus in Fig. 96 there would be four 
unknowns, with four observation equations from the angles swung 
from 1-6, three from 2-6, two from 3-6, and one from 4-6. ° 


The first would be 


xX — M, == (itp 
X+Y— M2 = Vo, 
X+Y+2Z-—-— M3 — U3, 


X+Y+2Z4+4+U—-M4g=%. 
The next 
aM s = U5, 
Y+Z— Me = %, 


This is a simple case under § 128. 
If treated as directions there would be five unknowns and the 
observation equations would be written: 
—-X,+ VY, —M,=¥%, 
a Xj =e Zi = Ms = V2, 
—-X,4+ U, — M3 = 2s, 
—-X,+Wi-Msz=% 


for the first, etc. for the others. 
This method would be used for the observations of both §§ 51 


and 52. 
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For the method of direction observations described in § 50 
denote the required directions of the signals 
or the angles which they make with the ref- 
erence line by Y, Z, U,..., and the angle 
between the zero of the circle for each posi- 
tion and the reference line by X’, X”, X’”,.... 
Then if the readings of the circle on station 
tare 4,7) My 3 on station: 25 345% 

Fie. 96. M,"’,..., the observation equations wili be: 
For the first position, 


xX’ — M,’ es v1! 
XG a Yo M,! = Vo! 
For the second, 
” 


xX” = MM" v1 
X"” + VY — Mo!" = v6!" 


Il 


The solution would be as given in § 128. 

It is stated in the 1903 Coast Survey Report, p. 846, that for 
the method of direction observations as described in § 54, no local 
adjustments of directions were made on the ninety-eighth meridian 
work because their method of observing has rendered them un- 
necessary. With the repeating instrument it will be remembered 
the angles between adjacent lines are measured and the horizon 
closed, giving a very simple station adjustment. 

156. Weighting.—In the station adjustment the observed 
values for the observation equations are the means of quite a num- 
ber of observations, so that their p.e.’s can be found from the resid- 
uals for the separate observations by (193). The reciprocals of the 
squares will give the weights for the observation equations. 

The p.e.’s for the computed angles can be found in solving the 
normal equations as in the problems of § 133. If the angles are 
observed independently the p.e.’s can be found as for the station 
adjustment above. 

Having the adjusted angles or directions, the next step will be 
to make up the triangles and compute the triangle errors. Usually 
more triangles can be made up than are necessary to express all of 
the angle checks, and as using this extra number will result in a 
waste of labor, it is important to find the exact number required. 
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The number of lines required to connect p points with a closed 
figure is p, and this will give one check upon the observed angles. 
Every additional line will give an additional check, so that with 
l lines and p points 


No. of angle checks=/—p+1.. . . . (196) 


This will usually give the number of required triangles. In 
exceptional cases a sufficient number of triangles to satisfy (196) 
cannot be found, and polygons will have to be used instead. When 
there is an excess in the total number of triangles the best-shaped 
ones should usually be taken.* 

The triangle errors can then be computed by comparing the 
sums of the angles in each with (180°+8s).7 Squaring these, adding 
and dividing by the number of triangles will give the average 
square, or <? fora triangle. Dividing by three will give the average 
e* for an angle, or by six the average <? for a direction.t Compar- 
ing this value with the average <? found for the adjusted angles or 
directions at the station, it will usually be found greater. The 
reason is that the former include only the observing errors, while 
the latter include both the observing and triangle errors, or those 
due to eccentricity of signal and instrument, lateral refraction, one- 
sided illumination, etc. Subtracting the former from the latter 
will give the <? due to triangle error, which must be regarded as 
constant. Adding this to the <? due to observing error for each 
angle we have the total for each angle; the weights for the triangle 
adjustment will be proportional to the reciprocals of these. 

In case more than three of the adjusted angles are required to 
form a triangle, the sum of the squares of the triangle errors should 
be divided by the total number of angles used for the average ¢? 
for an angle; while in forming the sum of the ¢? for the adjusted 
angles at a station, each should be repeated as many times as the 
angle is used in different triangles and the total number of ¢’s used 
as a divisor in obtaining the average. Polygons can be included 


* For a discussion of this subject see Wright and Hayford’s Adjustment of 
Observations, § 154. 

+ s=spherical excess. 

t An angle is made up of the difference of two directions, just as in 
compass work it is made up of the difference of two bearings. Counting 
clockwise the left-hand direction would be negative and the right-hand 
positive. 


272 LEAST SQUARES. (§ 157, Fig. 97, 


with the triangles in following out this method for angles or direc- 
tions if there are not triangles enough to satisfy (196). 

The effect of the triangle error is to make the weights more 
nearly equal; if it is to be neglected, nearly as good results will be 
obtained by neglecting weights as by taking them from the <? of 
the adjusted angles and with less labor. It is good practice to 
arrange the observations so as to avoid station adjustment, except 
that due to closing the horizon when a repeating instrument is used, 
to measure the angles with about equal accuracy, and then to 
neglect weights in the figure adjustment. 

157. Figure Adjustment.—The geometrical conditions to be sat- 
isfied in the triangulation are: 

(a) A fixed sum for the angles in a figure. 

For a triangle 
S=180°+s. 
For a polygon 
S= 180° + s—360°, 


where S=the stm of the angles, and =the number of sides in the 
polygon. 

- (b) The same length for a triangle side when computed through 
different systems from the same base or starting line. 

(a) gives rise to angle equations; the number is given by (196). 

(b) gives rise to side equations; the number will be found in § 160 
Both come under the case of independent observations upon de- 
pendent quantities developed in § 135. 


PENTAGON WITH INTERIOR POINT. (FiG. 97). 
ANGLE Equations. 


There are five triangle checks besides the station condition that 
the angles about the central point / must remain equal to 360°. 
Substituting in (155), 


9 
Tes (a1) + G1) + (01) +m =0, 
(by) + (f2) + (C2) +¢2=0, 


a b (fi) + Fe) + (fa) + Fa) + (fs) = 0, 
Fia. 97 
where qj, g2,... are the triangle errors, and 


(ai), (6) ... are the corrections to the angles, or the v’s of § 135. 
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SipE EQUATIONS. 


The triangles which give a side equation, or a check upon the 
length of a side, will usually have one vertex in common, called a 
pole, while the sides radiating from it will each be common to two 
triangles. 

In making up the check equation, the two radiating sides of 
each triangle are written as a fraction, beginning with any one and 
taking the adjacent ones in order in either direction around to the 
first again, the denominator of the first becomes the numerator of 
the second, etc., until finally the last denominator will be the same 
as the first numerator, giving unity for the continued product. 
Each fraction can be replaced by the ratio of the sines of the oppo- 
site angles in the same triangle, giving the required check on the 
angles. 

Thus the five triangles have a common vertex at f, giving 


af bf of of ef_, 
bj cf gf ef af ’ 
or 
sin by sin Cz Sin g3 Sin é4 SIN As __ 
sin a, Sin bg sin cg SiN g4 SiN é5 
Taking logs, 
log sin b; —log sin a; -+log sin ¢2—log sin bo +log sin gz 
—log sin cz +log sin e4—log sin g4+log sin a5—log sin e5=0. 


The differential coefficients of § 135 become 


d (log sin V) 
dV 
where :d=tabular difference of log sin for 1’’ (minus for V >90°). 

Substituting, (155) becomes 


=ratio of change in log sin to change in arc= 


Sun I” 


dy (by) —d2(a,) +3 (cz) — da(b2) +. d5 (93) — de (es) 
+ dz (es) —dg(ga) +d (as) —dio(és) +97=0, 


where g7=the value of the log sin equation when the observed 


angles are substituted. 
For convenience the decimal point is moved either six or seven 


places to the right for d and q. 
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158. Adjustment of a Quadrilateral. Method of Angles.— 

To illustrate the application of the method of least squares to 

the adjustment of a figure, the following 

E M example, taken from the triangulation of 

Seneca Lake in 1882, will be worked out. 

The angles were observed independently and 

the weights of each angle determined from 

: : the observations by the method of § 156. 

The spherical excess was inappreciable, since 

the distances were comparatively small. 

The observed angles in the three triangles of the figure which 
were used for angle equations were as follows: 


Fig. 98. 


TRIANGLE ONL. 


Oe — AO a ones *=0.6 

Nig TO _ 20 me 20 1.5 

Loos = 160 219206) 0.6 
180 00 04 9 
TRIANGLE LMO. 

1G a PEA RY OEE “0.4 

Miso= 60 41 56 9 0.5 

Og == 70: 2245-310 0.6 
VA OOM Sree 
TRIANGLE NLM, 

NG = Oe as ae 

- 

Lo = 60.19. 06:5 0.6 

Die =) AS S58 Om. 0.4 

My = 29 25°52 .7 1.0 


179 59 54 3 
These three triangles thus afford three angle equations of con- 
dition, in which q’= +04’.9, q”=—02”.8, and q/”=—5/.7. By 
taking a pole at L, the following side equation is obtained: 


log sin O; +log sin My +2+log sin Ny 
—log sin N; 4+2—log sin O2—log sin Mo=0. 
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The absolute term q'¥ is found from the following tabulation. 


Log sine CH) “ator t”, Hoe sine (=e) ad for 1”, 
0, 9.879 2119 18.1 Nvte 9.974 2517 7.5 
Miz, | 9.940 5473 11.8 0, 9.974 1006 7.5 
N, 9.820 0378 23.9 M, 9.691 4172 Bx hon! 
9 639 7970 9.639 7695 
695 
qv = EDS ring 


The values of q for the several condition equations having now 
been determined, the normal equations may be determined as 
below. First, however, the condition equations will be stated in 
tabular form, thus: 


v a b c a* 8 ot 

WwW 

(0;) +1 Stee 1921 0.6 
(N42) ae Si sede Ure 1.5 
Gs) +1 +1 32-0 0.6 
(L,) 22h) +1 feo Ole One 
(M.+,) 4 fal A Be See 0.5 
: eA a ES WAR 0.6 
(N,) +1 4:23,:9.|. +249 il 
(Af,) fet 87 4 1e 286.4 1.0 


By equation (158) we can now form four normal equations of 
the form: 
[Sl4 + [58+ (ele + FP +2 =o. 
ra + Ge if [e} 4 Cs P + ¢/=0. 


The quantities A, B, C, and PD are the correlates of the correc- 
tions and are equal in number to the number of conditions. The 
formation of the normal equations is facilitated by the use of the 
following table: 


* Note that the coefficients of the side equation have their units taken 
in the seventh place of decimals. 
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‘5 aa. ab ac ad as bb be 
Ww Ww Ww w Ww w w 
h +0.6 +10.86 |+11.46 
Neer) Pens —11,25 4=-9.25 
; +0.6 +9.6 
i, 3 +0.4 +0.4 
M4, +0.5 
0, +0.6 
N, 
M, 
+2.7 +0.6 }|— 0.39 |+ 2.91 +1.5 +0.4 
bd bs cc cd cs dd ds 
& w w w Ww Ww omen w 
0, + 196,57|+ 207.43 
Mis, BE.” tev eames wy bs 
. +0.6 ee 
Ti /+0.8| +0.4 DIS 
Migs We 580) 6.4 + 69.62/+ 75.52 
O, —4.5 | —3.9 + 33.76)+ 29.25 
N, +1.1 |+26.29 |+27.39 |+ 628.33]/+ 654.62 
BU, +1.0 |—387.4 |—36.4 |+13898.76|+1361.36 
+1.4 | +3.3 +3.1 |—11.11 |— 7.01 |+2411.41/+2401.30 


The normal equations are now written, employing the co- 
efficients and check sums of the table. The checks only affect the 
coefficients of the equations. 


NORMAL EQUATIONS. 


Check, 

+2.7A + 0.6C¢ — 0.89D+ 4.9=0 — 291 
+1.5B + 0.40 + 1.4D — 2.8=0 Se es 
+0.6A +0.4B + 3.10 — 11.11D— 5.7=0 ee tes OL 
—0.89A4+1.4B —11.11C42411.4D +275.0=0 —2401.3 


These equations are more readily solved with a smaller co- 
efficient for D in the fourth one. If D, be taken equal to 10D we 
should have the following equations: 


+2.7A + 0.6C — 0.04D,+ 4.9=0 = tere) 
+1.5B + 0.4C + 0.14D,— 278=0 ae args’ 

+0.64 +0.4B + 3.10 — 1.11D,— 5.7=0 ae 2h. Al 

—0.044+0.14B— 1.11C+. 24.11D,+ 27.5=0 = 


50.60 
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The figures in the check column now include the values of the 
constants, and are to be used in checking the solution, which is to 
be performed by one of the methods of Chapter IX. 

The solution of the normal equations gives the values 


=—2.20, B=+1.52, C=1.68, D,=—1.08, D=—0.108. 
Applying now equations (159), we have for triangle ONL: 


Correction toO,; =0.6{—2.20+18.1(—0.108)} = —2’.5 
Se ING = dey 20-75 (= 0108) 2 I 


oh “Tog =0.6{—2.204+ 1.68} =—0 3 
—4 9=-d 
In like manner for triangles LMO and NLM, 

Corr. to LZ, =+1'.3 Corr. to Ny =-—1.0 
oe OF. co Mg = +57 
“02 =4+1-4 fe 8 Ty +De= +1.0 

+2 8=—q’" +5.7=—q/" 


We now substitute these corrections in the side condition equa- 
tion: 


Hor Os, 6-2 5acle Va 452 For Nia, 201 e175 1587 

MeO Il Sait: 1,20 Oy 14 bee 1088 

ON, —1.0X23.9=-23.9 “M,, +5.7X37.4=4213.2 

: e710 4208.0 
—208.0 


—275.9, which should equal —q!V. 


The work of obtaining the corrections is now checked, and the 
adjusted angles are obtained by adding these corrections to the 
observed angles. 

159. Adjustment of a Quadrilateral, Method of Directions.— 
To illustrate the application of the method of directions to the 
adjustment of a figure, the angles of the previous example are 
expressed as differences of direction. Weights are assumed for the 
directions illustrated in Fig. 99, which correspond very nearly to the 
weights of the angles in the preceding case. 

In this example each direction has a correction applied to it, 
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and consequently we have a case of twelve unknown quantities 
: subject to the same four conditions as before, 

Je 1 As might be supposed, the method is pe- 


culiarly adapted to the adjustment of obser- 
7 ae 2 
9 


vations made with a direction instrument. 
10 
Fic. 99. 


In the present example the steps followed 
are substantially the same as in the preced- 
ing one, so that no further explanation is 
necessary. The normal equations are stated and solved by the 
method of § 134, and the corrections when obtained are checked 
by substitution in the condition equations. 


TRIANGLES. 


—(10)=- (11); 49° 137 05774 
— (7)+ (9) 70 27 53 
— (5)+ (6) 60 19 06 


180 00 


S 
r= 


(4) 1) 
— (14+ (8) 60°41 56 
== (114-12) 970. 245 St 


179 59 57 
— (4)+ (6) 109 12 35 


(2)+ (8) 29 25 52 
= (7) +28) 4b 21925 


Go| Sma eo, hol uo aaa ene 


ARS) GSU Soe 


Sipr Equation. 


Log sin (+). 


— (10) + (11) 
— (1) + (3) 
— 7+ @) 


49° 13° 05:4 
€0 41 56 .9 
ZS ORL Payers) 


9.879 2119 
9.940 5473 
9.820 0378 


9.639 7970 


Log sin (—). 


— (11) + (12) 
— (2)+ (3) 


See) a 


70> 27 53/720 
70 24 31 .0 
29 25 52~.7 


9.974 2517 
9.974 1006 
9.691 4172 


9.639 7695 


9.639 7970 
695 


+ 275 


(Take unit in sixth place.) 
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TABLE 1OR FORMATION OF NORMAL EQUATIONS. 
| ea 1 2 fi 
GOO —1 —1.18}—2.18 " 
(2)| 0.7 —1 |+3.74|+2.74 
CS LObs +1 )+1 |—2.56/—0.56 
(4)| 0.1 —1 }-1 —2.00 
(5)|0.3}—1 |+1 0 0.3 |—0.3 
(6)|0.3/+1 +1 +2.00} 0.3 +0.3 +0.60 
(7)}0.7}-1 —1 |—1.64)/—3.64| 0.7 +0.7 |+1.15)4+2.55 
(8)| 0.4 +1 |+2.39/+3.39 
(9)|0.8}+1 —0.75|/+0.25} 0.8 —0.60)+0.20 
(TO) OF3i 1 —1.81)/—2.81} 0.3 +0.54|+0.84 
(11)|0.3/+1 |—1 +2.56/+2.56) 0.3 |—0.3 +0.77|+0.77 
(12)| 0.3 +1 —0.75| +0. 25 
S’ms +2.70|—0.60)+1.00'+1.86)+4.96 
aa ; : Select gee lee et 
o¢ b?2 be bd bs 2 cd cs a2 ds 
a= w w w Ww w Ww w w 
Ci) zn? +0.24)/+0.44 0.28/+ 0.51 
(2) 0.7 |—2.62 |—1.92 |+ ¥9.79|\4+ 7.17 
(3)| 0.3 |+0.3 |—0.77|—0.17| 0.3 |—0.77 |—0.17 1.97)/+ 0.43 
GQ OMe Oe! +0.20} 0.1 +0.20 
(Ons 
(6) 0.3 +0.60 
(7) 0.7 |+1.15 |+2.55 |+ 1:88)/+ 4.18 
(8) 0.4 |+0.96 |+1.36 |+ 2.2¢%/4 3.24 
(9) + 0.45|— 0.15 
(10) + 0.98/+ 1.53 
(GO| Ones —0.77|—0.77 + 1.97}/+ 1.97 
(12); 0.3 —0.22)+0.08 + 0.17/— 0.06 
S’ms/+1.50 Shae ae +2.50 |—1.28 |+2.62 |+19.77|/+18.82 
NORMAL EQUATIONS. 
A B @ D Const. Check. S 
I +2.70 —0.60 +1.00 + 1.86 + 4.90 + 9.86 +4 4.96 
+1.50 +040 — 1.52 — 2.80 — 3.02 — 0.22 
+2.50 — 1.28 — 5.70 — 3.08 + 2.62 
+19.77 +27.50 +46.33 +18.83 
+1.50 +040 — 1.52 — 2.80 — 3.02 (Factors) 
—0.18 +022 + 041 + 1.09 + 2.19 (+0.222) 


Vi Spilesye 


+062 — 1.11 -— 1.71 — 0.83 
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(6! D Const. Check. 
DBD) Pt Oe eee ee (Factors) 
= 0378 = 0:00 18-66 (—0.371) 
= 028 art 0.50. ROR oe 40.88 (—0.453) 
Ti 185 SA 6 oT, 
P1977. 4-27.50. + 46/33 
Md O87 ee 9 98 aes 70 (—0.689) 
= 30,00 Nal 28 le e087, (+0.810) 
SOV 7, ean 637s 06 (+0.795) 
TV 61649-41787. 42581 
el La7 
De gi LOS 
46.75+147D 45.195 : 
A IST eS ES Tr pe 
E71+ ILD 0020) 7 — 205 | : 
es eR, ~ Sey ard ical 
_ —4.90—1.86D—C+0.60B_ —6.268__, 
ae +270 cope 7 os 
TABLE FOR CORRECTIONS. 
a0) (2) (3) (4) (5) (6) 
a 0.2 0:7 0.3 0.1 0.3 0.3 
A +2.321 | —2.391 
B +0.880 —0.880 | +0.880 | —0.880 
C —2.808 | +2.808 | —2.808 +2.808 
D 41.249 | —3.957'| +2.709 
Sums | +2.129 | —6.765 | +4.687 | —1.928 | +1.441.| +0.487 
+0.4964 —4:736 1 +1.891 | —0-198 | +0-4394 -4+-0.446 
Corr’n +0.43 —4.74 +1.39 —0.19 +0.43 +0.14 
(7) (8) (9) (10) (11) (12) 
o 07 0.4 0.8 0.3 0.3 0.3 
A 4+2,321 —2 32% 497901 ||) Sor so7 
B +0.880 | —0.880 
C —2.808 | +2.808 
D 1.7385] — 2: 628:|-4+0.798 1b 101s | — 2 7o0nl se onzos 
Sums | +1.248 | +0.280 | —1.528 | +4.236 | —4.150 | —0.087_ 
407874 | +-0.119') —1, 9227) Se O7d ea dteoan Il So nes 
Cor’a ct e0.8r. | 0.11 1 oo 7 ae on een pe 


1 ; : ; 
Sums x ane Correction to direction. 
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TESTS OF CORRECTIONS. 


(a) —0.43-+40.14* —0.87 —1.22—1:27 —1.25 = —4.90. 
(6) —0.434+1.39 +0.19+0.43 +1.25—0.03 = +2.80. 
(c) +4.7441.39 +0.19+0.14 0.87 +0.11 = +5.70. 
(d) —1.18(+0.43) +3.74(—4.74) —2.56(+1.39) —1.64(+0.87) +2.39(+0.11) 
—0:75(—1,22)— 1. 81(-61,27) 4-2,56(—1:25)—0.75(— 003) 
= —0.51—17.73 —3.56 —1.43 +0.26 + 0.92 — 2.30 —3.20 + 0.02 = —27.5. 


160. Number and Formation of the Side Equations.—When 
in any system of triangles the first two points are determined by 
the length of the line joining them, the determination of any 
additional point will require two sides or two directions, so that 
in any system of p points we have to determine p—2 points, which 
requires 2(p—2) directions, or by adding the first 2p—3. 

Hence in a system of / sides and p points, 


No. of side equations=/—2p+3, . . . (197) 


where each side requires to be observed over from one end only. 

Stations between which side equations exist form systems about 
a central point or pole including it in a triangle or polygon. Fre- 
quently the pole falls outside, which makes no difference in the 
solution. In either case there is one characteristic property, i.e., 
at every station three lines meet, save one, where p—1 meet, there 
being p stations. Complications arise from systems within systems. 
Tt involves less work to take the pole where the least angles have 
been observed in cases which permit of choice 

In a completed quadrilateral where the angles are measured in- 
dependently, it is best to take the pole at the vertex of the three 
triangles giving the angle equations; in other cases where the 
adjacent angles are used giving four to a triangle the pole is con- 
veniently taken at the intersection of the two diagonals. 

The number of angle equations was found in (196), each side 
requiring to be sighted over in both directions. 

In a chain of triangles where two bases have been measured, 
both being regarded perfect, the absolute term of the side equation 
becomes the ratio of the bases instead of unity. If the discrepancy 
in length is not all thrown into the angles the p.e. of the computed 
base can be found by § 162. The discrepancy can then be divided 


* Alterations are made in last place in order to close the equations. They 
are ecessitated by omitting the third places. 
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in the ratio of the p.e. squared, and the portion thrown into the 
angles used as the absolute term in the equation as above. 

It is best in making up the equations in any difficult case to 
start with a triangle or even with a side of the net, add a point and 
draw all the lines connecting it with the first points, then apply the 
formulas for the number of angle and side equations and write them 
out. All equations added by the lines radiating from the point 
must involve the point. Add a second point, draw the radiating 
lines, apply the formulas, and add the new equations as before. 
In this way it is comparatively easy to distribute the equations 
among the proper stations and avoid an excess in one group, which 
would mean an excess of labor, or a deficiency in another, which 
would mean an imperfect adjustment. 

161. Adjustment of Secondary to Primary Work.—The pri- 
mary work having been adjusted by itself, the entire discrepancy 
would be thrown into the secondary. This would be accomplished 


3 
13 11 


Fie. 100. 


by placing the correction to the adjusted or perfect angle, or its v, 
equal zero, so that the term containing it would disappear from 
(155). 

Thus in Fig. 100 we have given the angles of the primary 
triangle 1-2-3, and those of the secondary triangles 1-2-4, 2-3-4, 
3-4-1, derived as differences of direction. 

Angle equations: 


Tri. 1-2-4, —(6)—(16)+(15)+ (9)+q,=0. 
=8, —(9)—(14)+ (16) +12) +¢.=0. 
4, +(6)—(12)— (15) + (14) +93=0. 
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Side equation, pole at station 4: 


1-4 24 34, 
Daal Bk jail : 
or i 
sin 1-2-4 sin 2-8-4 sin 4-1-3 1 
sin 4-1-2) sind? -3 cin 4-3-1, > 


Expressing the corrections as in § 157, 
d; (9) +d2(6) +d3(12) +d4(9) +d5(6) +dg (12) +q4=0 


From these the corrections can be derived as usual. 

If a secondary chain connects at each end with a primary side, 
and in many other cases, the checks due to the connection are often 
brought in as a side equation, azimuth equation, latitude equation, 
and longitude equation, thus making the computed side of the 
same length as, parallel to, and coinciding with, the primary side. 

162. Probable Error of Any Side.—In Ex. 1 of § 139 it was 
found that 


Ea,” = $a” sin® 1’’(cot? A, + cot? B, +cot A; cot By) e?+ e,? = 
Similarly for the next side, using p.e. instead of m.s.e.: 
Tas? = ¥a2? sin? 1” (cot? Ag+ eot® Bo+cot Ag cot Bg)r?+re2 a 
Substituting, 


2 
re = 3a? sin? 1’[cot? A+cot? B+cot A cot Bo}r? +r; a seem lie) 


This will give the p.e. of any side in a chain of triangles due to the 
p-e. of the base and the p.e. of the intervening angles. If, as is 
quite customary, the base is considered exact the last term will 
disappear. A and B are the distance angles used in computing the 
side a, and r is the average p.e. for the adjusted angles. If more 
than one chain of triangles can be used the one giving the smallest 
p-e. should be taken. 

If in Ex. 1 of § 139 the log equation for a had been used, the 
differential coefficients a cot M,; and —a cot Mz would have been 
da /sin 1” and —dg /sin 1’, as found in § 157. 

Substituting in (198) and calling the base exact, 
=$[dy2+dp?+dadg],. . . . . (199) 


Toe a 


284 LEAST SQUARES, (§ 163, Fig. 101, 


where d, and dz are the tabular log sin differences for 1’’ for the 
angles A and B. 

If the average p.e. 7; for an adjusted direction is used (199) 
becomes 

ee ana lda? +dp? +d,dz). Meee. Mh hae (200) 

To find the p.e. of the adjusted directions requires considerable 
extra labor in connection with the solution of the normal equations, 
as shown in the problem of § 133. On this account it is more con-. 
venient to determine the average value of the adjusted p.e. from 
that of the observed from the relation developed in § 138. The 
average adjusted p.e. squared equals the average observed p.e. 
squared multiplied by the ratio of the number of independent un- 
knowns to the number of observed quantities; i.e., if d=average 
p.e. for the observed direction, Na=number of directions observed 
and N,=number of conditions or checks to be satisfied. 


Na—N- 
r2=d2— : 
Na 
Substituting, 
| Tog a= we Ly 4-dp+dadpl, «<< Qn 


as assumed in (1) of § 9. 

163. Approximate Adjustment for Azimuth.— An azimuth equa- 
tion may be due to joining new work at two points with a common 
side at each to a triangulation which has already been adjusted, 
or it may be formed in adjusting between astronomically observed 
azimuths. Strictly the azimuth equation should be included with 
the others in the figure adjustment, but much labor is saved, and 
often sufficient accuracy attained, by considering it separately after 
5 the first adjustment has 

been made. 

In Fig. 101 the dis- 
tance angles used in 
computing 6-8 from 1-2 

8 are marked A and B. 
Resp The azimuth should be 

computed through the C 

angles. Counting azimuth clockwise as usual, the azimuth of 1-4 
would be found from that of 1-2 by subtracting Cy. The azimuth 


1 3 
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of 4-1 would be found from that of 1-4 by (85). The azimuth 
of 4-3 can be found from that of 4-1 by adding Co, ete. If 
gz=computed azimuth of 6-8 less the observed or direct value, 
we shall have, since the angles have already been adjusted to close 
the triangles, 
AZIMUTH EQUATION. 
— (Ci) + (C2)— (Cg)... +92=0. 


ANGLE EQuaTIons. 
(Ay) + (Bi) + (C1) =0 
(As)-(Bey103)=0 


for n triangles. 
Forming the normal equations as usual, 


(ASB CLD Eg e0 
AE eR =0 
+A43C =) 


Finding the values of the correlatives B, C,..., in terms of 
A and substituting in the first equation, 
nA— 4A-—4A—...+49,=0, 
or, ee a +q.=0. 
Solving, 
A=— 302 Vz Cet t2, D ‘ dz 


, ay De? 


2n an PR Dnt ' 

Corrections (159): 
fe qz pa dz 
Daas) Ci)sS mo (C\)= tae 


2) 


dz Q . 
(4)= +32, (B)=+#, C)=-%, 


i.e., divide the excess of the computed over the observed azimuth by the 
number of the triangles and apply one-halj of this quantity to each of 
the angles used in computing distance through the chain, and the totat 
quantity, with the sign changed, to the third angle, the latter being so 
applied each time as to reduce the discrepancy. 

164. Approximate Adjustment Between Bases.—This equation 
should be added with the others in the figure adjustment, but fre- 


4 
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quently it is omitted until the other adjustment has been made in 
order to see how closely the bases will check, or the check base may 
not have been measured until the figure adjustment has been com- 
pleted. In such cases the base adjustment can be made separately 
as below. : 
Base EquaTIon. 
[da(A)—d 2(B)]+=0, 


where, as in Fig. 101, the A angles are opposite the required sides 
and the B angles opposite the known ones in passing from the first 
to the second base, d4 and dg are the differences of the log sines of 
the angles for 1”, and q is the discrepancy in the logs of the bases 
when the observed values are substituted. 


ANGLE EQUATIONS. 
(Ay) + (By) + (C;) =0, 
(Az) + (Bo) + (C2) =0, 


for n triangles. 
Norma Equations. 


((d.47]+[de?])A + (d4,—dp,)B+ (d4,—dp,)C +. .+q=0. 
(d4,—dp,)A+3B =0. 
(d4,—dp,)A+3C =): 


From the second equation, 
B=—4(d4,—dg,)A. 
From the third equation, 
C= —4(d4,—dp,)A. 


Substituting in the first, 
A= 
Substituting in (159), 


Le J ee 
2 [d4?+d4dpt+ dp} 


A 
(Ay) = data) 


(Ai) =— (da, + 2d). 


C)=— (da, —dp,). 


of 
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The corrections to the C angles will tend to foot up zero, the 
differences for 1’ for the A and B angles averaging about equal in 
a triangulation. The disturbance in the azimuth adjustment will 
thus be small. 

By calling the C corrections zero (d4=dg) the angle equations 
become | 

(Aq) 42 (B,) =(), 
(Az) + (B2)=0,... 


NorMant EHQuaTIONS. 
((da2]+[dp2]) A + (d4,—4e,) B+ (da,—dp,)C +... +90=0, 
(da, — dx) A+2B =(() 
(da, — dz,) A+2C =()) 


from which 
Al A 
B=— (d4,—dB,) >> C=— (da,—dB,)-5» Aces 


pees ee 
[da?+2dadp +d] 
Substituting in (159), 


A 
(A;) = (da, +da)>> 


A 
(B) =- da,t+da)5, 


These corrections when applied will not disturb the azimuth 
adjustment, so that the length and direction of any line will be the 
same computed from either end of the chain. 

165. Adjustment for Latitude and Longitude.—In joining new 
work to old adjusted work at two points, as in filling in secondary 
triangulations, the Junction side computed through the new work 
must be parallel to the old (azimuth equation), must have the same 
length (base line equation), and must coincide in position at one 
end, which is best effected by a latitude and longitude equation. 
This last can be introduced in the figure adjustment, but the dis- 
crepancy in good work will be so small that the equation can be 
omitted in the first adjustment, and the error in latitude and 
longitude distributed as in a land survey without serious loss of 
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accuracy. Each station can then be reduced to center by § 59, 
making the figure consistent throughout. 

For the development of the latitude and longitude equations in 
form for use with the others in forming the normal equations, ref- 
erence is made to Wright and Hayford’s Adjustment of Observations, 
§§ 184, 185. 

166. Adjustment of Levels.—The three methods described in 
§§ 80 and 81 for finding the difference in level trigonometrically are 
from non-simultaneous readings at the two stations, from simul- 
taneous readings, and from readings at one of the stations only. 
The corresponding approximate formulas are: 


) hy=s tan 4(22.—2,) + (m2~— mi) sae : 
hyg=s tan 4(22.—21), 
h3=s cot at (12m) 


where s=horizontal distance; 2:, z2=observed zenith distances; 
m,, M2=coefficients of refraction; R,=radius of curvature of the 
arc joining the two stations. 

The p.e. for each result can be found as in § 122, remembering 
that s is well known and that z is nearly 90°. 


Thus 
OEE. 22 at Dire Sm? 
The = $82 sin? 1/72 + SR 2 (202) 
Sat OCS 
2 ” Stn? 
ng = $82 sin? 1”’r, an ORS (203) 


Sat 


r,2= s? sin? MA ay 7s Wt Gog ern me Kean 


It should be remembered that in the third method there will 
usually be a determination from the other end of the line. The 
mean of the two will give the same value for 7? as the others. It 
is usually assumed that placing m= mg in the second method does 
away with the uncertainty due to refraction. If this assumption 
is accepted the last term in (203) will disappear, leaving r;,2 the 
smallest of the three. 

In adjusting a triangulation net, the algebraic sum of the differ- 
ences in height in going around a triangle must equal zero, cor- 
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responding to the angle equations and giving for the number the 
same as for the number of angle equations, /— p+1. 

There will usually be enough reciprocal observations so that the 
value of m can be computed for the lines observed at each station, 
assigning weights to each reciprocal set by Bessel’s empirical 
formula, 

nine s 
my +n 
where 71, Ng are the numbers of observations for 21, 29. 

The weights to be given to the differences in height would be 
the reciprocals of the 7;? found above. 

In adjusting a net of level circuits run as precise levels the 
same method can be used as for trigonometric levels. The diffi- 
culty is in assigning weights. In closing circuits the discrepancies 
are usually considerably greater than indicated from the discrep- 
ancies in rerunning short sections between temporary bench- 
marks, thus indicating systematic error. 

Accidental errors tend to accumulate as the square root of the 
lengths, giving weights inversely as lengths 
of circuit. Systematic errors tend to ac- 
cumulate as the length, giving weights in- 
versely as the squares of the lengths. 

For examples of adjustment see App. 8, 
Coast Survey Report 1899, and App. 3 for 
1903. 

167. Adjustment of a Compass Sur- 
vey.—For each side the length and bearing 
are directly measured, while the latitude 
and departure are computed. Fig. 102. 

The latitude equation is 

BDU OCD Fs aes, Bien eres Wen Ia AG) 
dL dL 


Ps qc B dp sin B. . eee ean (2) 


By § 122, 
Lily COS Diet Rel, SIDA Ds. sae ve os 9 (6) 
For the departure 
D=T sin B: Meee tare ot att SCO) 
dD 


‘ dD 
qn B TB! 008 B. « A tee Saree (4) 


eter Se DT pele COS. ets eG) 
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If we assume, as was practically done by Dr. Bowditch, that 
ro=rp?l?=lXconstant=IC, . . . . (205) 


(c) and (f) will reduce to 
PLAST Dt yy ta ea oe 


1.€., the squares of the p.e.’s vn latitude and in departure are each 
proportional to the lengths of the sides. 

In § 150 it is shown that the most probable corrections will be 
those which make the sum of the squares of the quotients found by 
dividing each correction by its p.e. a minimum. Hence denoting 
the corrections in latitude for the different sides by vz,, vz,, VL, - 


ery 


vy? its 
a oe = minimum. 


Differentiating, 
v v 
dopa? day = Dh ee ee 
ly ls 
The sum of the corrections must equal the total error in latitude 
with its sign changed, = — qi, a constant, ie., | 
OE, Pig Ole ts eis GIs 


; Differentiating, 
doi + dps FOr er nts = Oe a en 


Comparing (207) and (208), and remembering that each must 
hold whatever the number of sides, or v’s, 


UL, VL» UT 


pean gti iP code pc ck eee et 


i.e., the corrections in latitude are proportional to the lengths of the 
sides, according to the Dr. Bowditch rule. 
The same can be found for the corrections in departure, giving 


UD, +UD,+UD, t+ .-+ » =Qe2 
UD, YD, _ YD, SNM nom Tamas awe -3(9) 
by ee ly on ls ia 


If the corrections are required for computing area, they can be 
applied directly to the values in the latitude and departure columns; 
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but if they are required for a geometrically consistent map or 
record the corresponding corrections must be found for the dis- 
tances and bearings. This can be done by dividing the corrected 
departure by corrected latitude for the tangent of the corrected 
bearing, then dividing departure by sine and latitude by cosine for 
the corrected distance, giving weight to the value having the larger 
numerator and using the other as a check. This requires the use 
of as many decimal places as the original computation. 

From the differential equations (b) and (e), the total correction 
to the side 

dL dD | 
oe cos BY sin B 

; 5 Mate eet Ol) 


=dby+4Dy | 


The total correction to the bearing 


~ 
Oy 


or, in minutes, see te Preue (20) 
dL dD 
Vie —S— oO 
ye Din’ L sin 1 } 
Equations (211) and (212) are readily computed with a slide 
tule, or even by inspection from the coordinate sheet. 
In equation (205) an uncertainty in chaining which would 


amount to 1 ft. in 500 would give 


rs99=1= 500C, or WC =0.0447. 


r= 0.0447V l, rg (in minutes) = TaaG 
_ Substituting for different distances: 
: Uncertainty in Uncertainty in 

Distance. Chaining. Bearing. 

10 feet 0.14 feet 0° 48” 

50 0.32 Ox2t 

100 0.45 0.15 

500 1.00 0 07 

1000 1.41 0 05 


2000 2.00 0 03 


292 LEAST SQUARES. (§ 168, Fig. 102, 


An examinaticn of these results shows that the assumption of 
Dr. Bowditch is fairly reasonable, although it gives too great weight 
to the bearings of long lines, and perhaps too small to those of very 
short ones. 

168. Adjustment of a Transit Survey.—In an ordinary transit 
survey no bearings are observed, but the horizontal angles between 
the lines are measured. In computing coordinates a meridian is 
observed or assumed and the bearings found from the angles. To 
express these bearings in terms of the measured angles in the adjust- 
ment equations, as should be done for accuracy, involves too much. 
labor. To use them as observed quantities will give different bear- 
ings and different coordinates, depending upon the direction taken 
around the figure for each in case the angles do not ‘‘close.”’ 

In ordinary work the p.e. of an angle need not exceed 1 minute 
if care is taken in setting over the points and in plumbing the flag 
poles, using tacks on the stakes for all lines of less than 300 ft.,. 
swinging without delay from the back sight to the front sight, and 

lining in a ‘‘range ”’ point to swing from for all lines of less than 50 
ft. With these precautions the p.e. need not increase with the 
shortness of the line, as with the compass, for which it is a waste 
cf time to guard against small errors of eccentricity in setting up 
or flagging. 

On very rough ground, or in going through brush, where the 
flag pole is partly hidden, it may be difficult to keep the p.e. below 
2 minutes, while for careful work the p.e. can be readily kept 
within + minute. 

For good work the length of sight should be limited to about 
1200 ft. Ordinarily it will be more difficult to measure distances to 
1:500 than angles to minutes, while an acccuracy of 1:1000 is. 
seldom reached except on level ground or in city work. 

The accuracy of angle work is thus considerably greater than 
that of chaining, 1 minute in angle giving 0.15 ft. in 500 as com- 
pared with 1 ft. in chaining; or 0.5 minute, 0.15 ft. in 1000 as com- 
pared with the 1 ft. due to the more accurate chaining. 

On this account it will be admissible to adjust the angles to 
close the figure (.e., so that the sum of the interior angles shall 
equal twice as many right angles, less four, as the figure has sides) 
by distributing the error equally among the angles to the nearest 
4 or } minute if they all have been equally well measured, or con- 
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centrating the corrections somewhat upon the poorer angles if not 
equally well measured. The bearings or azimuths are then com- 
puted and assumed to be correct in the final adjustment. This 
leaves only the two conditions: 

Sum of latitudes equal zero; 

Sum of departures equal zero; 
that is, 

l, cos By +12 cos Bg + ... =0, | 


l, sin By +l2sin By+ ... =0, } (213) 


where the total corrections are to be applied upon the basis of 
inaccuracy in chaining. 

Denote the observed distances by M,, Moz, M3,..., and the 
required corrections by 2, v2, v3,... The corrected distances will 


be 
1=M,+ 4, lg =Me4+ 2, lg=M3+3... 


Substituting in (213), 


(M, +11) cos By + (M2+4+ 2) cos Bp+... =0, 
(M,+1,) sin By+(Mez+ v2) sin Bgt+ ... =0, 
or 
v1 cos By + ve cos Bg + ... +q,=0, 
1 11 V2 : M1 (214) 
v7, sin B,+ v2 sin By+ ... +qe=0, 
where q:=M, cos B}+ M2 cos B2+ ... =error in latitude, 
go=M, sin Bi + Mz sin B2+ ... =error in departure. 


For convenience change (214) to 


L 
Fyeeinas eran ree +qi=0, 
aa (215) 
D D * e e e 
Dine Pore oe +92=0, | 
1 2 


where Lj, Le,..., Dy, De, ..., denote latitudes and departures. 


If r2 for chaining increase as J, or the weights inversely as J, 
the normal equations (158) become 


[F]a+[2 ]a+a=0. 


on = [7 ]B+02=0. 
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Solving, 


"FET 
l l l 
LD [? 
a[ = |-« = | 
D245, 12 
ae WA-E | 
(159) become 
%=lA+DiB 
Vg= LA +D2B : 
Adding, vie ates 
{v]= A[L]+ BLD]=0, nearly. 
Also, 
me cha = sy 
I, ,L? L2Dz 
sas ap earn icahl | 
Dy os grly D;? } 
UD, ay aval i +B rs ; 
° LoD, D2 
Vp, = V2 eae i =+ 5 ae 
J 
with fvyz]= —q1, and [vp]= — qo. 


(§ 168, Fig. 102, 


(216) 


(217) 


If the inaccuracy in chaining increases directly with the dis- 
tance (r varying as /), or the weights inversely as /?, (158) become: 


[L2]A +[LD]B+¢1= 0,7 
[LD]A +[D2]B +qo= 0, | 


with 
4 ALD =D] 
*“~ [D2 L?]—[LDP’ 
gL D) — aE] eats 
on rae i LDP’ 


(218) 


(219). 
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Di yS= IyhA +D\4,B 7} 
C= Lol2A + DoloB. 


In order to equalize coefficients so as to retain the same number 
of decimal places throughout, 100/ is used in place of J in (216), 
making the values of A and B 100 times too great and requiring 
the values of v to be divided by’ 100. 

If it is assumed that the error in chaining increases directly with 
the distance, (205) may be changed to 


fj=rpl=l x<constant=(C,. « « . »« (220) 
which changes 
(206) tory caer Oe Ses oe ed) 
(207) 46 ts a, 022) 
/.2 1? 
UL UL UL 
OF toa Ss 
(209) to ie , 
(223) 
DD, _YDy_ Ds 
(210) to iz L2 132 ees 


i.e., the corrections in latitude and the corrections in departure are 
each proportional to the squares of the sides. 
An examination of (220) shows that an error of 1:500 in distance 


will give 1/500=rz, 

or TR = Ce hea =7! 
500 <0.00029—’” 

or for 1/1000, tp =O. 


These ratios are more reasonable for transit work than those 
. tabulated from (205), but it would require an accuracy of 1/10 000: 
in chaining, or the best grade of level-ground city work, to reduce 
the corresponding angle error to a value easily attained in ordinary 
transit work, unless the figure has a very large number of sides. 
In this method the error of closure of the angles would first have 
to be distributed before computing the coordinates the same as by 
the first method. 
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Ex. The following field measurements were made with transit and tape: 

Sta. 1, 44° 38’.5R, 287.24 ft.; sta. 2, 8° 04’R, 451.75 ft.; sta. 3, 129°17/.5R, 
921.60 ft.; sta. 4, 89° 26’R, 212 ft.; sta. 5, 2° 35/.5L, 317.3 ft.; sta. 6 
91° 09’.5R, 443.6 ft. 

The deflections foot up 360°, requiring no adjustment for angle closure. 
The line 6-1 is nearly north and south and it is taken for the meridian. 

In computing the coordinates, columns are added for L*/1001, D?/1001, 
LD/100l, made up with slide rule from the distances and coordinates as 
given below. 


; Latitude, L. Departure, D, 
5 Bee Dis- 2 D2 LD 
= cane: tance. 100l } 1001 | 1002 
0) + - > - 
1 |N 44° 38/.5E |287. 24/204 .37 201.83 AZ |) alee yy 1.44 
2 \N 52 42/.5E |451.75/273.70 359.40 PAGSe eco: 2.18 
31S 2 00 W/921.60 921.04 32.16} 9.20 | 0.01 0.32 
4 |IN88 34 W/212. 5.30 211.93] 0.00 | 2.11 |—0.05 
5 |S 88 50.5W/317.3 6.41 SUT AOA ZO Olas, 0.06 
6 |North 443.6 |443.60 4.44 | 0.00 0.00 
WOE Sis o-5 all s-onetetne 926 . 97/927 .45}561 . 23/561 .33)16.75 | 9.56 3.95 
926.97 Hole2e 
q,=|—0.48] 9g,=|—0.10 
_ —0.10X3.95 +0.48 X 9.56 e 
4 160.13—15.60 acs 
—0.48 *3.95+0.10 16.75 
ae 160.13 —15.60 Ges 
v= +0.05 vp, = +0.04 Vp, = +0.04 
», = +0.08 v7,= +0.05 Up, = +0.06 
v3= —0.26 0p, = +0.26 Vp,= +0.01 
%,= 0.00 Ns 0.00 p,= 0.00 
v= 0.00 v7,= 0.00 %p,= 0.00 
v= +0.13 vp,.= +0.13 ip — 0.00 
[v]= 0.00 {vzJ=+0.48 =—4q, [vp]=+0.11=—q, 


If any line is regarded as perfect, as in connecting with a survey already 
adjusted, the corresponding correction is made zero and the corresponding 
L*/1001, D?/1001, and LD/100/ omitted in the summation for A and B. 
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TABLE I, 


FORMULAS AND CONSTANTS. 

sin? ¢+cos? v=1. . 
1 sin x 
cotx cosa 
aR Ee) GIN COS a COS BIN Yc eng b sla ies go 0ek dre aan a ene 


tan 2 = 


=V sect c—1. . e . ° e e ° ae cae eS C3 ° 2] 


cos (vx+y)=cos & cos yF sin x sin y. 
tan rt+tan y 

1+tan x tan y’ rere 
cos (180°—y) = —cos y; sin (180°+y)=—siny. . . .. . .s. 6] 
sin g=tan r=” sin 1” =z’ arc 1” (for small angles). . . . . . . 7] 
sin Tsin y= 2 sin 4(wsy) coss(aFy). «. . 2 ss . « « « « s 8) 


tan (tty) = 


cos (&@+y)+cos (@—y)=2 cosxz cosy... . . « 6 « « « eee | 

SN RS) SUNOS 1 BG OO iG. We OG oo 5 hee ore on LOT 

2RCOS AY Digg COSTE SM MEU wen TS Uikc a oN ty oi fap Exch fae eats we ates eae eeu 

BSUN | Goe=a (CNP, ly ono OE Gu On 6 os sey Goo gla. Ll 
F To GOS a Fee 

sin T=E—-ayt Ato aoa sie eee. Be Sant eee arrested 


oka zt fon 78 
cost=1—S+a—-Si tei ce PUA ey at. ee PY, Oh erent Mote (Fs ree ee ea 


27 ie OL Soars 


xz 
tan x=x+=>+ 


Sar (erent n hORgn SHON eee 0) km leet 15) 
Bett cee) bat Seat baal = 
ARS Bea Vee TVR Bik REGS poe) (ee a ] 


x3 q? yg! 7 gil 
BGs ep al 

(In the equations 13}-17] inclusive x is in z-measure. Should z be given 
in seconds, multiply by sin 1’’.) 


arc tan =x — SEA CRAG OD EcaT Grate tek teens Dates rt (76l| 


PLANE OBLIQUE TRIANGLES. 


Se ne eh ore aca S, ~ 18] 

aS =IVOW Tis GG Be BO tho 6 deg OF A ceasc 4 ee 
a—b 

tan 4(A — B) wig tb tan 3(A +B). AD Oe on SE Oh ae Mae Ieee Oe oe 20] 

iAvea Ola itiangle= 4 0C-GI0tA so oe eae ee ese so al 


ELimrse AND MrrIDIAN SECTION. 


eee “Lele to eg TERS DRE Hate earners rae CUren 7.) 
—b 

o=o—, Oh pee Sg eh asl dng sea a Aa | 

ime Wea Crue ee, (heer stata tonne? ofr e'! ecules) Pert ey 6) ec se. etl weed] 


V1 + ¢@/2 cos? $=l ° . . ° ° ry ° . e ° ° e ° ° e e 25] 
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SPHERICAL OBLIQUE TRIANGLES, 
sin A sin B sinC 


sna .sinbd sinc’ 

COS'G =COs 0 COS'C-|-sin OSI € COS|As % <<. ee) ol ele 
C cos $(a—b) 

tan 3(A+B)=cot 5° PEER eee em ee ee 28] 

sin c cot b—cos c cos A 


cot B aA aie aie ecotd ste cheaoo ter caaies Pes 


it AY, defers a is, ig ea 
oe eg 


sane ia 29] 


Area of spherical triangle = A = 555" 4zr* (s=spherical excess). . . . 30] 
SpuericaAL RiaHr TRIANGLE. 


tanedusin’ b= tani Gs cence uence: eens ae lees Gee Peo 


BINOMIAL THEOREM. 


mln Dame +, ca eh gern 


(a+b)m=am+mam-'b + ise a SS BY 


MacLaurin’s THEOREM. 


du a du x? (=) xn 
wu! =f (©) =(U)2z—0+ (3) aie (=) Poor ADC 6 aa nee ate oe 33] 


TayLor’s THEOREM. 


; Gh Gp koe OF dru ym 
Y poe - . —e 
w =j(et+y) Mae tlt da? 1 I ERP ie ee 34] 
Ravius OF CURVATURE. 
dy d’y 
Bedi (lI 2 ke er 
eon eee 
log 1+2)=M(r-F4F-F+E—...), . ‘ Ome . . . . . . 36] 


Ere neue os ) - 
log (1—a)=—-M(xt5 4242424. .). Mn tan eg Meh) Suet se S| 


A. R. Clarke of the English Ordnance Survey gives the following values for 
the ellipsoid of revolution as found from the various degree measurements. 
These values were adopted in 1875 by the U. 8. Coast and Geodetic Survey, 
and those of the following tables which involve the ellipsoid are based upon 
these data. 

Semi-major axis........ a=6 378 206™.4 log 6.804 6985 
Semi-minor axis........ b=6 356 583 .8 ‘‘ 6.803 2238 
Square of eccentricity... e? =0.006 768 658 ‘* 7.830 5026 
One meter =39.37 inches (by Act of Congress). 

The following are approximate values ef the coefficients of expansion for 
1° F., the unit being 0.000 001 of the length: 


GASB R pres ake caste ws oto se ays eee ST “ZING. ema ie ores a} 
IRE YURON Se Om Fone Om ensa Moa 4.8  Nickel-iron (Coast Survey Pre- 

Steeler esac seus. secented. erate 6.2 Gises 4Ovel) Seater ee ere 2.2 
Lb KONA. Ac bis OCEANA Bin trove 6.5  Nickel-steel (Coast Survey 

BRESSs ceteris ccc cin meer eee 10.2 Base apes) ape ae cer Only 
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TABLE II. 
LOGARITHMS OF FACTORS A, B, C, D, E, F, FOR LATITUDE; 


LONGITUDE, AND AZIMUTH COMPUTATIONS. (See Chapter 
VATEIES) 
The distance or triangle side should be used in meters. 
Latitude. Log A. Log B. Log C. Log D. Log L£. Log F. 
0° 00’ | 8.5097266 | 8.5126761 —© — 0 5.6125 = ee 

20 265 a) 4) BR alvellyy 0.457 125 | 6.057 

40 264 754 | 9.4728 | 0.758 126 358 

1 00 261 748 | 9.6489 | 0.934 128 534 
20 258 738 | 9.7738 1.059 132 658 

40 253 724 9.8708 1.156 136 755: 

2 00 248 708 | 9.95002 | 1.2347 140 834 
20 241 688 | 0.01703 | 1.3015 146 901 

40 234 666 | 0.07509 | 1.3594 153} 6.959 

3 00 225 641 0.12635 | 1.4104 160 | 7.010 
20 216 612 | 0.17217 | 1.4560 168 055 

40 206 581 0.21367 | 1.4971 178 096. 

4 00 194 547 | 0.251567) 1.5347 188 133 
20 182 510 | 0.28644 | 1.5692 199 168 

40 168 470 | 0.31875 | 1.6011 210 200 

5 00 154 427 | 0.34885 | 1.6308 223 229 
20 139 381 0.37703 | 1.6586 236 256 

40 122 332 | 0.40351 | 1.6846 251 282 

6 00 105 280 | 0.42850 | 1.7090 266 306 
20 087 225 | 0.45216 | 1.7322 282 329 

40 068 167 0.47462 | 1.7541 299 351 

7 00 047 107 | 0.49600 | 1.7749 316 371 
20 026 | 8.5126043 | 0.51641 | 1.7946 335 391 

40 | 8.5097004 | 8.5125977 0.53593 | 1.8135 354 409 

8 00 | 8.5096981 907 | 0.55464 | 1.8315 374 427 
20 957 835 0.57260 | 1.8488 395 444 

40 932 760 | 0.58987 | 1.8653 416 461 

9 00 906 682 | 0.60652 | 1.8812 439 476 
20 879 602 | 0.62257 | 1.8964 462 490 

40 851 518 | 0.63808 | 1.9111 486 505 

10 00 822 432 | 0.65309 | 1.9253 511 518 
20 793 3843 | 0.66762 | 1.9389 536 532 

40 762 251 0.68171 | 1.9521 563 544 

11 00 730 156 | 0.69539 | 1.9648 590 556 
20 698 | 8.5125058 | 0.70867 | 1.9771 618 568 

40 665 | 8.5124958 | 0.72159 | 1.9890 646 580, 

12 00 630 855 | 0.73417 | 2.0006 675 591 
20 595 749 | 0.74642 | 2.0118 705 601 

40 559 641 0.75836 | 2.0226 736 611 

13 00 | 8.5096522 | 8.5124530 | 0.77001 | 2.0331 | 5.6767 | 7.621 
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Log D. | Log £. 


Latitude. Log A. Log B. Log C. Log F. 
13° 00’ | 8.5096522 | 8.5124530 | 0.77001 2.0331 | 5.6767 7.621 
20. 6484 4416 | 0.78139 433 799 31 
40 6445 4299 | 0.79251 533 832 40 
14 00 6405 4180 | 0.80337 629 865 49 
20 6365 4059 1401 425 900 58 
40 6323 3934 2441 814 934 67 
15 00 6281 3807 3461 903 | 5.6970 765) 
20 6238 3677 4460 2.0990 | 5.7006 83 
40 6194 3545 5439 2.1074 042 91 
16 00 6149 3411 6400 156 080 7.698 
20 6103 3273 7343 236 118 7.105 
40 6056 3133 8269 314 156 12 
17 00 6009 2991 | 0.89178 390 196 19 
20 5961 2846 | 0.90072 464 235 26 
40 5912 2699 0952 536 276 32 
18 00 5862 2550 1816 606 Sig 38 
20 5811 2397 2667 675 358 44 
40 5759 2243 3505 742 400 50 
19 00 5707 2086 4330 808 443 56 
20 5654 1927 5142 872 486 61 
40 5600 1766 5943 934 530 67 
20 00 5546 1602 6733 2.1996 574 re 
20 5490 14385 7511 2.2055 619 "i 
40 5434 1267 8279 1S 664 82 
21 00 5377 1096 9037 170 ek 87 
20 5320 0924 | 0.99785 226 757 91 
40 5261 0748 | 1.00524 280 804 7.796 
22 00 5202 0571 | 1.01253 333 851 7.800 
20 5142 0391 1974 385 899 04 
40 5082 0210 2686 436 948 08 
23 00 5020 0026 3390 485 | 5.7997 12, 
20 4959 9840 4086 534 | 5.8046 16 
40 4898 9653 4775 581 096 19 
24 00 4833 9463 5456 627 146 20 
20 4769 9271 6130 672 197 26 
40 4704 9077 6797 716 249 29 
25 00 4639 8881 7457 759 300 32 
20 4573 8684 8111 801 352 35 
40 4507 8484 8758 842 405 38 
26 00 4439 8283 | 1.09400 882 458 41 
20 4372 8079 | 1.10036 922 Ske 44 
40 4303 7874 | 1.10666 960 566 46 
Pare (010) 4234 7667 1290 2.2997 620 49 
20 4165 7458 1909 2.3033 675 51 
40 4094 7248 2523 069 730 53 
28 00 8.5094024 | 8.5117036 | 1.13132 2.3104 | 5.8785 (Cts) 


LOGARITHMS OF FACTORS A, B, C, D, E, F. 303 


TaBLE II]—(Continued). 


Latitude. Log A. Log B. Log C. Log D. Log E. Log F, 
28° 00’ | 8.5094024 | 8.5117036 | 1.13132 | 2.3104 | 5.8785 | 7.855 
20 3952 6822 3737 137 841 57 
40 3881 6607 4337 170 898 59 
29 00 3808 6389 4932 203 | 5.8955 61 
20 3735 6171 5522 234 | 5.9012 63 
40 3662 5950 6109 264 069 64 
30 00 3588 5729 6692 294 127 66 
20 3514 5505 7270 323 186 67 
40 3439 5281 7845 351 245 69 
31 00 3363 5054 8416 379 304 70 
20 3287 4827 8983 405 363 71 
40 3211 4598 | 1.19548 431 423 72 
32 00 3134 | 4368 | 1.20108 456 484] 73 
20 3057 4136 0666 481 544 74 
40 2980 3903 1220 504 605 75 
33 00 2901 3669 1772 527 667 75 
20 2823 3433 2321 550 729 76 
40 2744 3197 2866 571 791 76 
34 00 2665 2959 3409 592 853 77 
20 2585 2720 3950 612 916 77 
40 2505 2480 4488 632 | 5.9980 77 
35 00 2425 2239 5024 651 | 6.0043 77 
20 2344 1997 55ST 669 107 77 
40 2263 1754 6088 687 172 77 
36 00 2182 1510 6617 704 237 77 
20 2100 1265 7145 720 302 77 
40 2018 1019 7670 735 367 77 
37 00 1936 0772 8193 750 433 76 
20 1853 0524 8715 765 499 76 
40 1771 0276 9234 779 566 75 
38 00 1687 | 8.5110027 | 1.29753 792 633 74 
20 1604 | 8.5109777 | 1.30269 804 701 74 
40 1521 9526 0785 816 768 73 
39 00 1437 9275 1299 827 836 72 
20 1353 9023 1811 838 905 71 
40 1269 8771 2323 848 |°6.0974 70 
40 00 1184 8517 2833 857 | 6.1043 69 
20 1100 8264 3342 866 113 67 
40 1015 8010 3850 874 183 66 
41 00 0930 7755 4358 882 253 64 
20 0845 7500 4864 889 324 63 
40 0760 7245 5370 895 395 61 
42 00 0675 6989 5875 901 467 60 
20 0590 6733 6379 906 539 58 
40 0504 6477 6883 910 612 56 
43 00 | 8.5090419 | 8.5106220 | 1.37386 | 2.3914 | 6.1684 | 7.854 


304 


TABLES. 


TABLE Il—(Continued). 


Latitude, | ~ Log A. Log B. Log C. Log D. Log £. Log F. 
43° 00’ | 8.5090419 | 8.5106220 | 1.37386 2.3914 | 6.1684 7.85! 
207 1 0333 5963 7889 18 758 52 
40 | 0247 5706 8392 21 831 50 
44 00 0162 5449 8894 23 905 48 
20 8.5090076 5192 9396 25 | 6.1980 45 
40, 8. 5089990 4935 | 1.39898 26 | 6.2055 43 
45 09 9904 4677 | 1.40400 26 130 40 
20 9818 4420 0902 26 206 38 
40 9733 4162 1404 25 283 35 
46 00 9647 3905 1906 24 359 32 
20 9561 3648 2409 22 436 30 
40 9475 3391 2911 20 514 PH 
47 00 9390 3134 3414 lbs 592 24 
20 9304 2877 3917 US 671 21 
40 9219 2621 4421 09 750 is 
48 00 9133 2364 4926 2.3904 830 14 
20 9048 2108 5431 2.3898 910 11 
40 8963 1853 5937 92 | 6.2990 07 
49 00 8878 1598 6443 86 | 6.3071 04 
20 8793 1343 6950 @ 1s: 7.800 
40 8708 1088 7459 val Zoo 7.796 
50 00 8623 0835 7968 62 318 92 
20 8539 0581 8478 53 401 88 
40 8455 0328 8989 43 485 84 
ol 100 8371 | 8.5100076 | 1.49502 33 569 80 
20 8287 | 8.5099825 | 1.50016 22 654 76 
40 8203 9574 0531 2.3811 740 42 
52 00 8120 9323 1048 2.3799 826 67 
20 8036 9074 1566 86 | 6.3912 63: 
40 7953 8825 2086 73 | 6.4000 58 
‘Dor LOO) 7871 8577 2608 59 OSS 53 
. 20 7788 8329 Slo 44 176 48 
40, 7706 8083 3656 29 265 43 
54 00 7624 7838 4183 Pees les’ 355 38 
20 7543 7593 4712 2.3696 446 33 
40 7462 7349 5243 79 Dae 28 
5b. O0 7381 7107 LAr 61 629 DS 
20 7300 6865 6312 42 72) 17 
40 7220 6624 6850 as 815 1 
56 00 7140 6385 7391 2.3603 | 6.4909 06 
20 7061 6147 7934 2.3583 | 6.5004 7.700 
40 6982 5909 8480 61 099 7.694 
57 00 6903 5673 9028 39 196 88 
20 6825 5438 | 1.59580 pics yayl bY 293 82 
40 6747 5205 | 1.60134 2.3493 391 FD 
58 00 |.,8.5086669 | 8.5094972 | 1.60692 2.3469 | 6.5490 7.669 


LOGARITHMS OF FACTORS A, B,C, D, E, F. 


TaBLEe I]—(Concluded). 


305, 


Latitude. Log A. Log B. Log C. Log D. Log £. Log F. 
58° 00’ | 8.5086669 | 8.5094972 | 1.60692 2.3469 | 6.5450 7.669 
20 6592 4741 1253 444 590 62 
40 6516 4512 1817 419 691 56 
59 00 6440 4283 2384 392 792 49 
20 6364 4056 2955 365 895 42 
40 6289 3831 3530 337 | 6.5998 35 
60 00 6214 3607 4109 309 | 6.6102 Pa 
20 6140 3384 4691 279 208 20 
40 6066 3163 5278 249 314 13 
61 00 5993 2944 5869 218 422 7.605 
20 5920 2726 6464 186 530 1.597 
40 5848 2510 7063 154 640 89 
62 00 af CCE 2295 7668 120 750 81 
20 . 5706 2082 8277 O86 862 7k" 
40 5635 1871 8891 050 | 6.6975 64 
63 00 5566 1661 | 1.69510 2.3014 | 6.7089 56. 
20 5496 1454 | 1.70135 2.2977 205 47 
40 5428 1248 0765 939 oon 38 
64 00 5360 1043 1400 901 440 29 
20 5292 0841 2042 861 559 20: 
40 5225 0641 2689 820 680 11 
65 00 5159 0442 3343 778 802 Veno0d 
20 5094 0245 4004 735 | 6.7926 7.491 
40 5029 | 8.5090051 4670 692 | 6.8051 81 
66 00 4964 | 8.5089858 5344 647 Wee 7fil 
20 4901 9667 6025 601 306 61 
40 4838 9478 6714 554 436 50 
67 00 4776 9292 7410 506 567 40. 
20 4714 9107 8114 456 700 29 
40 4653 8925 8826 406 835 18 
68 00 4593 8745 | 1.79547 354 | 6.8972 7.406 
20 4534 8566 | 1.80276 302 | 6.9111 7.395 
40 4475 8390 1015 248 202 83 
69 00 4417 8217 1763 192 395 71 
20 4360 8045 2521 136 540 58. 
40 4304 7876 3289 078 687 46. 
70 00 4248 7709 4068 2.2018 836 33 
20 4193 7544 4857 2.1957 | 6.9988 20 
40 4139 7382 5658 2.1895 | 7.0142 (30G 
ZAL (OO 4086 7222 6470 831 298 7.293 
20 4033 7064 7295 766 457 79 
40 3981 6908 8133 699 619 65 
7 WO 8.5083930 | 8.5086756 | 1.88984 2.1630 | 7.0784 OU) 
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JUN EO k 
CORRECTIONS TO LONGITUDE FOR DIFFERENCE IN ARC AND 
SINE. 

Log s( = >: Log Difference. | Log 44(+). || Log s(—). | Log Difference. | Log 44(+). 
3.876 0.000 0001 2.380 4.871 0.000 0098 3.380 
4.026 02 2-539 4.882 103 3.391 
4.114 03 2.623 4.892 108 3.401 
ALT 04 2.686 4.903 114 3.412 
4225 05 Pr HOL? 4.913 119 Bie Ye 
4.265 06 Pte 4.922 124 3.431 
4.298 07 2.80 4.932 130 3.441 
AR ouh 08 2.836 4.941 136 3.450 
4.353 09 2.862 4.950 142 3.459 
4.376 10 2.885 4.959 147 3.468 
4.396 11 2.905 4.968 153 3.477 
4.415 12 2.924 4.976 160 3.485 
4.433 13 2.942 4.985 166 3.494 
4.449 14 2.958 4.993 172 3.502 
4.464 15 2.973 5.002 179 SOLE 
4.478 16 2.987 5.010 186 3.519 
4.491 17 3.000 DeOLs 192 S2020 
4.503 18 S012 5.025 199 3.534 
4.526 20 3.035 5.033 206 3.542 
4.548 23 3.057 5.040 213 3.549 
4.570 25 3.079 5.047 221 3.556 
4.591 Pf 3.100 5.054 228 3.563 
4.612 30 Sia al 5.062 236 SyGyAl 
4.631 33 3.140 5.068 243 Seu 
4.649 36 3.158 52075 251 3.584 
4.667 39 3.176 5.082 259 3.591 
4.684 42 3.193 5.088 267 3.597 
4.701 45 SLO 5.095 275 3.604 
4.716 48 Sees Sake 284 3.611 
4732 ay] 3.241 5.108 292 3.617 
4.746 56 OE2Do 5.114 300 3.623 
4.761 59 3.270 5.120 309 3.629 
4.774 63 3, 283 on26 ~ 318 Sooo 
4.788 67 S207, Sale: 327 3.641 
4.801 a Sele) 5.138 336 3.647 
4.813 ie 3.e2e 5.144 345 3.653 
4.825 80 Shean et bso 354 3.659 
4.834 84 3.343 5.156 364 3.665 
4.849 89 3.358 5.161 373 3.670 
4.860 0.000 0094 3.369 5.167 0.000 0383 3.676 


Lati- 
tude. 


1° OF PARALLEL, LOG N AND LOG R. 


1° of 
Parallel. 


Log N. 


TABLE IV. 


VALUES AT VARIOUS LATITUDES OF 1° OF PARALLEL, 
LOG N AND LOG R. 


(Metric Units.) 


Log R. 


Lati- 
tude. 


1° of 
Parallel 


0° 00’ }111 321 


10 


11 


12 


13 


14 


15 


20 


40 


319 
313 


304 
291 
274 


253 
229 
201 


169 
133 
094 


051 
111 004 
110 954 


900 
842 
780 


715 
646 
573 


497 
417 
333 
245 
153 
110 058 
109 959 
856 
750 


641 
528 
411 
289 
164 
109 036 


108 904 
768 
629 

108 486 
340 
190 

108 036 

107 878 
TAM 


6 .8046985 |6 8017489 


6986 
6987 


6990 
6993 
6998 


7003 
7010 
7017 


7025 
7035 
7046 


7057 
7069 
7083 
7097 
7112 
7129 


7146 
7164 
7183 


7203 
7225 
7247 


7270 
7294 
7319 


7345 
7372 
7400 


7428 
7458 
7489 


7520 
7553 
7586 
7620 
7656 
7692 
7729 
Bon 


7490 
7495 


7502 
7513 
7526 


7543 
7562 
7584 


7610 
7638 
7669 
7704 
7742 
7782 


7824||: 


7870 
7919 


7971 
8026 
8083 


8144 
8207 
8274 
8343 
8415 
8490 
8568 
8649 
8732 


8819}|: 


8908 
9000 
9094 
9192 
9292 
9395 
9501 
9609 
9720 
9834 


7806/6 .8019951 
7845/6 .8020070 


7886 
7928 


0192 
0316 


00 |107 553 16804797016 . 8020443 


15° 00’}107 558 
2 


0] 7384 
40 | 7212 
16 00} 7036 
20 | 6857 
40 | 6674 
17 00] 6487 
20 | 6297 
40; 6103 
18 00 5 906 
20 5 705 
40 5 501 
19 00] 5294 
20 5 083 
40 | 4868 
20 00| 4649 
20 | 4427 
40 | 4201 
21 00) 3972 
20 | 3739 
40 | 3503 
22 00| 3264 
20 | 3021 
40; 2774 
23 00 2 524 
20 2 271 
40 | 2014 
24 00 1 754 
20 1490 
40 1 223 
25 00 | 0952 
20 | 0678 
40 | 0400 
26 00 {100 119 
20 | 99 835 
40 | 9548 
27 00 9 257 
20 | 8963 
40 | 8665 
28 00] 8364 
20 | 8059 
40 | 7752 
29 00| 7441 
AD |b ff WE 
40 | 6809 

30 00 


9879 
6. 8049948 


6 .8050017 
0086 
0156 
0227 
0298 
0370 
0443 
0515 
0589 
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96 488 |6 .805066316 . 8028522 
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TABLES: 


TaBLe I[V—(Continued). 


i- 1° of Lati- 1° of 
=e Parallel! Log N. Log &: aus | Paralel, Log N. 
30° 00’; 96 488 |6 .8050663/6, 8028522) 45° 00’| 78 849 |6.8054347 
20 | -6 164 0737 8745 20 8 390 4432 
40 5 837 0812} 8970 40 7 929 4518 
SOU 5 506 0888 9197||46 00 7 466 4604 
20 auliz 0963 9424 20 6 999 4690, 
40 4835 1040 9653 40 6 530 4775 
Bve oO) 4495 1117/6 .8029883)]|47 00 6 058 4861 
20 4 152 1194/6 .8030115 20 5 584 4947 
40 3 805 WA - 0348 40 5 107 5032 
33 00 3 455 1350 0582]/48 00 4 628 5118 
20 3 102 1428 0817 20 4 146 5203 
40 2 746 1507 1054 40 3 661 5288 
34 00 2 387 1586 1292)/49 00 3174 5373 
20 2025 1666 1531 20 2 685 5458 
40 1 659 1746 1771 40 2193 5543 
35 00 1 290 1826 2012}]50 00 1 698 5628 
20 0918 1907 2254 20 1 201 LVL 
40 0 544 1988 2497 40 0 702 5796 
36 00 ; 90 166 2069 2741||51 00 | 70200 5880 
20 | 89785 Peay! 2986 20 | 69 696 5964 
40 9 401 2233 3232 40 9 189 6048 
37 00 9014 2315 3479)|52 00 8 680 6131 
20 8 624 2397 3726 20 8 169 6214 
40 8 231 2480 3975 40 7 656 6297 
38 00 7 835 2564 4224/53 00 7 140 6380 
20 7 436 2647 44744 20 6 622 6463 
40 7 034 2730! . 4724 40 6 101 6545 
39 00 6 629 2814 4976)}54 O00 5 578 6627 
20 6 221 2898 5228 20 5 058 6708 
40 5810 2982 5480 40 4 526 6789 
40 00 5 396 3067 5734|/55 00 3 996 6870 
20 4979 3151 5987 20 3 464 6951 
40 4 560 3236 6241 40 2931 7031 
41 00' 4187 3321 6496}|56 00 2 395 7111 
20 ny (Alles 3405 6750 20 1 856 7190 
40 |} 3284 3491 7006 40 1316 7269 
42 00 2 853 3576 72621|57 00 0774 7348 
20 2 420 3661 7518 20 | 60 230 7426 
40 1 983 3747 7774 40 | 59683 7504 
43 00 1 543 3832 8031/58 00 9135 7582 
20 LLOL 3918 8287 20 8 584 7659 
40 0 656 4003 8544 40 8 032 TGS 
44 00 | 80208 4089 8802||59 00 | 7478 7811 
20 | 79 '758 4175 9059 20 6 922 7887 
40 9 305 4261 9316 40 6 3638 7962 
45 00 | 78849 60 00 | 55 802 |}6.8058037 


6 .8054347/6 8039574 


Log R. 


6 8039574 
6 .8039831 
6. 8040088 
0346 
0603 
0860 


Julies 
1374 
1630 
1887 
2142 
2398 
2653, 
2908 
3162 
3416 
3669 
3922 
4175 
4426. 
4677 
4928 
5177 
5426 
5674 
5921 
6167 
6413 
6657 
6901 
7144 
7385 
7626 
7866 
8104 
8341 
8578 
8812 
9046 
9279 
9509 
9739 
6 .8049968 
6 .8050194 
0419 


6 .8050644 


1° OF PARALLEL, LOG N AND LOG R. 


Taste IV—(Concluded). 


Lati- 1 oVOr Lati- 
fade. Parallel: Log N. Log R. fide: 
60° 00’| 55 802 |6.8058037|6.80506441/75° 00’ 

20 | 5240 S111 0866 20 
40 | 4676 8185 1087 40 
61 00}] 4110 8258 1307||76 00 
20) 3542 8330 1524 20 
40 | 2972 8403 1741 40 
62 00] 2400 8474 1956||77 00 
20 | 1827 8545 2169 20 
420 252 8615 2380 40 
63 00! 0675 8685 2590/|78 00 
20 | 50096 8755 2797 20 
40 | 49 516 8823 3003 40 
64 00 | 48934 8891 3208/79 00 
20 | 8350 8959 3409 20 
40 | 7765 9026 3610 40 
65 00} 7178 9092 3809|/80 00 
20 | 6589 9157 4005 20 
40 | 5998 9222 4200 40 
66 00] 5406 9287 4393||81 00 
20) esis 9350 4583 20 
40 | 8218 9413 4772 40 
67 00| 3622 9475 4959|/82 00 
20 | 3024 9537 5143] | 20 
40 | 2424 9597 5325 40 
68 00] 1823 9658 5506|/83 00 
OY | i Ba 9717 5684 20 
40 | 0617 9776 5860 40 
69 00 | 40012 9834 6034|/84 00 
20 | 39405 9891 6205 20 
40 | 8797|6.8059947 6374 40 
70 00] 8188|6.8060003 6542/85 00 
20 | 7578 0058 6707 20 
40 | 6966 0112 6869 40 
Tier 005) 6.353 0165 7029/86 00 
90 | 5738 0218 7186 20 
40 | 5123 0270 7342 40 
72 00] 4506 0321 7495||87 00 
20 | 3888 0371 7645 20 
40 | 3269 0420 7793 40 
73 00 | 2648 0468 7938||88 00 
DON O27 0516 8081 20 
40 | 1405 0563 8222 40 
74 00 | 30781 0608 8361/89 00 
20 FR 30i156 0654 8496 20 
40 | 29 530 0699 8629 40 
75 00 | 28 903 |6.8060742/6.8058759||90 00 


1° of 


Parallel. 


28 903 
8 276 
7 647 
7017 
6 386 
5 755 
5 123 
4 490 
3 855 
3 220 
2 584 
1 948 

21 311 

20 673 

20 034 

19 394 

18 754 

18 113 


17 472 
16 830 
16 188 
15 545 
14 901 
14 257 
13 612 
12 967 
12 321 
11 675 
11 029 
10 382 
9 735 
9 O87 
8 439 
7 792 
7 144 
6 495 
5 846 
5197 
4 548 
3 898 
3 248 
2 599 
1 949 
1 300 

650 


o 


Log N. 


68060742 
0785 
0826 
0867 
0907 
0946 
0984 
1022 
1058 
1093 
1128 
1162 


1195 
1226 
1257 


1287 
1316 
1344 


1371 
1397 
1422 
1446 
1469 
1492 
1513 
1534 
1553 


1571 
1589 
1605 
1620 
1635 
1649 


1661 
1673 
1683 


1692 
1701 
1709 
1715 
V721 
W725 
1728 
1730 
1732 


\ 


309 


Log R. 


6 .8058759 
8887 
9012 


9135 
$255 
9372 
9487 
9598 
9707 


9814 
9 .8059917 
9.8060018 
0118 
0212 
0304 
0394 
0481 
0565 


0725 
0800 


0873 
0943 
1009 


1074 
1134 
1192 
1248 
1300 
1349 
1395 
1439 
1479 
1517 
1551 
1583 
1611 
1637 
1659 
1679 
1695 
1709 
1719 
1727 
1731 


6 .8061733 


68061733 


0646 
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TABLE V. 


LENGTHS AT VARIOUS LATITUDES OF 1° OF MERIDIAN. 
a (Metric Units.) 


Latitude. |1° of Meridian.|| Latitude. 1° of Meridian. Latitude. |1° of Meridian. 
0° 00’ 110 567.2 30° 00’ 110 848.5 60° 00’ 111 414.5 
1 567 .6 oil 865.7 61 431-5 
2 568 .6 Sy 883.2 62 448 .2 
3 570.3 33 901.1 63 464.4 
4 512.6 34 919.2 64 480.3 
5 lone 35 937 .6 65 495.7 
6 579.5 36 956 . 2 66 SLOG 
1 583.9 37 975.1 67 52550 
8 589.0 38 110 994.1 68 539.3 
9 594.7 39 111 013.3 69 552.9 

10 601.1 40 032.7 70 565.9 

lal 608 .1 41 052.2 71 578.4 

12 615.8 42 OM 72 590.4 

13 624.1 43 091.4 73 601.8 

14 633.0 44 1 74 612.7 

15 642.5 45 130.9 75 622.9 

16 652.6 46 150.6 76 632.6 

7. 663.3 47 170.4 five 641.6 

18 674.5 48 190.1 78 650.0 

19 686.3 49 209.7 79 657.8 

20 698 .7 50 229.3 80 664.9 

21 FLIEC 51 248.7 81 671.4 

29, 725.0 52 268 .0 82 677.2 

23 738.8 53 P2871 83 682.4 

24 753.2 54 306.0 84 686.9 

25 768 .0 55 324.8 85 690.7 

26 783.3 56 343.3 86 693.8 

27 799.0 57 361.5 87 696 . 2 

298 815.1 58 379.5 88 697.9 

29 831.6 59 397 .2 89 699.0 

30 00 110 848.5 60 00 111 414.5 90 00 111 699.3 

( 


SS 


These lengths of 1° of meridian extend 0° 30’ north and south of the given latitude. 


VALUES AT VARIOUS LATITUDES OF LOG Ra. 


TaBLe VI. 
VALUES AT VARIOUS LATITUDES OF LOG Ra. 
(Metric Units.) 


3ll 


Latitude. 


Azimuth. 
22° 24° 26° 28° 30° 32° 34° 36° 
O° |6.80237)|6 .80248)6 .80260|6 . 80272/6 . 80285/6 .80299]6 .80313]6 .80327 
5 239 250 262 274 287 300 314 329 
10 244 255 267 279 292 305 319 333 
15 254 264 276 288 300 313 326 340 
20 266 277 288 299 311 324 337 350 
25 282 292 302 313 329 337 349 362 
30 300 309 319 330 340 352 364 376 
35 320 329 338 348 358 369 380 391 
40 341 350 358 367 317 386 397 407 
45 364 371 379 387 396 405 414 424 
50 386 392 399 407 415 423 432 441 
55 407 413 420 426 434 441 449 457 
60 427 432 438 445 451 458 465 472 
65 445 450 455 461 467 473 480 486 
70 461 465 470 475 481 486 492 498 
75 473 478 482 487 492 497 502 508 
80 483 487 491 495 500 505 510 OLS 
85 489 492 496 501 505 510 514 519 
90 490 494 498 502 507 511 516 521 
Latitude. 
38° 40° 42° 44° 46° 48° 50° 52° 


5 344 
10 348 
15 355 
20 364 
25 375 
30 388 
35 402 
40 418 
45 434 
50 450 
55 465 
60 480 
65 493 
70 504 
75 513 
80 520 
85 524 
90 526 


359 
363 
369 


378 
388 
401 


414 
429 
444 
459 
474 
487 


500, 
510 
519 


525 
529 
531 


374 
378 
384 


392 
402 
413 


426 
440 
454 


468 
482 
495 


507 
517 
525 


531 
534 
536 


| 
389 


393 
399 


406 
415 
426 


438 
451 
464 


478 
490 
502 


514 
523 
530 


536 
540 
541 


404 
408 
413 


420 
429 
439 


450 
462 
475 
487 
499 
510 


520 
529, 
536 
542 


545 
546 


420 
423 
428 


434 
442 
452 


462 
474 
485 


496 
508 
518 


528 
536 
542 


547 
550 
551 


435 
438 
442 


448 
456 
465 


474 
485 
495 


506 
516 
526 


534 
542 
548 


553 
555 
556 


0° |6.80342/6 .80357/6 .80373/6 . 80388) 6 .80404|6 .80419/6 .80434/6 . 80449 


450 
453 
457 


462 
469 
477 


486 
496 
505 


515 
524 
533 


541 
548 
554 


558 
560 
561 


OC) CDE SS SS SSS SSS 
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Tasie VII. 
VALUES OF LOGARITHM m. 
Latitude.| Log m. || Latitude.| Log m. Latitude. | Log m. Latitude. | Log m. 
0° 00’ |1.40695 || 20° 00’|1.40626 || 40° 00’|1.40452 || 60° 00’ |1 40253 
2003 694 || 22 00 612 || 42 00 431 || 62 00 255 
4. 00 692 || 24 00 597 || 44 00 411 || 64 00 | 219 
i} 
6 00 688 || 26 00 582 || 46 00 390 || 66 00 203 
8 00 683 |! 28 00 565 || 48 00 369 || 68 O00 188 
10 00 677 || 30 00 548 || 50 00 349 |; 70 O00 174 
12 00 669 || 32 00 530 || 52 00 329 || 72 O00 |1.40161 
14 00 660 || 34 00 511 || 54 00 309 
16 00 650 || 36 00 491 || 56 OO 290 
18 00 639 || 38 00 472 || 58 00 271 | 
TasLe VIII. 


CORRECTIONS FOR INCLINATION FOR FOUR-METER BAR. 


, o° q° 20 3° 

00 }0.00000|0 .00061]0 .00244/0 .00548 

Ol 00 63 248 554 
02 00 65 252 560 
03 00 67 256 567 
04 00 69 260 573 
05 00 71 264 579 
~06 01 74 269 585 
07 Ol 76} 273 592 
08 Ol 78 PAM 598 
09 01 81 282 604 
10 02 83 286 611 
11 02 85 290 617 
12 02 88 295 624 
“13 03 90 299 630 
14 03 93 304 637 
15 04 95 308 643 
16 04 98 313 650 
17 05 100 318 657 
18 05 108 322 663 
19 06 106 327 670 
20 07 108 332 677 
Zl 07 iia 336 684 
22 08 114 341 690 
23 09 117 346 697 
24 10 119 351 704 
25 a 122 356 711 
26 bil 125 361 718 
27 12 128 366 725 
ma 13 131 371 (32 
1 739 


q 134 376 542 
30 0 .00015!0.0013710.0038110.00746 60 0.0006110. 0024410. 0054810. 00974 


POLYCONIC PROJECTIONS.. 


TABLE IX. 
FOR PLOTTING MAPS IN POLYCONIC PROJECTION. 
(Metric Units.) 
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Meridional 


: Distance | ABScissA oF DEvELorep PARALLEL FoR LonGiTuDE INTHRVAL. 

Lati- | from Even- 

tude. degree 

Parallel. 10’ 20° 30’ 40’ 50’ 1° 00’ 

PAS OG [eran wee 16 686 | 33373 | 50060 |66746 | 83432 |100 119 
10 | 18464.1 663 326 | 49 989 652 314 OS) Oar 

20 | 36928 .6 639 279 918 557 196 99 834 

30 | 55393 .6 615 23% 846 461 | 83076 9 691 

40 | 73859 .0 591 183 774 365 | 82 956 9 547 

50 | 92324.8 567 134 701 268 835 9 402 

ries OU sl ewan n ec 543 086 628 171 713 9 256 
10 | 18466.7 518 | 33 037 555 | 66 073 591 9 109 

20 | 36933 .9 494 | 32 987 481 | 65 974 468 8 961 

30 | 55401.5 469 938 407 875 344 8 813 

40 | 73869.6 444 888 332 776 220 8 664 

50 | 92338.1 419 838 257 676 | 82 095 8 514 

Ms) WOM ss go oon 394 788 182 576 | 81 969 8 363 
10 | 18469.4 369 737 106 474 842 8 211 

20 | 36939.3 343 686 | 49 029 372 715 8 058 

30 | 55409.6 318 635 | 48 953 270 587 7 305 

40 | 73880.4 292 584 876 167 459 7 751 

50 | 92351 .6 266 532 798 | 65 064 330 7 596 

ZO OO Peer erence 240 480 720 |64 960 | 81 200 7 440 
10 | 18472.2 214 428 642 855 | 81 069 7 283 

20 | 36944.8 188 375 563 750 | 80 938 7 125 

30 | 55417.9 161 323 484 645 806 6 967 

40 | 73891.5 135 270 404 539 673 6808 

50 | 92365.5 108 216 324 432 540 6 648 

SD) UU eg 3 Saas = 081 163 244 325 406 6 487 
10 | 18475.0 054 109 163 217 271 6 325 

20 | 36950.4 027 055 082 109 136 6 163 

30 | 55426.3 |16000 | 32000 | 48000 |64000 | 80 000 6 000 

40 | 73902.7 | 15973 | 31946 | 47918 | 63891 864 5 836 

50 | 92379.6 945 891 836 781 726 5 671 

Sie OO Eran recr 918 835 753 670 588 5 505 
10 | 18477.9 890 780 670 559 449 5 339 

20 | 36956 .2 862 724 586 448 309 5 171 

30 | 55435 .0 834 668 502 336 169 5 003 

40 | 73914.3 806 612 418 223 028 4 834 

50 | 92394.1 778 555 333 | 63 110 887 4 664 

2a OOR res eee 15 749 |31498 | 47247 '62996 |78 745 94 494 

OrprnaTEs OF DrvELOPED PARALLEL FOR LonGirupn INTERVAL. 

Lat. 10’ 20’ 30’ 40’ 50’ 1° 00’ 
26° 00’; 10.6 42.6 95.8 170.2 266 .0 383.0 
27 10.9 43.7 98.3 174.8 273.1 393.2 
28 11.2 44.8 100.7 OF 279.8 403.0 
29 11.5 45.8 103.1 183.2 286.3 412.2 
30 UN DSZe 46.8 105.3 187.1 292.4 421.0 
31 11.9 CY fall 107.3 190.8 298.1 429 .3 
32 00 12.1 ASH Oman LOOnO m 194.2 303.5 437.0 
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TABLES, 


TaBLe IX—(Continued). 


Meridional| ABSCISSA OF DEVELOPED PARALLEL FOR LoNGITUDE INTERVAL. 

Lati- Distance ee i a ae 

tude, |from Even- 

degree 10’ 20’ 30’ 40’ 50’ 1° 00’ 

Parallel. 5 

S2omOOd set eases: 15749 |31498 |47 247 |62996 | 78745 94 494 
10 | 18480.8 721 441 162 882 602 4 323 

20 | 36962.1 692 384 |47 076 767 459 4 150 

30 | 55443.8 663 326 | 46 989 652 315 3 977 

40 | 73926.1 634 268 902 536 170 3 804 

50 | 92408.8 605 210 815 420 |78 025 3 629 

SB) OO) eiguiss5 eo 576 152 727 303 | 77 879 3 454 
10 | 18483.8 547 093 639 186 732 3 278. 

20 | 36968 .0 517 =—.31 034 551 62 068 585 3 101 

30 | 55452.8 488 | 30975 462 | 61950 437 2 923 

40 | 73938.0 458 915 373 831 288 2 745 

50 | 92423.8 428 856 283 711 77 139 2 566 

SE Pail Oial perc raterere 2 398 796 193 591 |76 988 2 385 
10 | 18486.8 368 135 103 470 838 2 205. 

20 | 36974.1 338 675 | 46012 350 686 2 023 

30 | 55461.9 307 614 | 45 921 228 534 1 841 

40 | 73950.2 276 553 829 | 61 105 382 1 658 

50 | 92439.0 246 492 737 =| 60 983 228 1 474 
SomOO Wana: PANS) 430 645 860 | 76 074 1 289 
10 ; 18489.9 184 368 552 736 | 75 920 1 103 

20 | 36980.2 1538 306 459 611 764 0 917 

30 | 55471.1 122 244 365 487 608 0 730 

40 | 73962.5 091 181 Zell 362 452 0 542 

50 | 92454.4 059 118 VAG 236 295 0 354 
SORSOOF i cata es 15028 |30055 |45083 {60110 | 75137 90 164 
10 | 18493.0 |14996 |29992 |44988 |59983 | 74979 89 974 

20 | 36986.4 964 928 892 856 820 9 783 

30 | 55480.4 932 864 796 728 660 9 592 

40 | 73975.0 900 800 700 600 500 9 399 

50 | 92470.0 868 736 604 471 339 9 206 

She OO setts aie 836 671 507 342 77 9 012 
10 | 18496.1 803 606 409 212 74 015 8 818 

20 | 36992.7 771 541 312 |59082 | 73 852 8-622 

30 | 55489.9 738 476 214 |58 951 689 8 426 

40 | 73987.6 | 705 410 115 820 525 | 8 229 

50 | 92485.8 672 344 | 44 016 688 360 8 031 

Shy aa(0) 0081 (8 Warten ie 14639 |29278 |43917 |58 556 |73 195 87 833 

OrpInaTEs oF DrEvELoprp PARALLEL FoR LonairupE INTERVAL. 

Lat. 10 20’ 30’ 40’ 50’ 1° 00’ 
32 00 12.1 48.6 109.3 194.2 303.5 437 .0 
33 12.3 49.4 CGO 197.4 308.4 444.2 
34 W255. 50.1 LAE ar 200.4 313.1 450.8 
35 1207 50.8 114.2 203.1 See 456.9 
36 12.8 51.4 156 205.6 321.2 462.5 
37 13.0 51.9 116.9 207.8 324.6 467.5 
28 00 Tee 52.4 118.0 209.8 SPA! 471.9 


POLYCONIC PROJECTIONS. 


Taste 1X—(Continued). 
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Meridional 


ApscissA OF DrvELOPED PARALLEL FOR LonaiTUDE INTERVAL. 


Lati- Distance 
tude. |from Even- 
degree 10’ 20’ 30’ 40’ 50’ 1° 00’ 
Parallel. 

Soar OG Wrens sia 14639 |29278 |43917 |58 556 |73195 87 833 
10 | 18499.3 606 212 817 423 | 73 029 7 634 

20 | 36999.1 573 145 ana 290 | 72 862 7 434 

30 | 55499.4 539 078 617 156 695 1 233; 

40 | 74000.3 505 29 O11 516 | 58 022 527 7 031 

50 | 92501.8 472 28 944 416 | 57 888 359 6 880) 

BO OO eave see tence: 438 876 314 To2 190 6 627 
LOR IELSSO2E5 404 808 212 616 | 72020 6 423 

20 | 37005.5 370 740 109 479 |71 849 6 219 

30 | 55509.1 336 672 | 43 007 343 679 6 014 

40 | 74013.2 302 603 | 42 904 206 507 5 808 

50 | 92517.8 267 534 801 | 57 068 335 5 602 

AQT COO). |Beerecysta ice 233 465 698 |56 9380 | 71 162 5 394 
10 | 18505.7 198 396 594 791 |70 989 5 186 

20 | 37012.0 163 326 489 652 815 4 978 

30 | 55518.8 128 256 384 512 640 4 768 

40 | 74026.1 093 186 279 3v2 466 4 558 

50 | 92534.0 058 116 174 232 290 4 347 

AES OO: Ep teon eo 14023 |28046 |42068 | 56091 70 114 4 136 
10 | 18509.0 | 13 988 |27975 |41962 | 55950 | 69 937 3 923 

20 | 37018.5 952 904 856 808 759 3 710 

SOM E5528 70 916 833 749 665 581 3 497 

40 | 74039.1 881 761 642 522 403 3 282 

50 |; 92550.3 845 689 534 379 223 31067 

AD OO A lier tans st 809 617 426 235 =| 69 043 2 851 
LOM AUSSL2 2 Gs 545 318 |55090 | 68 863 2 635 

20 | 37025.0 737 473 209 | 54 946 682 2417 

30 | 55538.3 700 400 |41 100 801 500 2199 

40 | 74052 .2 664 327 | 40991 655 318 1 981 

50 | 92566.6 627 254 881 509 68135 1 761 

AS OO I a ewetans aco k. 591 181 771 362 | 67 952 1 541 
10 | 18515). 5 554 107 661 214 768 IESPAl 

20 | 37031 .6 sly are ey 550 | 54 067 583 1 099 

30 | 55548 .2 480 | 26 960 439 | 53919 398 0 877 

40 | 74065.3 443 885 328 770 213 0 654 

50 | 92583 .0 405 811 216 621 67 026 0 431 

BANS OOM A ects 13 368 | 26 736 | 40104 |538472 | 66 839 80 207 

ORDINATES OF DEVELOPED PARALLEL FOR LONGITUDE INTERVAL, 

Lat. 10’ 20’ 30’ 40’ 50’ 1° 00 
38° 00’ leseel 52.4 118.0 209.8 BY (awl 471.9 
39: 13.2 52.9 118.9 PANS 5) 330.4 475.8 
40 13.3 53-2 119.8 2209 332.6 479.0 
41 13.4 53-0 120.4 214.1 334.5 481.7 
42 13.4 53.8 120.9 215.0 336.0 483.8 
43 13.5 53.9 PA} ZNO 337 .0 485.3, 
44 00 13.5 54.0 IAL 9) 216.1 Boleals 486.2: 
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TABLES. 


TaBLeE I[X—(Concluded). 


———— 


Meridional | ABScIssA oF DevELOPED PARALLEL FOR LonGiTupDE INTERVAL 

Lati- Distance 

tude. | from Even- 

degree 10’ 20’ 30’ 40’ 50’ 1° 00’ 
Parallel. 
CMTS hase oes Sat 13 368 | 26736 |40104 |53472 | 66839 80 207 
10 | 18518.8 331 661 | 39 992 322 652 79 982 
20 | 37038.1 293 586 879 172 464 9 756 
30 | 55558 .0 255 511 766 | 53 021 276 9 530 
40 | 74078.4 218 435 652 | 52 869 | 66 086 9 303 
50 | 92599.5 180 359 538 718 | 65 896 9 075 
453,00 crease 142 283 424 566 706 8 847 
10+) 18522. 1 103 207 310 413 515 8 618 
20 | 37044.7 065 130 195 260 324 § 388 
30 | 55567.9 [13027 | 26053 |39080 |52106 | 65132 8 158 
40 | 74091.7 |12988 |25976 | 38964 |51952 | 64 940 7 927 
50 | 92615.9 950 899 849 798 747 7 696 
AG pe OO Mh eecmter a: 911 822 733 | 643 554 7 464 
10 | 18525.4 872 744 616 488 360 7 231 
20 | 37051.3 833 666 499 333 | 64 165 6 997 
30 | 55577.8 794 588 382 176 | 63 969 6 763 
40 | 74104.8 755 510 265 | 51019 774 6 528 
50 | 92632.4 716 431 147 | 50 862 578 6 292 
Ade FOOUNES Bircaceeas 676 353 | 38 029 705 381 6 056 
10 | 18528.7 637 274 |37 911 547 | 63 184 5 820 
20 | 37057 .9 597 195 792 389 | 62 986 5 582 
30 | 55587.7 558 115 673 230 787 5 344 
40 | 74118.0 518 | 25 036 553 =| 50 071 588 5 105 
50 | 92648.8 478 | 24 956 433 | 49 911 388 4 866 
A See (OU ences tran: 438 876 314 751 62 188 4 626 
10 | 18531 .9 398 796 194 591 |61 988 4 385 
20 | 37064.4 358 715 | 37073 430 787 4 144 
30 | 55597 .5 317 634 | 36 952 268 585 3 902 
40 | 74131.1 277 554 831 49 107 354 3 659 
50 | 92665.2 236 473 709 |48945 |61 181 3 416 
49 OOM were 196 391 587 782 | 60977 3 172 
10.) 1858552 155 310 465 619 774 2 928 
20°) 37071.0 114 228 342 456 570 2 683 
30 | 55607 .3 073 146 219 293 365 2 437 
40 | 74144.2 032 | 24064 |36096 |48128 |60 160 2191 
50 | 92681.6 | 11 991 23 982 |35973 | 47963 | 59 954 1 944 
HO ee OO niles. te ese 11950 {23899 |35849 47798 | 59 747 71 696 
OR prnatrs oF Drvetoprp PARALLEL FOR LonerruDE INTERVAL. 

Lat. 10’ 20° 30° 40’ 50’ 1° 00’ 
44° 00’ WSio 54.0 TB ey 216.0 337.7 486.2 
45 13.5 54.1 121.6 21662 337.9 486.5 
46 1s %6) 54.0 121.6 ZIG.) 337.7 486.3 
47 13.5 53.9 121.4 215.7 337.1 485.4 
48 13.4 53.8 121.0 215.1 336.1 484.0 
49 13.4 53.5 120.5 214.2 334.7 481.9 
50'005|" e8 53.3 119.8 | 213.0 332.8 479.3 
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TABLE X. 
CORRECTIONS FOR RUN OF THE MICROMETER. 


Corrections same sign as r for m<2’ 30’. Opposite signs for m> 2’ 30’. 


a=0' G4 a= 2! 


00” 10” 20” 30” 40” 50” 00” 10” 20” 30” 40” 50” 00” 10” 20” 30” 


° 


.05} .05) .04| .04 04) .03}.03).03).02) 02}. .O1}.01}. 00}. 
.10} .09} .09) .08] .07| .07}.06).05).05).04}.03).03).02}.01).01).00 
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318 TABLLS. 
TABLE XI. 
RECTANGULAR SPHERICAL COORDINATES. 
mn 
VALUES OF THE CORRECTIVE TERM ———. 
2RN 
m nv in km, 
1n 
km. 
10 20 30 40 50 60 70 80 90 100 
m, m, Ta. m. 7H, m. m. m. ™m. m. 
101 OLOT 170202) | 0.02 | 0205) /5070641,-0-07- 10209" |" 0210 fF OSL | ORL 
20) 0.05 | 0.10 | 0.15 | 0=20_)_0.25 | 0.29 | 0.34 | 0.39 | 0.44 | 0.49 
SO Oe 10222)120. 337 10.44 Okan | On6O.F0e77 a Osscel O.O9llmlanen 
AOW0220) 120.39) 120.59) O79.) OF 99s lel Ot 3Or | ie SSalaleyealinog 
ROMO LE COnGL MeORO2ale le 23 aheleode de Sorel Ome aa sagem ets 
GOO MS ORSON eleS4s El n7S dee oe|e 2a60) a OmieonoompomOo 4.43 
POULOL OO) | loin SL Slee 4 aeokOzs | SeOs Wee co eae Ooaeoe4toulmom ie, 
SOU ORO RES 2. SOaleo ol Dalle oeO4 cl 4 a7 Sm moro On SsU Meso Mims 
90 | 0.99 | 1.99 | 2.99 | 3.99 | 4.99 | 5.98 | 6.98 | 7.98 | 8.97 | 9.97 
1001, 1.23: |°2-46: |-3..69 | 4°92) 6-16)" 7.389 | S762: "9285 eee Poul 
mn 
VALUES OF THE CorRRECTIVE TERM >———-—. 
RN sin 1 
m nin km. 
1n 
km 
10 20 30 40 50 60 70 80 90 100 
10; 0.5 1.0 bee 2.0 ts. ell 3.6 4.1 4.6 Seat 
20) 1.0 2.0) Salt 4.1 ‘Owl 6.1 ak 8.2 9227 Oe 
30| 1.5 39-40) 4.6 6.1 (ae) OF LO. Or Zeta diss 7a lo 
40} 2.0 a 6.1 Sb LO 2e | Lees) a ea 16 s2 ler ealeeO es 
50} 2.5 ‘Dall TON oLO 22 oL2a (al LOeZe deen ecOma tee Oulmeoeel 
60| 3.1 6.1 O27 DOs Sal USES elie OA ea ee a eS ihieg 
70| 3.6 TMS | AO ST W429 U7 SS 2083) | RZA Geos aTimeS OME Sano 
80} 4.1 pape Wee Pap! betes ant Ko etepey a's Ones veal ges ates Pl EO fat ihe Pl Be te PINS 
90; 4.6 9.1 Wet) LS) 22-98) 2 estate On| eSGeore4 lalate gl 
100; 5.1 LOS2 1522.20.37) 2b 4a eSOPomleSde bm 4 On Omled> aimee 


(These two tables are computed tor a latitude of 40°.) 
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PROBABILITY OF ERROR BETWEEN LIMITS. 


TABLE 2XIIT. 
=~PROBABILITY OF ERROR BETWEEN THE LIMITS 0 AND 


t. (p)t- t. (p)t- t. (p)t. t. (p)t. t. 
0.00 | 0.0000 }| 0.50 | 0.5205 || 1.00 | 0.8427 |} 1.50] 0.9661 || 2.00 
0.05 | 0.0564 || 0.55 | 0.5683 |] 1.05 | 0.8624 |} 1.55} 0.9716 || 2.05 
0.10 | 0.1125]| 0.60 | 0.6039 || 1.10] 0.8802 || 1.60} 0.9763 || 2.10 
0.15 | 0.1680 |} 0.65 | 0.6420 |} 1.15] 0.8961 || 1.65] 0.9804 || 2.15 
0.20 | 0.2227 || 0.70 | 0.6778 |} 1.20] 0.9103 || 1.70 | 0.9888 |} 2.20 
OnZ25uOe2 (Gs lOn fo Ok a2 be 25092295 ||elero On OSG 2a2o 
0.30 | 0.3286 || 0.80 | 0.7421 |} 1.30] 0.9340 |} 1.80} 0.9891 |} 2.30 
0.35 | 0.3794 || 0.85 | 0.7707 || 1.35] 0.94388 |] 1.85] 0.9911 || 2.35 
0.40 | 0.4284 || 0.90 | 0.7969 || 1.40 |] 0.9523 |] 1.90 | 0.9928 |] 2.40 
0.45 | 0.4755 || 0.95 | 0.8209 || 1.45] 0.9597 |} 1.95] 0.9942 |] 2.45 
0.50 | 0.5205 || 1.00 | 0.8427 || 1.50] 0.9661 |] 2.00] 0.9953 || 2.50 
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Accuracy and cost, precise leveling, 
52 
Accuracy, limits of, in observing, 265 
Adjustment, 
angle equations, 271 
angle instruments, 78 
approximate for azimuth, 284 
approximate between bases, 285 
compass survey, 289 
figure, 272 
latitude and longitude, 287 
levels, 288 
line of collimation, 78 
plate levels, 78 
secondary to primary work, 282 
station, 268 
telescope axis, 79 
transit survey, 292 
vertical circle index error, 80 
Adrian, 8 
Airy, 62 
eyepiece, 63 
Angle equations, 272 
instruments, development of, 48 
measurement, method of, 83 
Arc, length of meridional, 162 
location of great, 183 
meridional, parallel, oblique, 11, 12 
reduction of measured to meridian, 
193 
Areas on the ellipsoid, 164 
Arithmetic mean, 211, 213 
control of, 215 
Association, International Geodetic, 


1 
Middle European, 10 

Astronomical telescope, 51 

Auzout, 48 

Average error, 260 

Azimuth, approximate adjustment 
for, 284 
factors, table of, 301 


Azimuth, radius of curvature for 
given, 159, 311 


Baeyer, 7, 10 
Base apparatus, 
Bessel, 96 
Borda, 5, 95 
Colby, 97 
defects and difficulties, 114 
early forms, 95 
Ibafiez, 101 
length of apparatus, 112, 114 
length of tape, 122 
metallic thermometer, 5, 95-100 
Porro, 99 
Repsold, 100 
Base apparatus, Coast Survey, 
Bache-Wiirdemann, 98 
duplex, 104, 120, 123 
gridiron compensating apparatus, 
103 


iced bar, 105 

secondary apparatus, 102, 103 
Base lines, 

adjustment between, 285 

field work, 116 

grades, 23 

sites, 23 

tape measurements, 120 
Pessel, 7, 10, 131 

base apparatus, 96 
Brightness for telescope, 57 


Calibration of thermometers, 111 
Cassini, 4, 5 
Chauvenet, 75 
Chromatic aberration of telescope, 61 
Circle, repeating, 48 
Clarke, 5, 6, 7, 10, 113, 132, 300 
Classes of errors, 206 
Closeness of computation, 216 

323 
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Coast Survey (see base apparatus), » 
accuracy of results, 90 
authorized, 8 
base sites and base nets, 23 
character of figures, 16 
frequency of bases, 22 
hours for observing, 87 
instruments and observing, 87 
intersection stations, 23 
length of line, 13 
strength of figure, 18 

examples of, 19 
superintendents, 9 
theodolites, 78, 79 
uncertainty of length, 16 
vertical measurements, 90 

Coefficient of expansion, 112 
of refraction, 131 

Colby, 6 
base apparatus, 97 

Comparators, 107 
measurement of 100™ 

119 

Compass, 
parallels by solar, 186 
survey adjustment, 289 

Computation, closeness of, 216 

Comstock, 9, 10 

Conditions favorable for observing, 85 

Constant C, 254 . 

Constant ¢, 259 

Constants, table of, 299 

Controls, 215, 220, 239 

Convergence of meridians, 178 

Coordinates, 
mapping spherical, 190 
of point, 156 
rectangular spherical, 187 
tables for rectangular spherical, 318 

Corps of Engineers, 9, 10, 142 

Correction formulas (base lines), 
alignment, 123 
base lines, 122 
duplex bars, 123 
iced bar, 122 
inclination 4™ bar, table, 312 
index error spring balance, 124 
to sea level, 125 

Correction, 
leveling rod, 150 
run of micrometer (table), 317 

Cost, 
precise leveling, 152 
elevated signals and 
stands, 38 

Cross-hairs, 64 

Curve of probability, 261 


interval, 


observing 


Datum, mean sea level, 154 
Deflections from the vertical, 203 


INDEX 


Degree measurements, 
description of, 4, 7, 10, 192-198 
in Europe, 194 
meridional! arcs, 10 
oblique arcs, 11 
principal arcs, 11 
results of, 4, 202 
spheroids of revolution, 202 
Degree of meridian, table, 310 
Degree of parallel, table, 307 
Degree of precision, 259 
Determination of instrumental con- 
stants, 80 
Diagonal eyepieces, 64 
Difference of height from observed 
zenith distances, 129 
Difference of latitude, 173 
of longitude, 177 
Direction, 
instruments, 76, 78, 87, 88, 89 
of invisible stations, 32 
observations, method of, 82 
Direction observations, 
adjustment of quadrilateral, 277 
form for record, 92 
Doubtful observations, 266 
Duplex base bars, 120 


Earth, figure of, 2 
Eccentricity, 94 
Effect of height upon horizontal an- 
gles, 169 
Elevated signals, 37 
Elevation of signal, 24 
Ellipsoid, 
areas on, 164 
Bessel, 10, 202 
Clarke, 10, 202 
degree measurements, 192-202 
Encke, 217 
End measures, 107, 108 
English Ordnance survey, 6 
Equations, 
angle, 271, 272 
base, 286 
derived from normal, 228 
of the ellipse, 156 
methods of solution, 235 
normal form for solution, 229 
normal, 219, 220, 226, 242, 276, 279 
observation, 197, 218, 270 
side, 273, 278, 281 
table for normal, 222, 233, 242, 279 
Eratosthenes, 2 
Error, 
accidental, of observation, 251, 258 
average, 260 
classes of, 206 
due to change in collimation in 
leveling, 154 


INDEX, 


Error, 
due to change in height of instru- 
ment in leveling, 154 
due to eccentricity, 74 
effects of triangle, 272 
of a function, 248, 247 
of graduated circles, 75 
index of vertical circle, 80 
law of propagation, 208, 210 
mean square, 207, 225 
probable, 260 
probable, of any side, 283 
probability of, table, 321 
relation of probable and average, 
263 
Example, difference of longitude, 241 
Extension, Picard’s triangulation, 4 
Eyepieces, 62 
micrometer, 81 


Fernel, 3 
Field of view of telescope, 59 
Field-work instructions, 116 
Figure adjustment, 272 
Form, 
computation for latitude and longi- 
tude, 179 
of f(A), 252 
for solution of normal equations, 
229, 230 
Forms for record, 
angles, horizontal, 92 
angles, vertical, 127 
100™ comparator, 119 
precise levels, 143, 144, 146, 149, 
150 


Formulas and constants, 299 

Forster, 51 

Fraunhofer eyepiece, 63 

Function of required quantities, 
m. S. e. of, 243, 247 


Gauss, 7, 8 
Geodesy, definition of, 1 
historic outline, 2, 6 
Geodetic Association, 
International, 10 
Middle European, 10 
‘Geodetic survey, objects of, 2 
work in the United States, 8 
Graduated circles, 68 
errors of, 74 
method of graduating, 68, 69, 70 
Graphic representations of law of 
error, 261 
Great arcs, location of, 183 


Heliotropes, 41 
adjustment of, 42 
description and use, 43 
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|. Helio tropes, 


gas-pipe, 41 
size of, 43 
Steinheil, 42 
Hints in selecting stations, 25 
Historic Outline, Geodesy, 2, 6 
Horizontal angles, effect of height on, 
169 


Huygenian eyepiece, 62 
Huygens, 4 


Ibafiez, 8 
Ibafiez base apparatus, 101 
Independent observations on inde- 
pendent quantities, 218 
Independent observations on depend- 
ent quantities, 237 
India, geodetic work in, 6 
Indirect observations, problem, 231 
Inequality of pivots, precise level, 149 
Instrumental constants, 80, 134 
value 14 level, 80 
value 1¢ micrometer eyepiece, 81 
wire intervals, 81 
Instruments, 
altazimuth, 76 
direction, 76 
precise level, 134, 135, 137, 139 
repeating, 76 
Instruments and observing, 87 
Intensity and brightness of tele- 
scope, 57 
International Bureau Standards, com- 
parator, 109 
International Geodetic Association, 


Intersection stations, 23 

Italy, geodetic work in, 7-8 

Jaderin, method of tape measure- 
ment, 120 

Jordan, 3 51 


Kellner eye-piece, 63 


Lambton, 6 
Lapland, degree measurement, 4 
Latitude, 
difference of, 173 
factors for computation, table, 301 
and longitude adjustment, 287 
meridional length of 1°, 310 
Law of propagation of error, 208, 210 
Least squares, 
application to triangulation. 268 
development of, 8 
introduction to, 205 
principle of, 262 
Legendre, 5, 8 
Legendre’s theorem, 166 
Length of line, triangulation, 22 
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Length, 
determination of, for tape, 122 
meridian, table, 310 
for 1° of parallel, table, 307 
standards of, 106 
Level, adjustment of, 288 
Coast Survey, new, 139 
French, 135 
Kern, or Swiss, 135 
Mendenhall, 137 
precise, instruments, 134 
Level trier, 81 
tubes, 67 
Leveling (See trigonometric), 
Coast Survey, forms of record, for 
precise, 146, 149 
Coast Survey methods for precise, 
145 
French Government method for 
precise, 143, 144 
U. S. Corps Engineers’ mcthod for 
precise, 142 
U. S. Geological survey method 
for precise, 145 
Leveling rods, 139, 140, 141, 150 
Limits of accuracy, 
precise leveling, 152 
observing, 265 
Line measures, 107, 108 
Local deflections of the vertical, 203 
Location of great ares, 183 
of parallels, 184 
Longitude, difference of, 177 
factors for computation, table, 301, 
306 


Magnifying power of telescope, 52 
measurement of, 55 
Map projection, 
Mercator, 182 
polyconic, 181 
polyconie, tables, 313 
Mason and Dixon line, 8 
Mayer, Tobias, 48 
Mean sea-level, 154 
Mean square error, 207 
of the arithmetic mean, 211, 214 
function of required quantities, 
243, 247 
of an observation, 225 
of triangle side, 248 
of the unknowns, 222 
Measurement of magnifying power of 
telescope, 55 
Measures, line and end, 107, 108 
Mechain, 5, 8 
Mercator map projection, 182 
Mercurial thermometers, 109 
Meridian, 
convergence of, 178 


INDEX. 


Meridian, 
from latitude degree measure- 
ments, 192, 193, 198 
length of 1°, 310 
reduction of measured arc to, 193 
section, 156 
Meridional ares, 10, 162 
Method of, 
angles, adjustment of a quadri-- 
lateral, 274 
direction observations, 82 
directions, adjustment of a quadri- 
lateral, 277 
repetitions, 84 
simple angle measurements, 83 
solution, normal equations, 235 
Micrometer, 
corrections for run, table, 317 
eyepiece, 81 
microscope, 71 
run of the, 72 


Newton, 3, 4 
Night signals, 44 
Nolan, 63 
Normal equations, 
control, 220 
form for solution, 229, 230 
solution of, 226, 234 
Normal vision, 50 
N-point problem, 29 
Number and formation of, 
angle equations, 271 
side equations, 281 
Nunez, 48 


Observations, 
accidental errors of, axioms, 251 
accuracy of results, 90 
equations, 218 
forms for record, 91, 119, 127, 143,. 
144, 146, 149, 150 
independent upon dependent quan-- 
tities, 237 
independent upon independent 
quantities, 218 
indirect, problem, 231 
non-simultaneous, +129 
reduction for difference in height,. 
128 
rejection of doubtful, 266 
trigonometric leveling, 126 
Observed angle of elevation in seé-: 
onds, 132 
Observing, 
conditions favorable for, 85 
stands, 37, 39 
tents for, 86 
Outfit for reconnoissance, 33 
Outline, historic, of geodesy, 2, 6 


INDEX. 


Parallel, 
length of 1°, table, 307 
location of, 184 
location of 49th, 185 
by solar compass, 186 
Perrier, 8, 44 
Phase, 93 
Picard 3, 4, 48 
Pole signals, 34 
Polyconic map projection, 181 
projection, tables, 313 
Porro base apparatus, 99 
Precise leveling, 134 
Coast Survey methods, 145 
forms for record, 143, 144, 146, 149 
French government method, 143 
inequality of pivots, 149 
instruments, 134, 135, 137, 139 
rod correction, 150 
rods, 139, 150 
U.S. Corps of Engineers method, 
142 
U.S. Geol. Survey method, 145 
Precision, degree of, 259 
Prime vertical, 158 
Principal radi of curvature, 158 
Principle, ; 
of least squares, 262 
of probability, 250 
Pritchett, 12 
Probability, 
curve, 251, 261 
integral by series, 256 
principles of, 250 
table, 321 
Probable error, 260 
Problem, N-point, 29 
two-point, 31 
Propagation of error, law of, 208, 210 
Pyrometer, 114 
Pythagoras, 2 


Quadrilateral, adjustment of, 274, 
ts 


ya 


Radii of curvature, principal, 158 
Radius of curvature, for given 
azimuth, 159, 311 
of meridian, table, 307 
prime vertical, table, 307 
Ramsden eyepiece, 63 
theodolite, 5, 50 
Reconnoissance, 26 
outfit for, 33 
Records, see Forms for 
Rectangular spherical coordinates, 
187 


mapping, 190 
tables, 318 


20 


Reduction, 
for difference in height of telescope 
and object, 128 
to sea-level, for base line, 125 
Reference, station, 46 
Refraction, coefficient of, 131 
Rejection of doubtful observations, 
266 
Relation between average, m. s. and 
p. errors, 263 
Repeating and direction instruments, 
76 


altazimuth, 76 

circle, 5, 48 

form of record for, 92 
Repeating instruments, 87, 88, 89 

form for record, 92 
Repetitions, method of, 84 
Repsold base apparatus, 100 
Results, accuracy and cost of, for 

precise levels, 152 

degree measurements, 202 
Richer, 3 
Rod, correction methods, 150 
Rods, leveling, 139 
Run of the micrometer, 72, 317 


Saegmuller, 76 
Schott, 14 
Sea-level, datum for levels, 154 
reduction of base, 125 
Side equations, no. and formation of, 
281 
Signals, 33 
cost, 38 
diameter and height, 36 
elevated and observing stands, 37 
elevation of, 24 
gas-pipe, 39 
methed of erection, 39 
night, 44 
pole, 34 
portable, 35, 40 
without phase, 36 
Snellius, 3, 48 
Solar compass, parallels by, 186 
Solution of normal equations, 226,234 
methods of, 235 
Spherical and chromatic aberration, 
61, 66 


Spherical excess, 166 


Spherical rectangular coordinates, 187 
mapping of, 190 
tables for, 318 
Spheroids of revolution from differ- 
ent degree measurements, 202 
Standards of length, 106 
Station adjustment, 268 
reference, 46 
error, 183, 198, 203 
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Stations, 
direction of invisible, 32 
hints in selecting, 25 

Steinheil eyepiece, 63 

Strength of figure, 18 
Buffalo base net, 21 : 
completed quadrilateral, 19 
examples of, 19 
five-point figure with interior point, 


quadrilateral with interior point, 20 

table, 319 

triangle wth interior point, 19 
Struve, 7 

base apparatus, 96 
Superintendents, Coast and Geodetic 

Survey, 9 

Survey Northern and N. W. Lakes, 9 
Svanberg, 4 


Tables 

brightness for telescope, 58 

correction for inclination, 4-meter 
bar, 312 

correction to hydrogen scale for 
thermometer, 112 

correction for run of micrometer, 
317 

factors for latitude, longitude and 

’ azimuth computation, 301 

factors for longitude computation, 
306 

formulas and constants, 299 

length of meridian, 310 

length of parallels, 307 

polyconic projection, 313 

probability of error, 321 

radius of curvature, meridian, 307 

radius of curvature, prime vertical, 


307 
radius of curvature, vertical sec- 
tion, 311 


spherical excess, log m, 312 
strength of figure in triangulation, 
319 
Tapes 
correction formulas, 124 
field work, 116 
length, 122 
mathematical theory, 121 
measurements, 120 
measurement of tension, 125 
Telescopes, astronomical, 51 
chromatic aberration, 61 
cross-hairs, 3, 64 
Telescope eyepieces, 62 
Airy, 62, 63 
diagonal, 64 
Fraunhofer, 63 
Huygenian, 62 


‘Yelescope <yepieces, 
Kellner, 63 
Ramsden, 63 
Steinheil, 63 
terrestrial, 63 
Telescope, 
field of view, 59, 60 
focusing, 56 
intensity and brightness, 57 
magnifying power, 52 
measurement of magnifying power, 
55 
micrometer eyepiece, 81 
spherical aberration, 61 
wire intervals, 81 
Tests of telescopes, 
centering of lenses, 65 
chromatic aberration, 66 
definition, 65 
field of view, 59 
flatness of field, 66 
focusing, 56 
object-glass slide, 67 
spherical aberration, 66 
Tenner, 7 
Theodolites, 
Coast Survey, 78, 79 
Ramsden, 5 
‘Theory of least squares, 250 
Thermometers, 
Borda metallic, 5, 95-100 
calibration of, 111 
correction for hydrogen scale, 112 
mercurial, 109 
scales of, 111 
Thullier, 6, 7 
Transit survey, adjustment of, 292 
Triangle side computations, 170 
Triangulation, 
accuracy of results, 90 
application of least squares, 268 
computation, form for geodetic 
positions, 179 
length of line, 22 
net, 1 
observing stands, 37, 39 
primary, 13 
reconnoissance, 26, 33 
secondary, 13 
signals, 33, 34, 36, 37, 44 
strength of figure, 18, 19, 319 
systems, 14 
tertiary, 13 | 
vertical measurements, 90 
weighting of horizontal angles, 270 
T'wo-point problem, 31 


United States (see Coast Survey, 
see precise leveling), 
boundary survey, 49th parallel, 185 
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United States, Wilson, method of directions, 83 
geodetic work in the, 8 Wire intervals, 81 
a : Woodward, 75 
paiue cee ee eR Wirdemann comparator, 108 


Variation of gravity with latitude, 153 


Sai ne : Zach von, 7 
« = 
A ee Ores ae 153 Zenith distance, or 
Vel neal Acfcction of 203 reciprocal for difference in height, 
ay 4 bi 129 


Vision, normal, 50 of sea horizon, 132 
Weighting, angles of triangulation, at one station, 130 
270 
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lose Moleeuléccccecass coe cowie wee cree area eae Ser ERor 12mo, 

Chase's Art-of Pattem: Malorig’.”...\, es «au renin ie oe eee 12mo, 
Screw Propellers and Marine Propulsion’. ........0ss. «eects ee eis SOO. 

* Cloke’s Enlisted Specialists” Examiner:,., .c.-.sccsvest ore Geese ee FSO! 
*: Gunner's TAMINE sas <.0s ayatara-oal een a ere ate oral erie eterna Neraterots 8vo, 
Craig's Azimuth, :...3ieis dinates 98S CRvs eee Re eel oar ee 4tu, 
Crehore and Squier’s Polarizing Photo-chionograph....:.,..............8Vo, 
* Davis's Elements of Law.. ; pe Pas ea, 
* Treatise on the Military Law ‘of United ‘States assianpaisietan sien te ater 8vo, 

* Dudley’s Military Law and the Procedure of Courts-martial. . pele 12mo, 
Durand’s Resistance and Propulsion of Ships..............0.+2++02++++-8VO, 
*\Dyeris*Mandboowor Iieht Artillery... civ sans deckoci antec erent Soon 
Bissler’s! Modern Wi py Px plosives vas.< any, scss'ey sche ett ede eneaaase Eee a tee 8vo, 
* Fiebeger’s Text-book on Field Fortification.. we yi Ane Leno: 
Hamilton and Bond’s The Gunner's Catechism. .... Sinise oem re siotese ts -18mo, 


* Hofft’s Elementary Naval PAeUGS, «0c «ch viscous a rear ae NE 
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Ingalls’s Handbook of Problems in Direct Fire.........2.ceceeccecees 8vo, $4 00 
* Lissak’s Ordnance and Gunnery.. i eaeron EAs avarerets 8vo, 6 00 
* Ludlow’s Logarithmic and Trigonometric Tablesin : .8vo, 1 00 
* Lyons’s Treatise on Electromagnetic Phenomena. Wels: 7 and Il. ‘Si0 seach, 6 00 
* Mahan’s Permanent Fortifications. (Mercur.).. dite .8vo, half mor. 7 50 
Manual for Courts-martial. . hy Wis Shae bake enh gtd peel Omar CAEN 1 50 
* Mercur’s Attack of Fortified Places oho ahatahere¥saeroct oista ia cahe CacaheCen eee ares 12mo, 2 00 
* Blements-or bhemAnt iol aWiaras .<craviecion . hocgfasvoraeh och Wiciee cee eee 8vo, 4 00 
NEOs PA Cymuamuisu can tal seyaecqendatsin aealtele la cidiaveheiaviowin wom meth one 24mo, 1 00 
Peabodiesuva val MArGbiveC turers cata) os lovers teinualeteie Saves elnie Ol davem eohaches 6 8vo, 7 50 
SUPhelpesmeatactical Marine Sun vieyin gai jthisiatexcie ye batcusratts eV oi atoie Pariah ocale foes 8vo, 2 50 
EdonamyseNatit caliGnants sc < 2 s.cisemceeteieie © resi tte seks vo nea tact ioates 8vo, 2 00 
Rust’s Ex-meridian Altitude, Azimuth and Star-Fimding Tables........ 8vo, 5 00 
Selkirk’s Catechism of Manual of Guard Duty. (In Press.) 
Sharpe’s Art of Subsisting Armies in War.....................-18mo, mor. 1 50 
Taylor's Speed and Power of Ships. (In Press.) 
* Tupes and Poole’s Manual of Bayonet Exercises and Musketry Fencing. 
24mo, leather, 50 
PAW Eaviemsr Mili baty: ex DlOSLVWOS Mies Musrs) <latetovedevertis,'6) leusls InletoTe nd acet Sis tala rant 8vo, 3 00 
* Woodhull’s Military Hygiene for Officers of the Line......... Large 12mo, 1 50 
ASSAYING. 
Betis WeadvRefining thy, Mlectrolysisics. cata cto 1.cl-ieisisle ee ereier«oere eerees 8vo, 4 00 
Fletcher’s Practical Instructions in Quantitative Assaying with the Blowpipe. 
16mo, mor. 1 50 
Furman and Pardoe’s Manual of Practical Assaying. (Sixth Edition, Re- 
Salter col Qallena zero \s Garis og SPRY SO Ae Ree cyt eee Cae DI CISIe see ORI ee 8vo, 3 00 
Lodge’s Notes on Assaying and Metallurgical Laboratory Experiments..8vo, 3 00 
ows Technical Methods of:Ore Amal ysisy js ecisv< ace’ srejscs s gncqeteloveses« s'eusyeis;* 8vo, 3 00 
Wet s Gate POC ESS orcicsarsjasc) soc oud ar eyeuakat hoa |high' ay alvaicseaiaiuva,ojln’ sire ayabar a. seco toa 12050, -F 00 
IMamitaliot eA SSA wilt Gs ao cove, save le Tol suiecusite, chews Wis) snake) Selec Dieveiekeaeake 12mo, 1 00 
Minet’s Production of Aluminum and its Industrial Use. nt ERIS: ae A2mo, 2 50 
Ricketts and Miller’s Notes on Assaying.. ae .8vo, 3 00 
Robine and Lenglen’s Cyanide Industry. ce, Clerc. ns Ree cio ee 6io) 4 00 
Seamon’s Manual for Assayers and Chemists. (In Press.) 
Ulke’s Modern Electrolytic OPES aLiee, SSS Ra Se Sie a oan oabe die 8vo, 3 00 
Wilson’s Chlorination Process. . ne Daa ec bigs da velters eleuotere a clerstersel GEO we 1 OO) 
Onvrani de IPTOCESSCSyaiernjayaioneoatehn aleicielejsdsickalers Ricit shabetatehsisiclaisceiscel ers kers 12mo, 1 50 
ASTRONOMY. 
Comstock’s Field Astronomy for Engineers.............+++se+e++e++-+--8V0, 2 50 
(Gres, Sule Va boats 0 ie racer aa Pari ee aaa bese aes ioe pt I rr ORD AOL Seay) eae 4to, 3 50 
Crandall’s Text-book on Geodesy and Least ph habs Roca e Tal ol minial Sena 8vo, 3 00 
Doolittie’s Treatise on Practical Astronomy... ....0l vee. ces sce seeee OVO, 4 00 
Hayford’s Text-book of Geodetic Astronomy....0. 520.0 .0c sees ce eas 8vo, 3 00 
Hosmer’s Azimuth.. BE Re ne, onesies Na a Mace REE aie lewetel dicho 16mp, mor. 1 00 
Merriman’s Bicments Gi eee Sarveying anal Geodesy eae 2 Jel BVO. 49°50 
* Michie and Harlow’s Practical Astronomy.........-...e+eceeseee ae SBN: 3 00 
Rust’s Ex-meridian Altitude, Azimuth and Star-Finding Tables.......8vo, 5 00 
* White’s Elements of Theoretical and Descriptive Astronomy........ 12mo, 2 00 
CHEMISTRY. 
* Abderhalden’s Physiological Chemistry in Thirty Lectures. (Hall and 
IDS ers ol Roobon Coe oo 6 OOO GO CO OCIS CO EC OEIC ROCIO cron 8vo, 5 00 
* Abegg’s Theory of Electrolytic Dissociation. (von Ende.)...... sien omose 2b 25 
Alexeyeff’s General Principles of Organic Syntheses. (Matthews.).......8vo, 3 00 
Pile Se ales Ol LOR MAMAN SIS usike 6 picncstuardalere aun Freuselakoasio acnisis) «ade: exveue 8vo, 3 00 
Armsby s Principles of Animal Nutrition. «...../.10cis\cncroie 0:cjeloiele areneie ects OVO; 4 00 
Arnold’s Compendium of Chemistry. (Mandel.)................Large 12mo, 3 50 
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Meeting: TQOOG.. cei: csc si0.c s wigta oie) Marrone STA cee ts Sees 8vo, $3 
Jamestown .Meeting, 1907.2, ache n.d tech PReR teh ly et oh operetta es COUT 
Austen’s Notes for Chemical Students..... Uh. ieee ORS, RR i Pyaar iL 
Baskerville’s Chemical Elements. (In Preparation.) 
Bernadou’s Smokeless Powder.—Nitro-cellulose, and Theory of the Cellulose 
MEGlE ctl esr ciactemcer cree apn oo: a: hays in cho chcla SRC oe te Ee Oe ee ree 12mo, 2 
* Biltz’s Introduction to Inorganic Chemistry. (Hall and Phelan.)...12mo, 1 
Laboratory Methods of Inorganic Chemistry. (Hall and Blanchard.) 
: 8vo, 3 
* Blanchard’s Synthetic Inorganic Chemistry... Per ee sae oe 1 
* Browning’s Introduction to the Rarer Blements’. ea oe .8V¥O, 
* Claassen’s Beet-sugar Manufacture. (Hall and Rolfe. Ye ‘ -8vo, 3 
Classen’s Quantitative Chemical Analysis by Electrolysis. “Boltwood. ).8vo, 3 
Cohitistindicators and: Test-papersi..jec.12--csits «a etereeteriaas aes it s12mo7 42 
Mestsrand Reagents: ..-, ~ Ayah letes cig late, eke eee eden, es 8vo, 3 
* Danneel sib lectrochemuistry we (Miertiam:) osx see. oes oe ice 2 ne Loo, eel: 
. Dannerth’ssMethods*of-Lextile Chemistry. <6 o40 2 ace cs 06 oe ererowee © 12mo, 2 
Duhem’s Thermodynamics and Chemistry. (Burgess.)................8vo, 4 
Effront’s Enzymes and their Applications. (Prescott.)............... 8vo, 3 
iMissleris Modern Hignebxplosivies: nemmvterr etre icicie ieee teste etereies 8vo, 4 
Erdmann’s Introduction to Chemical Preparations. (Dunlap.).. -f2mo, “1 
* Fischer’s Physiology of Alimentation.. .... = parce 12mo6, 2 
Fletcher’s Practical Instructions in Quantitative INS eas ah the Blowpipe. 
16mo, mor. 1 
Fowler’s Sewage Works Analyses.. r s -12mo0, 2 
Fresenius’s Manual of Qualitative Chenieat Anata. " (Wells. ). SP rineeeih 8vo, 5 
Manual of Qualitative Chemical Analysis. Part I. Descriptive. (Wells.)8vo, 3 
Quantitative Chemical Analysis. (Cohn.) 2 vols............... 8ve, 12 
When Sold Separately, Vol. I, $6. Vol. II, $8. 
Fuertes's Watemand Bubplcebealth sce ste ssc es sie te ie ce eee 12mo, 1 
Furman and Pardoe’s Manual of Practical Assaying. (Sixth Edition, 
Revisedvandi Blan gedsjags amen ctlntole niet cnn eet ee en eenne Sto, 3 
* Getman’s Exercises in Physical Chemistry. . PR een rk 4 Sep - L2mo;" 2 
Gill's Gas and Fuel Analysis for Engineers. . -12mo, 1 
* Gooch and Browning’s Outlines of Qualitative Chemical ‘Analy: 
Large 12mo, 1 
Grotenfelt’s Principles of Modern Dairy Practice. (Woll.)...........12mo, 2 
Groth’s Introduction to Chemical Crystallography (Marshall). ........12mo, 1 
Hammarsten’s Text-book of Physiological Chemistry. (Mandel.)...... 8vo, 4 
Hanausek’s Microscopy of Technical Products. (Winton.)............... 8vo, 5 
* Haskins and Macleod’s Organic Chemistry. . : ind Apekanete al gee a eee 
Hering’s Ready Reference Tables (Conversion ‘Pactors). ee tidoae “Abme, mor. 2 
* Herrick’s Denatured or Industrial Alcohol... ome aaron her osacees sua -8vo, 4 
Hinds’s Inorganic Chemistry. . Gate erereleretan cee te wee .8vo, 3 
* Laboratory Manual for Students: ae 3 Ries i 
* Holleman’s Laboratory Manual of Organic Chemistry ‘for Beginners 
(Walker.).. - be ee it ce wl2moy, ot 
Text-book of Inorganic Chemistry: (Cooper. ‘e igh yada e AS VO ae 
Text-book of Organic Chemistry. (Walker and “Mott. ie arian OS OS ae 
*iholleyis Leadvand. Zine: Pigments... .< t..c-cc cee oes ewer Lasce 12mo). 3 
Holley and Ladd’s Analysis of Mixed Paints, Color Pigments, and Varnishes. 
Large 12mo, 2 
Hopkins's:@il-chemists? lan dhook. elk anyon, cphemonenyen sgscayn idle eee see 8vo, 3 
Jackson's Directions for Laboratory Work in Physiological Chemistry. .8vo, 1 
Johnson’s Rapid Methods for the Chemical Analysis of Special Steels, Steel- 
making Alloys andy Gra plite, onic a 5 aed ceats ase eer Large 12mo, 3 
Landauer's Spectrum Analysis, (lingles) scene, o- © onic at rays Svo, 3 
Lassar-Cohn’s Application of Some General Reactions to Investigations in 
Organic Chemistry. (Tingle.).. -12me, ff 
Leach’s Inspection and Analysis of Food. w with Special Reference tc State 
Control.. , or VOR 
Loéb’s Electrochemistry oe Orennic. Compounds: isteng ‘a Ren ce ek eat 8vo, 3 
Lodge’s Notes on Assaying and Metallurgical Laboratory Experiments. iscar 3 
Low's Dechnical Method of Ore Analysis: (ccs. .cne ces ictal lee aie OU my 
Lowe's Paint forSteel, Structures. =. <7. ns eee ere Sieeeene 12imo, “1 
Lunge’s Techno-chemical Analysis. (Cohn.)...................+++--12mo, 1 
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* McKay and Larsen’s Principles and Practice of Butter-making........ 8vo, 

Maire’s Modern Pigments and their Vehicles...............0.-0005. 12mo, 

Mandel’s Handbook for Bio-chemical Laboratory. . E20: 
* Martin’s Laboratory Guide to Qualitative Analysis “with the Blowpipe 
12mo, 

Mason’s Examination of Water. (Chemical and Bacteriological.)......12mo, 

Water-supply. (Considered Principally from a Sanitary Standpoint.) 

8vo, 

* Mathewson’s First Principles of Chemical Theory. . . -8Vvo, 
Matthews’s Laboratory Manual of Dyeing and extits Chemistry és Vane ews 

Textile Fibres: 2d Edition, Rewritten... 0%. .e.cce ese. Srarevenete Meco! 

* Meyer’s Determination of Radicles in Carbon Compounds. w(Tnetes) 

PeninGsh ci tronlsa1 xrch Pow oho eyon ne okie Otte ec iors ae 12mo, 

MIM ect amid eo br OCESS selina nu fark arnasrce toe oe eee Oo ee LES 12mo, 

WVlairadoteA S ser yancee tx. zm Pe feve tatene Nese al treme see omen) Se ee ot 12mo, 


Minet’s Production of Aluminum and its Industrial Use. (Waldo.)...12mo, 
* Mittelstaedt’s Technical Calculations for nae Works. eG ; 12mo, 


Mixter’s Elementary Text-book of Chemistry. . Pe re .12mo, 
Morgan’s Elements of Physical Chemistry.. whites .12mo, 
Outline of the Theory of Solutions ad is Resa, Rta cia sare eterna .12mo, 

* Physical Chemistry for Electrical Engineers.............e.e0ee0 .12mo, 

* Moore's Outlines of OrganiciChemistryabie.. .shlsdte vas coke dene 12mo, 
Morse’s Calculations used in Cane-sugar Factories...............16mo, mor. 
* Muir’s History of Chemical Theories and Laws.................-.+- 8vo, 


Mulliken’s General Method for the Identification of Pure Organic Compounds. 
Vol. I. Compounds of Carbon with Hydrogen and Oxygen. Large 8vo, 
Vol. II. Nitrogenous Compounds. (In Preparation.) 


VWolhitis ihe: Commercial) Dyestutts:,. \scerssse.e se sierera sc ss Large 8vo, 
* Nelson’s Analysis of Drugs and Medicines... ..... Sano R com Gaon d 12mo, 
O’Driscoll’s Notes on the Treatment of Gold Ores.. pied ate Nh) 
Ostwald’s Conversations on Chemistry. Part Once MiRarasey: ‘ Nees 12mo, 

a ne ~ oe Part Lwo- (Lurnbulli)-e - 12mo, 

Introduction to Chemistry. (Hall and Williams.) (In Preparation.) 
Owen and Standage’s Dyeing and Cleaning of Textile Fabrics.......... 12mo, 
* Palmer’s Practical Test Book of Chemistry. . Le keel 2ITLOS 


* Pauli’s Physical Chemistry in the Service of Medicine. "Fischer: Lael 20} 
Penfield’s Tables of Minerals, Including the Use of Minerals and Statistics 


Of Domestic: Production: sto ye.c. steels Meet erste tee io eglae alm enatee 8vo, 
Pictet’s Alkaloids and their Chemical Constitution. (Biddle.)......... 8vo, 
Poolesi Calorie: Powerot Fuels sec casyt teen ears oPatte a) orotate woke chats 8vo, 
Prescott and Winslow’s Elements of Water Bacteriology, with es Refer- 
enceito Sanitary= WiatercAna lysis: cna. sesccieetics ele eis ce eters .12mo, 
* Reisig’s Guide to Piece-Dyeing.. re .8vo, 
Richards and Woodman’s Air, Water, faa Food isos a , Sanitary iStande 
POMS EsrAM Pee Eee ss dal le kee se Mana ystet ate ees etke eaten sua ts marettst ome 8vo. 
Ricketts and Miller’s Notes on Assaying.. ee Ris alae NOL 
Rideal’s Disinfection and the Preservation a ‘Food!. Bs, MORE Lee VOR 
Sewage and the Bacterial Purification of Sewage... eh er ear Be 8vo, 
Riggs’s Elementary Manual for the Chemical Laboratory...............8vo, 
Robine and Lenglen’s Cyanide Industry. (Le Clerc.)................ 8vo, 
Ruddiman’s Incompatibilities in Ee oa Rey ec cORE ENE Ser arn ed rena San ear 8 8vo, 
Whys in Pharmacy.. Mn eat wees ee 4 vee} 
* Ruer’s Elements of Metallography. *(ikathewsou. ) ea Screa CO 8vo, 
Sabin’s Industrial and Artistic Technology of Paint and Varnish. . .8vo, 
_Salkowski’s Physiological and Pathological Chemistry. (Orndorff. ). Share 8vo, 
Schimpf’s Essentials of Volumetric Analysis. . oe .12mo, 
Manual of Volumetric Analysis. (Fifth ditions Rewserenyt .8vo, 
+ Oualitatme Chemical AnAalysisy osc s.5 1c vie Aaa aweraha ucla eerste er 8vo, 
Seamon’s Manual for Assayers and Chemists. (In Press.) 
Smith’s Lecture Notes on Chemistry for Dental Students............. 8vo, 
Spencer’s Handbook for Cane Sugar Manufacturers.............. .16mo, mor. 
Handbook for Chemists of Beet-sugar Houses...............16mo, mor. 
Stockbiid pesMRocks ail GSOns.unciaceten mre et atcha tats tetstelsrele are) t sialshenalcestayaher 8vo, 
Stone’s Practical Testing of Gas and Gas Meters..............00+.000% 8vo, 
* Tillman’s Descriptive General Chemistry........... 0.00000 seeeeee+ BVO, 
Fu lementaryalessOns ii: ELeat sta om craleteie etter here! ate: te ehalier ale! ehetsha. + 8vo, 
Treadwell’s Qualitative Analysis. (Hall.)............ cece ccs e ce encee 8yvo, 


5 


BO ewe 


Wor FEN NENWH TD PR HEP RP WR REN e Ree 


bo 
Corr 


POR NWWEN RE RP WL 


WRrwwnwwre, 


50 
00 
50 


60 
25 


00 
00 
50 
00 


25 
00 
00 
50 
50 
50 
00 
00 
50 
50 
50 
00 


00 


00 
00 
00 
50 
00 


00 
00 
25 


00 
00 
00 


50 
00 


00 
00 
00 
00 
25 
00 
00 
00 
00 
00 
59 
25 
00 
25 


50 
00 
090 
50 
5) 
090 
50 
00 


Treadwell’s' Quantitative. Analysis. (Hall). - dericicsjete.se «ine ols eletaiwiene ss 8vo, 
Turneaure and Russell’s Public Water-suppliéS..............0-0000+-0+-8VO, 
Van Deventer’s Physical Chemistry for Beginners. (Boltwood.)......12mo, 
Venable’s Methods and Devices for Bacterial Treatment of Sewage......8vo, 
Ward and Whipple’s Freshwater Biology. (In Press.) 
Ware’ s Beet- ‘sugar Manufacture and Refining. Vol. I.. sistavinceteeate OO} 
“7 Vol. LE SG stele euet eM 
Washington’s Manual of the Chemical Analysis of Rocks Mork oeee ns a 1 V Os 
* Weaver's) Military Explosives: teacteyitis ease bl olelbiev ate us a ere teats ole eters 8vo, 
Wells’s Laboratory Guide in Qualitative Chemical Analysis............8vo, 
Short Course in Inorganic Qualitative Chemical Analysis for Engineering 
Pe Sead ents. at cea srtokered torso tele ouetl ae «hovellatel obey Seve ei xe. okslelouekareraepeGe ROY 
Text-book of ChemuicallArithmetio: : 0.55 secrete overt as «1 elated) te ee kino, 
Whipple’s Microscopy of Drinking-water........scsecccesccceecees cess + OVO; 
Wilson si@hlorm ation rOGess sas). scisiisc<ie\seisieie' sei eve iolelis a: shelalnieletebeleidal = rule tiOs 
Cyanide Processéswetic-aanz bei im csi sets cre akede oop vole aia lo’ usta solo ve alelare estas 12mo, 
Winton’s:;Microscopyiof Vegetable. Foods.ijc soc cise w lee decries eels ae fe 8vo, 
Zsigmondy’s Colloids and the Ultramicroscope. (Alexander.).. Large 12mo, 
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BRIDGES AND ROOFS. HYDRAULICS. MATERIALS OF ENGINEER- 


ING. RAILWAY ENGINEERING. 


Baker’s Engineers’ Surveying Instruments. . sae .12mo, 
Bixby’s Graphical Computing Table.. an «Berets 193 x 244 inches. 
Breed and Hosmer’s Principles and Practice of Surveying. Vol. I. Elemen- 
CARY SUEY Yin Steers trate cl Webel ocelot agcrw, pheathe’ «ln oeitoniets wi 8vo, 

Vol. Il. Higher Surveying.. Juesers NOS 

* Burr’s Ancient and Modern Bugieedag ee anes Tatewiean Coa Latics S8vo, 
Comstock’s Field Astronomy for Engineers........ a aS .8vo, 
* Corthell’s Allowable Pressure on Deep Foundations sSioichapeconu seusfel > easter Tide, 
Crandall’s Text-book on Geodesy and Least Squares...............-5- S8vo, 
Davisisiblevation and Stadiat Pablesi t,o: dvrkralerstnvote aitatejelelstaetwie cere. 8vo, 
Elliott’s Engineering for Land Drainage. . eee .12mo, 
Practical Farm Drainage. (Second Edition "Rew Ace ‘ agneitae aoe 12mo 

* Fiebeger’s Treatise on Civil Engineering. . Siewictots Maan pots sireue .8vo, 
Flemer’s Photographic Methods and Instruments. Fs sdepaascsusaey take on meee 
Folwell’s Sewerage. (Designing and Maintenance. we ithe Ayah sak oe ee. 
Freitag’s Architectural Engineering. . Sra AG rok. a os Rape eb wos 
Goodhue’s Municipal Improvements, . — oa 9 ee RG 
* Hauch and Rice’s Tables of Otanuie: for Peclininary, Estimates:: .12mo, 
Hayford’s Text-book of Geodetic Astronomy..........:.+eeeeeeeeeees 8vo, 
Hering’s Ready Reference Tables (Conversion Factors.).......... 16mo, mor. 
Blosmer ss 7A zit wth, & «ciciscsajeseip pent olioliie oialte haven teat eect ten exins: ais veneer ane 16mo, mor. 
Howe Retaining Walls for Banthy4..5....o. een tieein<e ee paar 12mo, 
* Ives's Adjustments of the Engineer's Transit and Level....... 16mo, bds. 
Johnson’s (J. B.) Theory and Practice of Surveying. ......... Large 12mo, 
Johnson's (L. J.) Statics by Algebraic and Graphic Methods............. 8vo, 

Kinnicutt, Winslow and Pratt’s Purification of Sewage. (In Preparation.) 
* Mahan’s Descriptive Geometry.. 3 no eee ho 
Merriman’s Elements of Precise Surv: eying ait Geodesy: <5 Cbnrenb eeeement 8vo, 
Merriman and Brooks’s Handbook for Surveyors.............. 16mo, mor. 
Niugents Plane-Surv.eyin gists ccntne. che iaiceisc ccobtevemeulers stent clei cr ane ~ . -8VO, 
Ogden's Sewer Constructions: tin). «0 cesicjiieinieictsesrssaeinks ele RIO: 
Sewer ID ESigin,< sacs akgem arenarius ek het Ieee Poe ee pitateratert te 12mo, 
Rarsons’s Disposal. oF MunicipallRefuse)<.<.cigosmin arenes cree aioe eee 8vo, 
Patton’s Treatise on Civil Engineering............. .8vo, half leather, 
Reed’s Topographical Drawing and Sketching...........c.eceeceeeecs dta, 
Rideal’s Sewage and the Bacterial Purification of Sewage.. .8vo, 
Riemer’s Shaft-sinking under Difficult Conditions. (Corning and Besle. ).8vo, 
Siebert and Biggin’s Modern Stone-cutting and Masonry.............- 8vo, 
Smith’s Manual of Topographical Drawing. (McMillan.)...............5 8vo, 
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Nopers Ainang Ventilation Of SUDWAYV.S:ceassceuins acid sien ee ceesielecse 12mo, 
* Tracy’s Exercises in hee Nrelicvoveycvayacs ansritat oanstepe to faucet tke 12mo, mor. 
Tracy’s Plane Surveying. . eiseiee Cashes ee an: On, 
* Trautwine’s Civil Fmpineert s Ppockes bobk.. SGauia Ono Dita es Kabactopetaetope, 
Venable’s Garbage Crematories in America. . eee ae OF 
Methods and Devices for Bacterial Treatment ot Sewace.. AER een 8vo, 
Wait’s Engineering and Architectural Jurisprudence.. pig) aia, aaa ae RIO 
Sheep, 
BEA WEG TRC GOILUBAGUS marie sem ereveten epoca cies tourer easiiccteheun ae erase EERO TIE ES 8vo, 
Law of Operations Preliminary to Construction in Engineering and 
PAE CIITEC LULL Ch i srettcn Goel caesanie heel aieher cre stewere ies «foreach aie wochnn 8vo, 
Sheep, 
Warren's Stereotomy—Problems in Stone-cutting.. ‘o Te OV.Os 
* Waterbury’s Vest-Pocket Hand-book of Mathematics for’ eapineers: 
2% 5% inches, mor. 
planed wation. Inelmiding: Dalles ana .ice seusanrs aa/suels <n decree cis mor. 
Webb’s Problems in the Use and Adjustment of Engineering Instruments. 
16mo, mor. 
WalsoniSehopOeraplie SUL Vey Il Oo. acoie :orstone ar elar es ov oshore/ Pin eerie sueeeuevsre ace 8vo, 
BRIDGES AND ROOFS. 
Boller’s Practical Treatise on the Construction of Iron Highway Bridges..8vo, 
Ae RameswRivier BP Seige aha tyalevcsrezelaraue aielsie tetera omits Oblong paper, 
Burr and Falk’s Design and Construction of Metallic Bridges.......... &vo, 
Influence Lines for Bridge and Roof Computations................. .8vo, 
Du Bois’s Mechanics of Engineering. Vol. II............. .Small 4to, 
Foster's Treatise on Wooden Trestle pee Soa Poesy ences Ato, 
Fowler’s Ordinary Foundations.. % a akiie eer Rage Mee es eee 
Greene’s Arches in Wood, Iron, Sadi Stone We Sicha he Reteebie al aie REO MO} 
ABS mle Keteved Dac GES(ocWy Bia nS Fad Fe CHER DIOL haga Dee oe RORSIO TS gts x Onc eee Cie tac CPR 8vo, 
Roof Trusses. . : ase ysuiG e kiste ese eee OD 
Grimm’s Secondary Sree Hi in ae pidce: Coussee oe . .8vo, 
Heller’s Stresses in Structures and the Accompanying iDeleratonss . .8vo, 
Howe's Design of Simple Roof-trusses in Wood and Steel.. SRO AS Byo. 
Symmetrical lM aSOmpyn AGGIES malts a pel ielcaveetate's elota eye oes trae) -cetdstars ac 8vo, 
PRAISE OM: AT CMOS Sst sch ale atone ocsuntey ona tater tipheepanala asteueneremecugriote ide materi amaee 8vo, 
* Jacoby’s Structural Details, or Elements of Design in Heavy Framing, 8vo, 


Johnson, Bryan and Turneaure’s Theory and Practice in the Designing of 


Modern BramedStnuctures:).t.-simicie salto. sbuetercier cic chne ate Small 4to, 
* Johnson, Bryan and Turneaure’s Theory and Practice in the Designing of 
Modern Framed Structures. New Edition. Part I......... 8vo, 
Merriman and Jacoby’s Text-book on Roofs and Bridges: 
PaTrer eR OELESSES: IN IN ple “DNISSeES Ia as) ee ovata oteyesobareuatcheien> avetocerens 8vo, 
PartaliegiGraphicrstaticsn. cis ec sce te ce annette ney ee aT ent 8vo, 
i2byay JUNE, debate keri Desi Wer aimee cinitirtn Corr a RAREST cCHEAN Cech CER OMET Rice CuCT rie 8vo, 
Pepi ato MEL LMU EULESS). orefsle\siv steveyar = sale eeatora satel cketeray ete .8vo, 
Morison seblemphisr brid cer cjcves ste s achasses vercsta ens Oitueterenaraes Oblong Ato, 
Sondericker’s Graphic Statics, with Applications to Trusses, Beams, and 
TENGRS oon Rs Ftp SRO rea AERO Renan CoE CREO PRCT OC I Care YE RCE 8vo, 
Waddell’s De Pontibus, Pocket-book for sees Engineers...... .16mo, mor. 
* Specifications for Steel Bridges... 3 é .12mo, 
Waddell and Harrington’s Bridge Basinesae aa Presasanioe! ie 
Wright’s Designing of Draw-spans. Two parts in one volume........... 8vo, 
HYDRAULICS. 
Barnes’s Ice Formation.. .8vo, 
Bazin’s Experiments upon the Contraction of the Liquid Vein Issuing from 
an Orifice. (Trautwine.).. Pacts Misch Atay ENG oaeG dale barat ai . .8vo, 
Bovey’s Treatise on Hydraulics.. Seto S 


Church’s Diagrams of Mean Velocity Ae Water | in mOpen Onvacciss 
Gblens 4to, paper, 
My ra icw lo LOLS steraraisises siieieciele/atal oosisfele'e) «)e\a2/s 1s se <isieie\ «(6 'e-¢ .8vo, 


bw Or or WOARAWNaAWE DY 


He 


wre 


WENNWNHENNWOHOWATN 


1 


=) 


= 
OnNW NW ow 


two bo 


Or bo w 


Nore 


50 
00 
00 
00 
00 
00 
00 
50 
00 


00 
50 
50 


00 
50 


25 
50 


00 
00 
0G 
00 
00 
00 
50 
50 
50 
25 
50 
00 
00 
50 
00 
25 


00 
00 
50 
50 
50 
50 
00 
00 
v0 
50 


50 


00 


00 
00 


50 
00 


‘Coffin’s Graphical Solution of Hydraulic Problems............. 16mo, mor. 
Flather’s Dynamometers, and the Measurement of Power............12mo, 
‘Bolwellis: Water-supply: bn Sineerin Sr clee ove oe olesiele oe a0 161 ote anetete detec suataas 8vo, 
WE rizellist Water DOW el rista.c aisle: nse} > euejeras scape. # sphere he ces ieaanele eierecstsyst aaa 8vo, 
Ftiertes’s Water and-Publie Plealtiv. cles oasis ares «inte tuereree tise sireuabe 12mo, 
Water-fl tration WOrksic cess sus suo colt Poth cseune Geka ieee cr eee 12mo, 
Ganguillet and Kutter’s General Formula for the Uniform Flow of Water in 
Rivers and Other Channels. (Hering and Trautwine.)....... 8vo, 
Hazen’s Clean/Water and How to Get It...........20.3---e0- ees 12mo, 
Filtration of Public Water-supplies. . esti cc tere: . .8vo, 
Hazelhurst’s Towers and Tanks for Water-works.. coe .8vo, 
Herschel’s 115 Experiments on the Carrying Capacity of Taree avared. Metal 
COmatnts) acc aw ahs. dove ake oistare al eue om pLcomtet sie abe io eae emer &vo, 
Hoy fanduGrovet-suiver Isc Har ve me cis ire orators tiie taie sinus hair errr 8vo, 
Hubbard and Kiersted’s Water-works Management and Maintenance. 
8vo, 
* Lyndon’s Development and Electrical Distribution of Water Power. 
8vo, 
Mason’s Water-supply. (Considered Principally from a Sanitary Stand- 
POOLE Ts lene Nae ale aero ale al late am wich eile Scabrins eioteo ales wees Se ners 8vo, 
Merriman’s Treatise on Hydraulics. . be ie Sods ogee wee e a SW Oe, 
* Molitor’s Hydraulics of Rivers, Vee. eel ties’ She Rhine Sem ems ty, Be 8vo, 
Morrison and Brodie’s High Masonry Dam Design. (In Press.) 
* Richards’s Laboratory Notes on Industrial Water Analysis.......... 8vo, 
Schuyler’s Reservoirs for Irrigation, Water-power, and Domestic Water- 
supply. Second Edition, Revised and Enlarged....... Large 8vo, 
sPhomasrand Watts improvementior Riversan.ne cruiser oie een Ato, 
Turneaure and Russell’s Public Water-supplies. . F oy cies 
Wegmann’s Design and Construction of Dams. ‘bth Ed., ‘enlacaedss . Ato, 
. Water-Supply of the City of New York from 1658 to 1895.......... Ato, 
Whipple's Value of Bure: Water. cae dccc-s se ere « vie lett sum arate Large 12mo, 
Walliams *tand: Hazentssivdrauite Ul ablessaetes tite mie ae ciate ota setae ener 8vo, 
Wilson’siitrigation Bnpineering..ic.cscccasneies s+ « isins as cine oe eee se OO Oy 
Woods Rumbinesy,. starsicsieis a dletsthercteleelelcieleusa o: seis acre .ale esters chet a apees eter Res VCs 
MATERIALS OF ENGINEERING. 
Baker's Roads and Pavemen tous sciactes teers cise’ mieiciate cis SRN as 8vo, 
Treatise on. Masonry Construction... scsiocls eee srslaiete stain enn eate eieiere Svo, 
Black’s United States Public Works. . Welpiate. esate ee ate Dromore tor 
Blanchard’s Bituminous Roads. (In Press.) 
Bleininger’s Manufacture of Hydraulic Cement. (In Preparation.) 
* Bovey’s Strength of Materials and Theory of Structures................ 8vo, 
Burr's Elasticity and Resistance of the Materials of ieee pare citable tee VO, 
Byrne’s Highway Construction... -8vo, 
Inspection of the Materials ead Worlanensnin Employ edi in 7 Copstrudtions 
16mo, 
Church's: Mechanics:of Engineering). ic... vesieble elererslphlvie elsvelets cremearercters een 
Du Bois’s Mechanics of Engineering. 
Voliil, KainematicsStaties., Kameticsy 1 oct sates tieerie ceteris Small 4to, 
Vol. II. The Stresses in Framed Structures, Strength of Materials and 
Rheoryiok Mlextinesu aes sarese he oe sire ote ee re ee Small 4to, 
*Eckels (Cements, Lames, and, Plastersiy./ cs. cewmnid s+ «aie iareniete areas 8vo, 
Stone and Clay Products used in pin (In pO ale ar 
Fowler’s Ordinary Foundations. . EAL Eee crera, salle Sa ede Re .8vo, 
% Greene's Structural Mechanics. . Aen tO OMA oars Soni .8vo, 
* Holley’s Lead and Zine Pigments. . viehaie! paaisut eta eer eReaTeinie tetera Teason Fen, 
Holley and Ladd’s Analysis of Mixed Paints, Color Pigments and Varnishes. 
Large 12mo, 
* Wubbard’s Dust Preventives and Road Binders......;........... 8vo, 
Johnson’s (C, M.) Rapid Methods for the Chemical Analysis of Bie: Steels, 
Steel-making Alloys and Graphite.. PRIS ..Large 12mo, 
Johnson's: (J. B.) Materials of Construction, ... e+ mse a tein rele Large 8vo, 
Kens Cast LrOn. cies fuiscs aceuectsa') # sista buena at eterna teh Lease ce .eeatemabaastsine eee 8vo, 
Ihanza's Applied MeGhamicsirc cscs. + (ache a ers «1s S14 a erate ol ceeetermns tale eletatere cents 8vo, 
Lowe's Paints for Steel Structures)... . 1... ce denice s crow iee cic 8.8 6.0 Atos 
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Maire’s Modern Pigments and their Vehicles............cececeeceees 12mo, $2 00 


Mamrenisnhechnice vlechanieseesi. vs atientia soko yee ave dep clokneste eect als 8vo, 
MertilPs Stones:tor Building and Decorations... ..c..+c.00ns cence, 8vo, 
Merriman Mechanics of Materialsy. ii.c. S2cZ. ashe. cis acs acvete sarneede 8vo, 

PER Serene bhpOreMatetalsy cau hiciicl ec cwiex vam ialeheiet versal Mebane ruaen ete 12mo, 
Metcalf’s Steel. A Manual for Steel-users............ 0000s ceeeees 12mo, 
Morrisons dighwayy iin cimeenin ge: 5.5285 Wes ccsronsiens, sel Caleua tutes wresaelnnes 8vo, 
Pattonisperacticalle treatise on) Mounda toms, pac apclereoas csdeveasc¥ jemi eeielces 8vo, 
Rice srConerere, Dio clke Manufacture ssa iejis aes, ssauer spare’ veh saci Sane abtyw dyes voareceun 8vo, 
Richardson’s Modern Asphalt Pavement... .8vo, 


Richey’s Building Foreman’s Pocket Book ad Reade Reference. tees mor. 
* Cement Workers’ and Plasterers’ Edition (Building Mechanics’ Ready 


HRETELENES WELLES) c ce rarcte Mow NPM Oe bse, hones eae 16mo, mor. 
Handbook for Superintendents of Construction.............16mo, mor. 

* Stone and Brick Masons’ Edition (Building Mechanics’ Ready 
ReferencexSenies) aaaie- satel xterra at cecte nt avtea aes alte wee 16mo, mor. 

* Ries’s Clays: Their Occurrence, Properties, and Uses.. ; .8vo, 
* Ries and Leighton’s History of the Clay-working Tndustry. of ee United 
SS EALES EMR PRP ree ac Orc tok nocache cat wre enctnnle Secours icles anneeee 8vo 

Sabin’s Industrial and Artistic Technology of Paint and Varnish........ 8vo, 
er Smsth ssoirenetn Of Material. i... ci cued ee hele Spensestopena se she mcninat rai aile 12mo 
Snow Sherinctpaltspecies*Ob. WOOF ati: iiciste sretace ahs sehsisie:clej age wn 8 mlheiw o visidin OVOP 
SDaldimorswyce allie OSmMeM ta. vscistete snes: o's) Scturav's: a cihavalayederiich anelce Gheraient 12mo, 
Text-book on Roads and Pavements.. pave apliermnNos 
Taylor and Thompson’s Treatise on Concrete: ‘Plats ‘and Reinforced ee je 
Thurston’s Materials of Engineering. In Three Parts.. ‘ . .8vo, 
Part I. Non-metallic Materials of Engineering and ‘Metallurgy. .8vo, 
Part II. Iron and Steel.. Poe .8vo, 
Part III. A Treatise on Brassés; Boonces: ‘surdl Other Alloys Sn) their 
PEASUEMEATS Co ste as Peco Sa aM los brothels te iy nelorarct Pack 8vo, 

Tillson’s Street Pavements and Paving Materials..............,..... 8vo, 
* Trautwine’s Concrete, Plain and Reinforced . 2... 000 vn nes veel 16mo, 
Turneaure and Maurer’s Principles of Reinforced Concrete Construction. 
Second Edition, Revised and Enlarged..........02.cee000-> 8vo, 
Wiaterbunys Cement Maboratory Mamuale:. ..0jckiden eipeucpe secre ese 12mo, 
Wood’s (De V.) Treatise on the Resistance of Materials, and an Appendix on 
tie Preservation: of Dim beri craw wi cee ereiele actor site oleae eecisieuens 8vo, 

Wood’s (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 
SEO RRS ar ORE CODE cae E Arine teks Dirac onto mon 8vo, 


RAILWAY ENGINEERING. 


Andrews’s Handbook for Street Railway Engineers.......3 5 inches, mor. 
Berg’s Buildings and Structures of American Railroads............. . -4to, 
Byooks’s Handbook of Street Railroad Location................16me, mor. 
Butts’s Civil Engineer’s Field-book.. picuitenisykate MOTOS Oe. 
Crandall’s Railway and Other Barthwork Tables. . Lets tatu .8vo, 

Transition Curve.. Btn BA 16mno: mor. 
* Crockett’s Methods for Earthwork Crncrenon a feaccavaususseurpouete aasuuc cae 8vo, 
Dredge’s History of the Pennsylvania Railroad. (1879)................ Paper, 
Fisher’s Table of Cubic Yards.. F .Cardboard, 


Godwin’s Railroad Engineers’ Field- poor Ass ee loners™ Guder 16mo, mor. 
Hudson’s Tables for Calculating the Cubic Contents of Excavations and Em- 
IE Eu ULGLING AGS Mette mesa ctathe fe cedvaiiess Gu ektionmis ious cit ee siatas Aauocgnser tie J 8vo, 

Ives and Hilts’s Problems in Surveying, Railroad Surveying ana Geodesy 
16mo, mor. 


Molitor and Beard’s Manual for Resident Engineers................. 16mo, 
Nagle’s Field Manual for Railroad Engineers............- sa... LOMO, mor. 
* Orrock’s Railroad Structures and Estimates........_. Noe pee ee 8vo, 
Philbrick’s Field Manual for Engineers... Selec bierateis rests LOMO nT OL, 


Raymond’s Railroad Engineering. 3 volumes. 
Vol. I. Railroad Field Geometry. (In Preparation.) 
Volil. Blements of Ratlroad: Emegimeering .<.o.o.6 6 anys 0:sieere 01606 ¥. mince 8vo, 
Vol. ILL. Railroad Engineer’s Field Book. (In Recparation: ) 
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Roberts’ Track Formulz and Tables. (In Press.) 


Searles’s, MielduPnginecring ask ane mn Oona on at inten etal orate 16mo, mor. 
Railroad Spiral.. . Ghai a ewe areata 7 kD EENO Ole 
Taylor’s Prismoidal Formule and Barthwece ire .8vo, 


* Trautwine’s Field Practice of Laying Out Circular - Curves’ for Raiisoads: 
12mo, mor. 
* Method of Calculating the Cubic Contents of Excavations and Em- 


bankments by the Aid of Diagrams................ , .8vo, 
Webb’s Economics of Railroad Construction.............. Large Lomo. 
Railroad Construction.. F 7 .16mo, mor. 
Wellington’s Economic Theory ‘of ‘the. Tecntion’ ee Railways. None “Large 12mo, 
Wilson’s Elements of Railroad-Track and Construction..............-12mo, 
DRAWING. 
Barr'sKonema ticsor WMachimeryancs moses eee eeiciee ciclo tie tie otele ekotelerotcnere 8vo, 
* Bartlett’s Mechanical PEG WA Sire sate, any Sia'ehanaie clave ate ieterey e's. eleletereoheetote 8vo, 
* 2 “s Abridged Bd. 2ei2 5.2 clewtelatee oo oR VIOs 
Coolidge’s Manualiol Drawing ientins omic. o Oe cidldars oh Llentetinnae Bee 8vo, paper, 
Coolidge and Freeman’s Elements of General Drafting for Mechanical Engi- 
poet oy a2) gas Aa oe ns eg IL pT Due RE 7 Oblong 4to, 
DurleyisKunematiesiol Machimesiacciss\21- ciais-co terete serene aan ers chet aleovere ete 8vo, 
Emch’s Introduction to Projective Geometry and its Application...... S8vo, 
French and [ves Stereotomy ns icasc ile sie wid ts ar ale ee atte late a oe 8vo, 
Hill’s Text-book on Shades and Shadows, and Perspective ............-- 8vo, 
Jamison’s Advanced: Mechanical Drawing. Ger. pone w sec cle se ele wee 8vo, 
Hlementsvofi Mechanical’ Drawing ents ss cies erate ee lente ote ome reeset ele 8vo, 
Jones’s Machine Design: 
Part I. Kinematics of Machinery. . Page Per eS Vor 
Part II. Form, Strength, and Péoportions! of ‘Parte. Tl Mere tavehetore eS Oe 
Gm ballvand Barr-s Machine Weston’ jest <teeinarmaralarshs <teteretay rere 8vo, 
MacCord’s Elements of Descriptive Geometry...........-eeeeeeeeees 8vo, 
Kinematics: ore Practical) Mechanistmiess.c cece ctet.ce eretaie cele ate ote 8vo, 
MecHhanteal Drawings. Ssvacfonsee ac ek ote ee ae ase ete eee ee, 
Velocity Diapramag.cs cress < ters, o crotatcie svat die'elcat ao) era cl ote. wherere Senate 8vo, 
MelLeod’s Descriptive Geometry.ts..nc..« ac eae Howe cee e amino Large 12mo, 
* Mahan's Descriptive Geometry and Stone-cutting............00000: 8vo, 
Industral Drawings § Cibompsone) acy. case.csl aie aie teem ian ee SO 
Moyer’s Descriptive Geometry.. Geter niststetec see eA ee re HOMO 
Reed’s Topographical Drawing and Gketchans, iete(tre ites, sMlexsbottetinaueltcs ete Ato, 
Reidis'Course in Mechanicalubrawingye «ec oe sai ores mete aie erate 8vo, 
Text-book of Mechanical Drawing and ra ae os Machine Design..8vo, 
Robinson’s Principles of Mechanism. . aoe Sta Rai Ca pr ae! 
Schwamb and Merrill’s Elements of Mechanism.. TS cS OE .8vo, 
Smith (A. W.) and Marx’s Machine Design.. .8vo, 
Smith’s (R. S.) Manual of Topographical Drawing (McMillan. ‘ Soot /..8v0, 
* Titsworth’s Elements of Mechanical Drawing.............-. Oblong 8vo, 
Warren's Drafting Instruments ‘and Operations.................--- 12mo, 
Elements of Descriptive Geometry, Shadows, and Perspective...... 8vo, 
Elements of Machine Construction and Drawing. . ae , ‘Bv6, 
Elements of Plane and Solid Free-hand Geometrical ee ne at ot 2mo, 
General Problems of Shades and Shadows.................0.200+ 8vo, 
Manual of Elementary Problems in the Linear Perspective of Forms and 
SHAG WW. irc sot eels inten note orotate en cee on orn eae oe 12mo, 
Manual of Elementary Projection Drawing..............-++0: 12mo, 
Plane Problems in Elementary Geometry.. or Jee er hemo: 
Weisbach’s Kinematics and Power of iene rhtaaien. “\(Blernann and 
1 Ca) Aor Ge aie Mae MRA cy Simei ith tween Quckoyia GichoahGo ors 8vo, 
Wilson’si(HM,) Topographic Surveyitie sc esis er ee eee 8vo, 
* Wilson's (V.. T:)) Descriptive (Geometry. <..... cece see ie oe eae VOR 
Freé-hand lettering hice. tesco tte Coe ee ee ae 8vo, 
Bree-hand) Perspectives wscs snes pate ee oe eee eae 8vo, 
Woolf's Elementary Course in Descriptive Geometry........... Large 8vo, 
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ELECTRICITY AND PHYSICS. 


* Abegg’s Theory of Electrolytic Dissociation. (von Ende.)......... 12mo, 
Andrews’s Hand-book for Street Railway Engineering... ..3 5 inches, mor. 
Anthony and Brackett’s Text-book of Physics. (Magie.)....Large 12mo, 
Anthony and Ball’s Lecture-notes on the Theory of Electrical Measure- 


ments. . aratah eter ai stato vel ener sasvene eset ciereeteters .12mo, 
Benjamin’s History oi Electricity. Varel ctouateres ete iateaie aiare Se Rei e een en ee re 8vo, 
Mialtarc Gell. o See eee a clone een eee ee ee On SAR. ik OGLE MOR 9 8vo, 
Betts:s ead Refining and Electrolysis. .j.ccsc2<06 shee oes ees ee 8vo, 
Classen’s Quantitative Chemical Analysis by Electrolysis. (Boltwood.).8vo, 
* Collins’s Manual of Wireless Telegraphy and Telephony............ 12mo, 
Crehore and Squier’s Polarizing Photo-chronograph.....................8V0, 
* Danneel’ s Electrochemistry. (Merriam.).. . .12mo, 
Dawson's ‘‘Engineering’’ and Electric rection pPockee poole Hie. mor. 
Dolezalek's Theory of the Lead Accumulator (Storage Battery) (von Ende.) 
12mo, 
Duhem’s Thermodynamics and Chemistry. (Burgess.)................8VO, 
Flather’s Dynamometers, and the Measurement of Power............ 12mo, 
* Getman’s Introduction to ee SCIGHCEs aw ta eee ote ae 12mo, 
Gilbert’s De Magnete. (Mottelay ).. Ee. sas ceasheeioneeh hotel eeetee TOVON 
* Hanchett’s Alternating Currents.. MeeGien. fot ek emON 
Hering’s Ready Reference Tables (Conversion Factors). Mega eee 16mo, mor. 
* Hobart and Ellis’s High-speed Dynamo Electric Machinery.......... 8vo, 
Holman:s\ Precision’ of Measurements css inclets Seles tistns o's clove eieecs 8vo, 
Telescopic Mirror-scale Method, Adjustments, and Tests....Large 8vo, 
* Karapetoft’s Experimental Electrical Engineering.................-.+-8V0, 
Kinzbrunner’s Testing of Continuous-current Machines............... 8vo, 
Pandauers Spectrum Analysis, (Lingle... ese nhl oe nc esise eels 8vo, 
Le Chatelier’s High-temperature Measurements. (Boudouard—Burgess.)12mo, 
Loéb’s Electrochemistry of Organic Compounds. (Lorenz.)............-. 8vo, 
* Lyndon’s Development and Electrical Distribution of Water Power. .8vo, 
* Lyons’s Treatise on Electromagnetic Phenomena. Vols, I .and II. 8vo, each, 
* Michie’s Elements of Wave Motion Relating to Sound and Light..... 8vo, 
Morgan’s Outline of the Theory of Solution and its Results.......... 12mo, 
* Physical Chemistry for Electrical Engineers................-- 12mo, 
* Norris’s Introduction to the Study of Electrical Engineering......... 8vo, 


Norris and Dennison’s Course of Problems on the Electrical Characteristics of 
Circuits and Machines. (In Press.) 


* Parshall and Hobart’s Electric Machine Design........... Ato, half mor, 
Reagan’s Locomotives: Simple, Compound, and Electric. New Edition. 

Large 12mo, 

* Rosenberg’s Electrical Engineering. (Haldane Gee—Kinzbrunner.)..8vo, 

Ryan, Norris, and Hoxie’s Electrical Machinery. Vol. I................ 8vo, 

Schapper’s Laboratory Guide for Students in Physical Chemistry..... 12mo, 

A Tlimans Hlementary WsessOnus 1m) Pleat: « ...<1s  ojelalee «ose eevee miss 8vo, 

Tory and Pitcher’s Manual of Laboratory Physics...........- Large 12mo, 

Ulke’s Modern Electrolytic Copper Refining............sceeeeeeeeees 8vo, 

LAW. 

* Brennan’s Hand-book of Useful Legal Information for Business Men. 

16mo, mor. 

* Davis’s Elements of Law.. ‘ MUSe Lear ie saat cone ieee ON OR 

* Treatise on the Military. Law ‘of Waited States Wedel uncdratedegabucaks foes 8vo, 

* Dudley’s Military Law and the Procedure of Courts-martial.. Large 12mo, 

MWMantaltoriCourteemlartial sr att smapiiviene: susiedetsioynata epakeiedoaelalsNeh chen « 16mo, mor. 

Wait’s Engineering and Architectural Jurisprudence................--.8v0, 

Sheep, 

Wao COoneLactsuiia ec cic ce. + aicierche ove euspeterelegstcnais) sialon excholie estethers 8vo, 

Law of Operations Preliminary to Construction in Engineering and 

PATONICECTULE sar ere islets tiaitiereteneye\ opsinvelslovelsisiaieistele oc s)ss0,s/eUs[aserate hers 8vo, 
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MATHEMAT:CS. 


Baker’s Elliptic Functions.. sydoaeder Toles chek toe OOF 
Briggs’s Elements of Plane Analytic Geomen CBOcCheE a rarete nner 12mo, 
* Bucharian’s Plane and Spherical Trigonometry.........+.22-ce0ces> Svo, 
Byerley’s Harmonie, Munctionsir.mi sic tiny me chaa ore eae ies a. eee Bees 8vo, 
Chandler’s Elements of the Infinitesimal Calculus..............+.-++5 12mo, 
*  Coflin SwVECtORMANALYSIS, sacle es a iui orc nes Cpe ne iaketete eee 12mo, 
Compton’s Manual of Logarithmic Computations...............-..+ 12mo, 
+ Dickson College: Algebras. catri-te a note y eeseur coi aay ein mbetnte) akon Large 12mo, 
* Introduction to the Theory of Algebraic Equations...... Large 12mo, 
Emch’s Introduction to Projective Geometry and its Application...... 8vo. 
Biske’s Munctions of a Complex, Variablesic. «ots oanbeleiriel> ein rete ees on 8vo, 
Halsted’s Elementary Synthetic Geometry...........62-- eee ces esees 8vo, 
Blementsioty Geom ebigye ay iscteista te dilatiestainge iets inis tat ancien ae ee ra 8vo, 
* Rational Geometry...... PRESEN rere Sr eS BEE oe, ee ene 12mo, 
Synthetic Projective Geometry... .. 5. cen see eee een ee ee ees 8vo, 
Hancock’s Lectures on the Theory of Elliptic Functions. (In Press.) 
Fy deisiGrassmann.S SDaCe-Amalysisa on \<semuer ay siersied eeu yane oliciaieee leas meee 8vo, 


* Johnson’s (J. B.) Three-place Logarithmic Tables: Vest-pocket size, paper, 
; * 100 copies, 

* Mounted on heavy cardboard, 8 X10 inches, 

* 10 copies, 

Johnson’s (W. W.) Abridged Editions of Differential and Integral Calculus. 
Large 12mo, 1 vol. 


Curve Tracino in Cartesian, Co-ordinates amii.yem «stein ieioheba ene lemees 12mo, 
Differential HquattOnsis « cc sacalessunte Mele cpu, atoll ae ope reketene) nee eee 8vo, 
Elementary Treatise on Differential Calculus..............Large 12mo, 
Elementary Treatise on the Integral Calculus............ Lass 12mo, 
* Theoretical Mechanics. ae nite woctichssicke .12mo, 
Theory of Errors and the “Method ‘of eae eee ays sage pthis Fotkera nel as 12mo, 
Treatise.on. Ditterential Caloulusy. 14s pe csytaeieie eitiens Sotsisias Large 12mo, 
Treatise.on the, Integral Calealus. 37s oaiusnvenacustiie aeeerere Large 12mo, 
Treatise on Ordinary and Partial Differential Equations. ..Large 12mo, 
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‘Karapetoff’s Engineering Applications of Higher Mathematics. (In Preparation.) 


Laplace’s Philosophical Essay on Probabilities. (Truscott and Emory.) .12mo, 
* Ludlow and Bass’s Elements of Trigonometry and Logarithmic and Other 


fy Ue ee Ge SE Ne Se ee ae a SU A, tees aise S 8vo, 

* Trigonometry and, Tables published separately. .............. Each, 

* Ludlow’s Logarithmic and Trigonometric Tables................-+. 8vo, 
Mactarlaneis Vector Analysis.and Quaternions, .. . =. oie a-/e serene 8vo, 
MeMahonis buy DenDOlic! FoUmCtIOMS: \slcste.s1c os «le a aise npateiecesisuecedslsranereeeleterece 8vo, 
Manning’s Irrational Numbers and their Representation by Sequences and 
SOCIGS. 4 casts te ells, 5 hae erate Lis Oi eaten ne aaa Rem a 12mo, 
Mathematical Monographs. Edited by Mansfield Merriman and Robert 
Sy” WOOC Wand. c,unhoharacrasycteva nil etait isae ege ea eves Octavo, each 


No. 1. History of Modern Mathematics, by David Eugene Smith. 
No. 2. Synthetic Projective Geometry, by George Bruce Halsted. 
No. 3. Determinants, by Laenas Gifford Weld. No. 4. Hyper- 
bolic Functions, by James McMahon. No. 5. Harmonic Func- 
tions, by William E. Byerly. No. 6. Grassmann’s Space Analysis, 
by Edward W. Hyde. No. 7. Probability and Theory of Errors, 
by Robert S. Woodward. No.8. Vector Analysis and Quaternions, 
by Alexander Macfarlane. No. 9. Differential Equations, by 
William Woolsey Johnson. No. 10. The Solution of Equations, 
by Mansfield Merriman. No. 11. Functions of a Complex Variable, 
by Thomas S. Fiske. . 


Manrer’s Technical! Mechanics... ania 4 secasasen asi arsmencnistele tame percent 8vo, 
Merrimancc: Method:ot east scianes: ci siieicieiusimine: a waiiresmerenr erences 8vo, 
OIG Om OF ses CA BLOL Seta cuore 1c fe irometice /ccenek = coteacfenin 1 in enact ena 8vo, 


Rice and Johnson's Differential and Integral Calculus. 2 vols. in one. 
Large 12mo, 


Elementary Treatise on the Differential Calculus. ........ Large 12mo, 
Smithis History of Modem Mathematican.. uc cnmeniaser ale aiieres neue ets 8vo, 
* Veblen and Lennes'’s Introduction to the Real Infinitesimal Analysis of One 
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* Waterbury’s Vest Pocket Hand-book of Mathematics for Engineers. 
2% X53 inches, mor. $1 


* Enlarged Edition, Including Tables..sac%s..<.<stoces coc csieee ss mor. 1 
Wreldtsrbetenminantsudnicie ccs soe c cues Shiu hereke reve, op stener eave iets Svo,. 1 
Wood’s Elements of Co-ordinate Geometry... .......eee000% tieicketereters 8vo, 2 
Woodward’s Probability and Theory of Errors... .....ceeeseeeee eee aOVO;) OL 


MECHANICAL ENGINEERING, 


MATERIALS OF ENGINEERING, STEAM-ENGINES AND BOILERS. 


Baconktshoree. Practice: a ss «em satel e-s ve itd SRE areas 12mo0, 1 
Baldwins team eating for dtl din ges. cox, suexerielave.0 «ole eisieendere cr ersie 12mo, 2 
Bars Skcmem ebicsiole Machinery: wa oo muccsn lcr nuts os aus Fralers araletole sisi teweovels 8vo, 2 
Bartiert:s Mecwanicall Drawing. aire cei «lo srctew avec eresve elebucreeis eee ie nudie’ 6 8vo, 3 
3 rs ue bee stloy glale< Nobel DGken arene tic circa oliciad & 8vo, 1 
* Burr’s Ancient and Modern Engineering and the Isthmian Canal.....8vo, 3 
Carpenter’s Experimental Engineering. ........0cecccccccccsceceecs 8vo, 6 
Heating and Wentilating Buildings. .22-.cleiee ester ace o-oe cicyersie serovars 8vo, 4 
*iGlerkic Dae Gas, Petrol and-Oil Bngine,. 2% weit ere ce ss. eltiidw seine sare ic OVO, 4 
Compton's First’ Wessons in Metal Workinga... cic. cess v oper sees s 1PXeaKoy, al 
Compton and De Groodt’s:SpeedWuathe). s.ci\. ars, resets eqotarejs ie ieil e'sialte eines 12mo, 1 
Coolidge's Manual of Drawing, cai ae:c caress siejpsalare esse oianeve coe so) eres 8vo, paper, 1 
Coolidge and Freeman’s Elements of General Drafting for Mechanical En- 
Cabakel coe ein eRe hia MOI Aer Oia on are Chie Oblong 4to, 2 
Cromwell’s Treatise on Beltsiand Pulleys. ... ..ecccediveeseccedece 12mo, 1 
(reatise- on looted KSeRr iMG) sus ieeacconel wn 3 Sieve elevelt eel stele euard greene 12mo, 1 
Dingey-siMachmery Patterth Makingn cies icsare © thetic ates ste eles e levers 12mo, 2 
Durley’s Kinematics of Machines........ AES ioe CUO o OrICK nS 8vo, 4 
PlandersisiGear-cutting Machinery... cctes suis vielen laos sole ehelee Large 12mo, 3 
Flather’s Dynamometers and the Measurement of Power.,........... 12mo, 3 
Riopes Dis vin oaeteipercde. sce ect torte clsistetels ousiete chat tolee oe eteke ne leetesss 12mo, 2 
Gill's Gastand=E uel Analysis for Bmeineersi iis 6 «Neier sieve losers are siete ish 12mo, 1 
GOSS’ Ss WOCOMOLIN CLO DATS. cinaicis vere eae Nene aichellavatereleueiete rd wee aiers 8vo, 2 
Greene’s Pumping Machinery. (In Preparation.) 
Hering’s Ready Reference Tables (Conversion Factors)........16mo, mor. 2 
* Hobart and Ellis’s High Speed Dynamo Electric Machinery. ........ 8vo, 6 
upton iswoas TA Site: oof ae a tcaca ais c's Ss, miea.e «srelu's aeieralele aialele aiatetalens = 8vo, 5 
Jamisonis-Advanced Mechanical Drawing. ©...» stelstseieisterde-lecicieet sire: 8vo, 2 
Elements of Mechanical Drawing......... Sea hers: Seats Sere 8vo, 2 
SORES ICMIS [Deven 524s GeO RS SPA OU OCR O KO CURAUE- DD aOOprer en 8vo, 4 
Machine Design: ’ 
Partd.) Kanematics of Machinery... ..caictalsvec die ele ote aceta 0 etelelern dteete 8vo, 1 
Part Il. Form, Strength, and Proportions of Parts............. 8vo, 3 
Kent’s Mechanical Engineer’s Pocket-Book............0000005 16mo, mor. 5 
Kerr's Power and Power Transmissiotiors < (his teraniles stolons chenene alee eietades 7% 8vo, 2 
eismpaland: Barr's’ Machirie Wes ecco c tierce oye ssae-je. aval dnerae) Bd oie ee ishee a Svoy i 3 
AMVEviTiecd NASM TIP IMS AYN SONS ake. canlltavaeexeve, Quveiehcvekels, Seve dly eiaieet a asPTousiaieee 8vo, 4 
Leonard's Machine Shop Tools and Methods. . 23.5500 ese oo are oe 8vo, 4 
* Lorenz’s Modern Refrigerating Machinery. (Pope, Haven, and Dean)..8vo, 4 
MacCord's Kinematics: or, Practical Mechanism, 2.0.0... 2 cfoahs cis cle oie oh 8vo, 5 
lew rari calmly tev yasa Go apemetmits cialoyetos tel aicalle Cale) = cm chcyeys obeys catiaka nicks leteien Bares 4to, 4 
IVSLO STEVIA SO rcEnS eee Re cielo caene veh leRelinlat oeedeighall olla cua tolisTievelfiot er oehatsi Svo; > 
MacFarland’s Standard Reduction Factors for Gases. .........+e0005- 8vo, 1 
Mahan's Industrial Drawing. (Thompson.)2..6 2.0.5. ssea- eee seae 8vo, 3 
Mehrtens’s Gas Engine Theory and Design............++++00- Large 12mo, 2 
Obere-s land book of Sima LOOlS smi aiveye ec lyerolcirivie eiere et re mee Large 12mo, 3 
* Parshall and Hobart’s Electric Machine Design. Small 4to, half leather, 12 
Peele's: Compressed Air Plant fon Mintes. J Pitaniaaetie cristo sie ulelele lols osnielere ¢ 8vo, 3 
PoolesiCaloritio we Omer rons els. y mycvh ecstoveieusteusp chose <.ayeleye)'ai-0) 01.8 0, 60 0\e,0.8.6/ 8-0 SVO, no 
* Porter’s Engineering Reminiscences, 1855 to 1882. .........++06+ AateyKoy 3) 
Reidts'Courselini MechanicalW ra wage sq fjsts)>/sfoiner0 0 ove) oxo sors cues olee\esnniers 8vo, 2 
Text-book of Mechanical Drawing and Elementary Machine Design.8vo, 3 


13 


00 
50 
00 
00 
00 


50 
50 
50 
00 
50 
50 
00 
00 
00 
50 
50 
00 


50 
50 
50 
00 
00 
00 
00 
00 
25 
00 


50 
00 
00 
00 
50 
00 


50 
00 
00 
00 
00 
00 
00 
00 
00 
00 
50 
50 
50 
50 
00 
50 
00 
00 
00 
00 
00 


Richardss (Compressed Aura rs o steter-ciensigecisras cyst atataisie. tenets ier aets 12mo, 


Robinsoms Principles of Wlechanismiien o evi ire aadeicaletsle « lelansteraeael states 8vo, 
Schwamb and Merrill’s Elements of Mechanism. ..............+---+- 8vo, 
SouthecA. WwW.) and Marx's Machine Deston tao a sistouae ie siels ainiteiieleaere 8vo, 
Smith's. (Oi) Press=working Of MebAIS:« oe trejeeieis si ceisele 601s) siepee readeieMalecer es 8vo, 
Sorel’s Carbureting and Combustion in Alcohol Engines. (Woodward and 
PRESS COM onc erer cia ven Orr ahins eos. wenn aroun ol eel et Large 12mo, 
Stone’s Practical Testing of Gas and Gas Meters. ..-.....-..-.+------ 8vo, 
Thurston’s Animal as a Machine and Prime Motor, and the Laws of Energetics. 
12mo, 
Treatise on Friction and Lost Work in Machinery and Mill Work. ..8vo, 
* Tillson’s Complete Atttomobile Instructor, <0) lei <1< artes + ihe piclee 1éme. 
* Titsworth’s Elements of Mechanical Drawing............... Oblong 8vo, 
Warren's Elements of Machine Construction and Drawing............ 8vo, 


* Waterbury’s Vest Pocket Hand-book of Mathematics for Engineers. 
2% X 5% inches, mor. 


FAD Aroea WG lblors LmMehicings y LAD lest. yacs = eters muse aaa mor. 
Weisbach’s Kinematics and the Power of Transmission. (Herrmann— 
MOTE capa er cachoa levels itary nl aceaca inte ketenes inte ayeasxe lens ace atone st aS Pbake 8vo, 


Machinery of Transmission and Governors. (hermann—Klein.)..8vo, 


Wikeroc lst hireq sires ah aan nln coos oovangsndoeboesakateD o- qareceeeee 8vo, 
MATERIALS OF ENGINEERING. 
* Bovey’s Strength of Materials and Theory of Structures............ 8vo, 
Burr’s Elasticity and Resistance of the Materials of Engineering. ...... 8vo, 
Church’s |Mechanics-of Engineering... --sarenicvomtenenetaisiclela icicles) atelaisleletiene 8vo, 
* Greeneisetructural Mechanics: site lets c= sales cteleraieletal nlete ca eeetered old 8vo, 
Holley siveadvarid Zinc) Pigments. inves, alele/ <talelels)e clarete relciete: ters Large 12mo 
Holley and Ladd’s Analysis of Mixed Paints, Color Pigments, and Varnishes. 
Large 12mo, 
Johnson’s (C. M.) Rapid Methods for the Chemical Analysis of Special 
Steels, Steel-Making Alloys and Graphite........... Large 12mo, 
Wohnson¢suGi-.8.)) Materialsior Construction... nessvevisarersteteinederei ote 8vo, 
Keen's Castil ron: oica/s asses selsreio nttere ne talented volta he a-al.alenetere eamenel eyake etentoes 8vo, 
Panga sc Ap plied Mechapicssy -r.qetcrctets scrchelicl ole crete ah feteter atemurel tere ore teie ie etenanere 8vo, 
Maire’s Modern Pigments and their Vehicles, ...........0--cccceeee 12mo, 
Matiretis, Technical vech amiss, asec. ox nlereqehs nie anelstainne wrong tetera eenictene 8vo, 
Merriman's-Mechanicwof Materials’. <1). alm eters cles s wrosare-eretelel se ehetalel slater 8vo, 
FE Streneharvor WMatenials. a vet., autem a estore leusteteneteietta nts lee toberntecene 12mo, 
Metcalf’s Steel. A Manual for Steel-users........50000ccscreeccaee 12mo, 
Sabin’s Industrial and Artistic Technology of Paint and Varnish... .... 8vo, 
Smithis/((An Wi) Materials of Machines jortcmtehcteletekn ei rcteteiniotetearee 12mo, 
* Smith’ sic E.) Strenethitot Materialiacnr-iecsteveiens steteieictele siemens 12mo, 
Thurston's. Materials of Mngineeting (ocaew. one see meen 3 vols., 8vo, 
Part I. Non-metallic Materials of Engineering, ................ 8vo, 
Part-DL rom and Steel. 2 iSydionters ce wees Oe er: Se ee eee 8vo, 
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 
Consbitiem te -.\cictoarecere checate Sy teatcbotorai tenets Merete petetares went Eee ae 8vo, 
Wood’s (De V.) Elements of Analytical Mechanics. ...............4.. 8vo, 
Treatise on the Resistance of Materials and an Appendix on the 
Preservation of Pim ben, 27.:<20t.. wrecia eraaterctes ate cron jamen oiteraie ier 8vo, 
Wood’s (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 
StS]. civlecsveevesatajetereteratereione cists fatetal erchotoredemmcravere eaLereeiel aren Mantces 8vo, 
STEAM-ENGINES AND BOILERS. 
Berry's Temperature-enttopy Diagram... .),). we ssees + crslaewe cele ete 12mo, 
Carnot’'s Reflections on the Motive Power of Heat (Thurston; ). oc. 12mo, 
Chase's ;Artiot Pattern Making ct leiswrs.er cists crrmtenicete atereieinie eaneretete 12mo, 
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Creighton’s Steam-engine and other Heat Motors..........eceeeeeees 8vo, 
Dawson’s ‘“ Engineering’’ and Electric Traction Pocket-book. ...16mo, mor. 


* Gebhardt’s Steam Power Plant Engineering.............2-eeee000: 8vo, 
GocsismeOcOmouNee CrrOnmanCen eran 4c cnortn aR nt a haart die Ooraeieeaeeees 8vo, 
Hemenway’s Indicator Practice and Steam-engine Economy......... 12mo, 
Fiuitom Ss ideatranGds: tea t-enGiness uel. x cet tees wie hic ww Gicvels oop ia:duavsanewns 8vo, 
Mechanical Engineering of Power Plants..............ecceecees 8vo, 
KenticorsteatnspotersMconomiyacsnccom ptteteeheds hk wend oon. « aycir. viclldavle’e gue oh tee 8vo, 
Kneass Ss practicesand Dneory Of Ge ImyectOrs.. <a crv «cao so ciererace sre seudrcae 8vo, 
Mae COKANS WS CLO VEULVES shel ot Sure ross tener Maton acitens heats Aerator e eickel Meteors keto 8vo, 
Meyer's Modern Locomotive. Construction. 2.0.0... 6606s ew eels ces eeew ne 4to, 
Mowe taG NS LCATIOA Ul: LION rien Wns rayste re heevkedeiess acnscoeeie kexiusl oieieeclaee Ci cieee iis 8vo, 
Peabody’s Manual of the Steam-engine Indicator................-- 12mo, 
Tables of the Properties of Steam and Other Vapors and Temperature- 
Teal Kay ONT Aa LEN ON eRe oar Me CASES Co oo ehore Hic eR Oe ARES RO to cee Tn 8vo, 
Thermodynamics of the Steam-engine and Other Heat-engines. . ..8vo, 
Walvie=cearsstor OLCATM-ON INES. sis jea cs wid tse -ereie je ieveteci'ovel athe os eaeeeuals 8vo, 
Peqhodynand Miller's: Steam boilersig no ain ocierbein ete voce miedo tee seers teke 8vo, 


Pupin’s Thermodynamics of Reversible Cycles in Gases and Saturated Vapors. 


COSCO DERE) IN eicaectic cents rrein 2 ect eteg ratte cs a. oO eee cot 12mo, 
Reagan's Locomotives: Simple, Compound, and Electric. New Edition. 
Large 12mo, 


Sinclair’s Locomotive Engine Running and Management............ 12mo, 
Smart’s Handbook of Engineering Laboratory Practice. ............ 12mo, 
DHOWASHOVEAIA= DOMLED FP TAGTICE s) cuvilsel aia auspomeieus soles ofa tons Weadsetelen cLehemtoser afore 8vo, 
Wpaneler suNotes Ona hnermody Manns. cues aisisiers ees ee dntetatels cer aveietc Iau etaie| 12mo, 
Vid C= CATS coca taste cio oe Reo cc deliny ayaa hbo OREM e SER reed se rel eka ane ase LEY 8vo, 
Spangler, Greene, and Marshall’s Elements of Steam-engineering...... 8vo, 
MOMMA SEO LEATAE LUD ITYES oo G5 cc sia yser Meets tees neat oy versione omen in ene inutie eae 8vo, 
Thurston’s Handbook of Engine and Boiler Trials, and the Use of the Indi- 
catorrand therPro ys Braces srayskatacc oteiosen te) exsaclontolne amo oters 8vo, 
LE Behave iad REY ot (CCM RA en eet ieee RO Op es aden ini, BES: teeny cine nee 8vo, 
Manual of Steam-boilers, their Designs, Construction, and Operation 8vo, 
Mandal olathe Steam-engine dint). 0 gm ss os oem s oer 2 vols., 8vo, 
Parties Sustory, so tuctume. amd) “bieoriyae wensue lstieieieter her aeueee 8vo, 
Part II. Design, Construction, and Operation............6. 8vo, 
Wehrenfennig’s Analysis and Softening of Boiler Feed-water. (Patterson.) 
8vo, 
Weisbach’s Heat, Steam, and Steam-engines. (Du Bois.)............ 8vo, 
Whitham’s Steam-engine Design... <a ene e sissets velo cheie ele eee ivisy stews 8vo, 


Wood’s Thermodynamics, Heat Motors, and Refrigerating Machines. . .8vo, 


MECHANICS PURE AND APPLIED. 


Church semMecnanics OL MMS MCOLiNg. ccc ie «can an ciclo sbtels shot reereiersictelalete cle 8vo, 

Notes and. Examples in: Mechamtes: oiccis oi. asve.c wie eevee eels erayh acse.e 8vo, 
Dana’s Text-book of Elementary Mechanics for Colleges and Schools .12mo, 
Du Bois’s Elementary Principles of Mechanics: 


Viol Ne Tis a CIM ALICS ALU. Sestcetenierct-rcreus o- staves wie ete bo Rest sists wicks 8vo 

cer oR Ma Cains ce ree taney ay wv shate eis! praiatarel stale Vaya souvent adees 8vo, 
Mechanics otmbengineering. 1 Voli Dis cca nae eosin ee oaile ns Small 4to, 
Wools Tb coposetnass tte tvls ie segdesrde ioe Small 4to, 

MIG Teenie: S OLCUCLULAL NMICCRANICSS sem, oe cree icurtere nesses cfescvs/nteve eleiayerrierapete 8vo, 


Hartmann’s Elementary Mechanics for Engineering Students. (In Press.) 
James’s Kinematics of a Point and the Rational Mechanics of a Particle. 
Large 12mo, 


* Johnson's CW. W.)) Dheoretical Mechanics. <2 6.4. ecec ois old odie wea 12mo, 
Wanzase Apo ied Mech aii Csi uence, etaie)sc4h apap sie) oye, aleitetsi shallot <\acoleVoieiai eka tay aieue-ee 8vo, 
* Martin’s Text Book on Mechanics, Vol. I, Statics................. 12mo, 
* Vol. II, Kinematics and Kinetics.12mo, 

Maurenisi Lechinical Mechanics, ....).siet es. steia's were siete) oa Prost cate Bie ee 8 8vo, 
*iMereruman Ss dlements ot Mechanics, « so s0 1 cndsis + ellelelcre sete velo « 12mo, 
IMeghanicsv obi Mateniallsmn ray ca oar tuerske.s cheitereyertevatars  cherer stele: a sushetiommns 8vo, 

* Michie’s Elements of Analytical Mechanics............0.eeeeseeers 8vo, 
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Robinson’s Principles of Mechanism.............----- eae teens 8vo, $3 


Sanborn(stMechanics*Problenmistn seer oe ee ae tenets a eteriaes Large 12mo, 
Schwamb and Merrill’s Elements of Mechanism. ............-++e+4-- 8vo, 
Wood's Elements:of Analytical (Wechamics. es. c ecto sotis = merece ete 8vo, 

Principles of Elementary Mechanics..............--+se+eeee0% 12mo, 

MEDICAL. 

* Abderhalden’s Physiological Chemistry in Thirty Lectures. (Hall and 

MD efren:)s (Gaus. cs dam cpt estan teers ede Oe eee eee eateraie es 8vo, 
von Behring’s Suppression of Tuberculosis. (Bolduan.)............ 12mo, 
Bolduan'selmniutie Sera kvecpaas ots ecoteteeeha eva Tien wie iets anaca naemrenenens 12mo, 
BDordet’s Studies in Imamiunity, © (Gays) 26.5.0 Se a ee ee eae s 8vo, 


Chapin’s The Sources and Modes of Infection. (In Press.) 
Davenport’s Statistical Methods with Special Reference to Biological Varia- 


CI OTST rate ALON vo a A Prt de sla See coale oenresa fares 16mo, mor. 
Ehrlich’s Collected Studies on Immunity. (Bolduan.)............... 8vo, 
* Fischer’st Physiology of Alimentation’... i 2.0: onsen sce. estes Large 12mo, 
de Fursac’s Manual of Psychiatry. (Rosanoff and Collins.)....Large 12mo, 
Hammarsten’s Text-book on Physiological Chemistry. (Mandel.). ....8vo, 
Jackson’s Directions for Laboratory Work in Physiological Chemistry. .8vo, 
Lassar-Cohn’s Practical. Urinary Analysis. (Lorémz.).)........5..2. 12mo, 
Mandel’s Hand-book for the Bio-Chemical Laboratory............-- 12mo, 
* Nelson’s Analysis of Drugs.and Medicines...) 2525..:5.:-..-!..- 12mo, 


* Pauli’s Physical Chemistry in the Service of Medicine. (Fischer.)..12mo, 
* Pozzi-Escot’s Toxins and Venoms and their Antibodies. (Cohn.). . 12mo, 


Rostoskis Serum Diagnosis u( Bolduam orate <- ee eee eee 12mo, 
Ruddiman’s Incompatibilities in Prescriptions..........0..2.....-24- 8vo, 

Wiyshnele harnivacyat ach. tettets ote ccteee ay We ciara meen retains eee 12mo, 
Salkowski’s Physiological and Pathological Chemistry. (Orndorff.) ....8vo, 
* Satterlee’s Outlines of Human Embryology. .. 22. .0...5..0000000-< 12mo, 
Smith’s Lecture Notes on Chemistry for Dental Students............. 8vo, 
= Whipple:s Dyhpoid: Fevers: 20.0. 7. se aa ccmoneee ae ee eects Large 12mo, 
* Woodhull’s Military Hygiene for Officers of the Line........ Large 12mo, 

* Personal HV eiene. «nae catele ce Bre rete eae taaat ootinr sic eete tenet aed, Letine ee 12mo, 


Worcester and Atkinson’s Small Hospitals Establishment and Maintenance, 
and Suggestions for Hospital Architecture, with Plans for a Small 


THOSpital, cirgss,grist ae eeee Seal ne Tae a ene mee aie Matern Lato sttietaie a tetetae 12mo, 
METALLURGY. 
Betts’sivead Rehnini by Mmlectrolysisy 1c catunta: wiclejemana a stttarenialate rene 8vo, 
Bolland’s Encyclopedia of Founding and Dictionary of Foundry Terms used 
in the Practice; OPO tmlclis ain. a) onan vaniceieitate nieaeiieyaicerce 12mo, 
IG covatl sKoqnatal-\ pean SAMOA Ai AA CRO AS BAAN oon Ar teren to Rte 12mo, 
MS *§ Supplementis..A sent se = fs wee eae eae 12mo, 
Douglas’s Untechnical Addresses on Technical Subjects. ............ 12mo, 
Goesel’s Minerals and Metals: A Reference Book.............. 16mo, mor. 
* Mes's Lead-smeltinge . oie. s sus.ue mieree oetereee itohetene MRee e ereee 12mo, 
Johnson’s Rapid Methods for the Chemical Analysis of Special Steels, 
Steel-making Alloys:and Graphite. «0... ss... ch eee Large 12mo, 
Keep's'Castifiroin. or iawiene secs sore ols col shale ee oie eran tee ete ne Stig ot eee 8vo, 
Le Chatelier’s High-temperature Measurements. (Boudouard—Burgess.) 
12mo, 
Metcalf’s Steel. A Manual for Steel-users................-00c20cee 12mo, 
Minet’s Production of Aluminum and its Industrial Use. (Waldo.). . 12mo, 
* Ruer’s Elements of Metallography. (Mathewson.)................. 8vo, 
Simith-s Materialsvof Machines.is. 5. '.si: «0 seem ere LArnmInRiwonicsS 4 12mo, 
Tate and’ Stone's: Foundry’ Practices. ..<.:, ints he ieee eee 12mo, 
Thurston's Materials of Engineering. In Three Parts................ 8vo, 
Part I. Non-metallic Materials of Engineering, see Civil Engineering, 
page 9. 


Parealy Wronand! Steels ment: u's. sd kha ace enone eerie rane eee 8vo, 
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 
ComsStituentsin ste cst ausvsce 15 a o%0! vies lat OB Parstie eter herein aes nee oe 8vo, 
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Ulke’s Modern Electrolytic Copper Refining.............-...+--e+-5- 8vo, $3 


Wiestis american Moundry Practice... sone os. cnsms vdler se cies 12mo, 
UO her Sie esct SOO Ke uct chal coer aya) nteltcige MERE onsive arsikioucitess vente) ces 12mo, 
MINERALOGY. 

Baskerville’s Chemical Elements. (In Preparation.) 
* Browning’s Introduction to the Rarer Elements. ............++.0;- 8vo, 
Brush’s Manual of Determinative Mineralogy. (Penfield.)............ 8vo, 
Butlenis;Pocket-Hand-pook of Minetales. <5. ce... sence casa 16mo, mor. 
hesterissCatalogueiof: Minerals ai 5. (s aces ose oc oie) earajorsteves cca csustmyerass 8vo, paper, 
Cloth, 
PAG rem erS et COlGl MataGl OAL WENN chat aha coves oat eres! aces! eyes «Pa eISHS Avo ere leloels raIen 8vo, 


Dana’s First Appendix to Dana’s New ‘System of Mineralogy’”’. . Large 8vo, 
Dana’s Second Appendix to Dana’s New ‘System of Mineralogy.”’ 


Large 8vo, 
Manualiof Mineralogy and Petrographiy:. «cc. ou cia oes secs ie 12mo, 
Minerais=and How tocptindy Theme <5 ae. « Seaercino ae cae 12mo, 
System oleMineralogy vnc cs ce ccs cutie custo ees Large 8vo, half leather, 1 
EXE“ POOLMOraMIneralO gyn Mass ae eaters Se dbsshinns fovea asec nen tide reek meee 8vo, 
Douglas’s Untechnical Addresses on Technical Subjects. ............ 12mo, 
Halslercenismena lain es ee wei omnren Nome Kal omy cseloaehcch -ercbemteabentens Seon tetereeunlce 8vo, 
Eckel’s Stone and Clay Products Used in Engineering. (In Preparation.) 
Goesel’s Minerals and Metals: A Reference Book.............. 16mo, mor. 
Groth’s The Optical Properties of Crystals. (Jackson.) (In Press.) 
Groth’s Introduction to Chemical Crystallography (Marshall)........12mo, 
* Hayes’s Handbook for Field Geologists............-.-+.-.- 16mo, mor. 
didimigs swlioneous ROCKS. nay cnsjePeannste cts scle grt-e. ateue’ ove cvageuhabe atarehavetele tay ahiirn 8vo, 
BMGT OLS IS ar sateen ee ee. 0 ine be eves ae ie pe oe orate ahaa 8vo, 


Johannsen’s Determination of Rock-forming Minerals in Thin Sections. 8vo, 
With Thumb Index 
* Martin’s Laboratory Guide to Qualitative Analysis with the Blow- 


PAS Soe Ne cP S ect e ten OO saueie Dake iane: Skee es Meta ones accel 12mo, 
Merrill’s Non-metallic Minerals: Their Occurrence and Uses........... 8vo, 
Stones ior building and Decoration, jc au sie s «cps dd na, temo a 8vo, 


* Penfield’s Notes on Determinative Mineralogy and Record of Mineral Tests. 
8vo, paper, 
Tables of Minerals, Including the Use of Minerals and Statistics of 


DomestiCHRrOdUetiom: 7. wwele Che fess ase fanenels © otal levee cine wiestah oie 8vo, 
ESPinssOniee ROCKS am Gi dxOC ke Mimetals st. center stevie teishe. secrets oy elesy see 12mo, 
* Richards’s Synopsis of Mineral Characters... ..............- 12mo, mor. 
* Ries’s Clays: Their Occurrence, Properties and Uses..............-.. 8vo, 
* Ries and Leighton’s History of the Clay-working Industry of the United 

ROM a eo eek ee etch sc ica Uh ae ca vatieds Sepa bea ten eennReohs Nee Wevobelevadebese tena, mye 8vo, 
* Tillman’s Text-book of Important Minerals and Rocks.............. 8vo, 
Washington’s Manual of the Chemical Analysis of Rocks............. 8vo, 

MINING. 
* Beard’s Mine Gases and Explosions. .......-..2+-++-+-+ee-- Large 12mo, 
AU SramercnG ole mamcoumer ye ieee ncar ices cca aenin vere ciciavels csipiets,cue tease 8vo, 
* Index of Mining Engineering Literature...............----.--- 8vo, 


Ore Mining Methods. (In Press.) 


Douglas's Untechnical Addresses on Technical Subjects............. 12mo, 
Bisclercutoderm HMighvEexplosives: acoso trite cnavete ss wile </cuciebe cn aielenee = 8vo, 
Goesel’s Minerals and Metals: A Reference Book.............. 16mo, mor. 
Theikeesakes to Mp aURN (oi Mibkawbatre 6 Hog ono noon deer came tebe Oo OO osm 8vo, 
* Tles’s Lead Smelting. ..... Fe SER i oh fis Ais Ley RIREREATO ee OTS CE ORCI RIM 12mo, 
Pecle’s Compressed Air Plant tors Mines: .-seeciee eflel ee oayinieds ieaeiet 8vo, 
Riemer’s Shaft Sinking Under Difficult Conditions. (Corning and Peele.)8vo, 
ERVW CAEL Se ALY si) RP IOSIW.CMy'oi/al oho oP AMciar ete) dlobelle sale) abalaleavhe) ots, « seis yaieua oes 8vo, 


Wilson’s Hydraulic and Placer Mining. 2d edition, rewritten. akeweeLemoy 
Treatise on Practical and Theoretical Mine Ventilation........12mo, 
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SANITARY SCiENCE. 


Association of State and National Food and Dairy Departments, Hartford 


Meetin' 8s L906. GSR ews te eels Olen heii nies one eieae eee eet 8vo, 
Jamestown ‘Meeting 1907+. 2 ass rere cicce -csiae ie hel crete Rnaeete ss aca 8vo, 
*““Bashore’s Outlines of Practical samivatiomae tert ee seine ieee ae 12mo, 
Sanitation ofta Country House... ee ee ee ee 12mo, 
Sanitation. of Recreation Camps’ and Parks, , Gov ieeu.* a4. 12mo, 
Chapin’s The Sources and Modes of Infection. (In Press.) 
Folwell’s Sewerage. (Designing, Construction, and Maintenance.)..... 8vo, 
Watet-sttioply: Pn pinéering se. sere ac |e neice en encore eater 8vo, 
Bowlér’s‘Sewase* Workswinalyses.) sea eos at coho etches te tie area 12mo, 
Fucrtes’ssWater-filtration" Works: .5:24:c.008sc25 tanh ockasen aoe 12mo, 
Wrater.and Public Health: es 00. hte aactw-e es elem Mt eiate 12mo, 
Geérhard’s Guide to Sanitary inspections: .... oe. ase cet: crete seme aes 12mo, 
Modern Bathsyand "BatiElOusess: tems ta = enceerstna state) che: she ciaie sie 8vo, 
Sanittationroter aplicn Buildin ose a elas ete ie ine elehe ete tao 12mo, 
* The Water Supply, Sewerage, and Plumbing of Modern City Buildings. 
8vo, 
Hazen’s Clean’ Water and How to Get It... ........60..5-8 Large 12mo, 
Biltrationof Public Water-sippites: 2 Jc .0.e2e ees cede cee se 8vo, 


Kinnicut, Winslow and Pratt’s Purification of Sewage. (In Preparation.) 
Leach’s Inspection and Analysis of Food with Special Reference to State 


COBEFOINT Sere KOR en og Oe eee ore eee ete ch ee ces ee ae Svo, 
Mason’s Examination of Water. (Chemical and Bacteriological).....12mo, 
Water-supply. (Considered principally from a Sanitary Standpoint). 
8vo, 
* Merriman’s Elements of Sanitary Engineering... .................-- 8vo, 
Ogden's- Sewer Constructiontecia. sth cae ao. cdtertisaoucslals aaens eonatae teranetens 8vo, 
SPO IS hal DISS Fore otter AOR RARE eRe con OMT Tm PROD ie ed er nae see hc 12mo, 
Parsons’s Disposal of Municipal Retuser ir, ies yo eh eer es 8vo, 
Prescott and Winslow’s Elements of Water Bacteriology, with Special Refer- 
encerto wanibary, Wiaber Atialysicucm es ache nue oot cies 12mo, 
FAP TICE SmeAMGd HOOK OM? GAT Ga tlOmun rine bie dens eiercuste eke ies tere eens 12mo, 
r WRichards's'Cost’ot ‘Glearness, See ten occa cee one eee ee 12mo, 
Cost ‘OF Food, . A-Study-in Dietaries. 20 Se. Sea ee ae ead 12mo, 
Cost of Living as Modified by Sanitary Science... ............. 12mo, 
Gostiob Shelter sh. wit. ch leecher ae Sects ee eee te cern tier eee 12mo, 
* Richards'and Walliams s Dietary Computer, se. eae een cee 8vo, 
Richards and Woodman’s Air, Water, and Food from a Sanitary Stand- 
MINUS os Sis, Soe a le Srtestaske eos Bacak arava te te oe Bie aie eee ee a ae 8vo, 
* Richey’s Plumbers’, Steam-fitters’, and Tinners’ Edition (Building 
Mechanics’ Ready Reference Series). .............--. 16mo, mor. 
Rideal’s Disinfection and the Preservation of Food.................. 8vo, 
Sewage and Bacterial Purification of Sewage...................- 8vo, 
Soper'sAir’‘and Ventilation of SUbWayse co. eis sees cere cesta cial sien 12mo, 
Turneaure and Russell’s Public Water-supplies. ................0005. 8vo, 
Venable’s Garbage Crematories ins Americasc. « seee..s. cc mts s baeen 8vo, 
Method and Devices for Bacterial Treatment of Sewage.......... 8vo, 
Ward and Whipple's Freshwater Biology. (In Press.) 
Whipple's Microscopy of Drinking-water: , 0s «.<. 0 ss 0a seo wale nee ey 8vo, 
PUTO DOL MOOT, by. s.oiciter nluure ere. os te iste ecb eaas Mien ae ee oes Large 12mo, 
Valuevon- Puke W aver. ca cst oc cis Messe ce niccke cone eminent Large 12mo, 
Winslow’s Systematic Relationship of the Coccacez........... Large 12mo, 
MISCELLANEOUS. 
Emmons’s Geological Guide-book of the Rocky Mountain Excursion of the 
International Congress of Geologists. ................- Large 8vo 
Pérrel's' Popular Treatiseion they Winds’, ....csamtenae masks eee ine ronnCns 8vo, 
Bitzgerald’s Boston Machinisti... shown vio ao Ce eth tetas nem nee 18mo, 
Gennett's Statistical Abstract of the World... ...... mess ene cee ...24mo, 
Haines’s American Railway Management, .. . <)i/. Ji lattes occ eie ate 12mo, 
Hanausek’s The Microscopy of Technical Products. (Winton)...,...8vo, 
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Jacobs’s Betterment Briefs. A Collection of Published Papers on Or- 


ganized. industrial Minciency:. 0 iF ote sen wslss semaines omer ne 8vo, 
Metcalfe’s Cost of Manutactures, and the Administration of Workshops..8vo, 
IPiitnamccmNattiical Charts mn anceps ie acs cree an mae aeration 8vo, 


Ricketts’s History of Rensselaer Polytechnic Institute 1824-1894. 
Large 12mo, 


Rotherham’s Emphasised New Testament... .........0.0ee00% Large 8vo, 
Rust’s Ex-Meridian Altitude, Azimuth and Star-finding Tables........ 8vo, 
Standage’s Decoration of Wood, Glass, Metal, etc............2+00-- 12mo, 
Thome’s Structural and Physiological Botany. (Bennett).......... 16mo, 
Westermaier’s Compendium of General Botany. (Schneider)......... 8vo, 
Winslow’s Elements of Applied Microscopy.........eeeeceeseceeees 12mo, 


HEBREW AND CHALDEE TEXT-BOOOKS. 


Gesenius's Hebrew and Chaldee Lexicon to the Old Testament Scriptures. 
GE RESEMES rariayc, cis, shee eats cecoecei"s, ore VoNivice sie is flats Small 4to, half mor, 
Green's: Biementary Hebrew Grammar. on. occ oc sce case ans senesee 12mo, 
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